
MAXIMUM-LIKELIHOOD PERIOD ESTIMATION FROM SPARSE, NOISY TIMING DATA

Robby McKilliam and I. Vaughan L. Clarkson

School of Information Technology and Electrical Engineering
The University of Queensland, Qld., 4072, AUSTRALIA

{robertm,v.clarkson}@itee.uq.edu.au

ABSTRACT

The problem of estimating the period of a periodic point pro-

cess is considered when the observations are sparse and noisy.

There is a class of estimators that operate by maximizing an

objective function over an interval of possible periods, no-

tably the periodogram estimator of Fogel & Gavish [1] and

the line-search algorithms of Sidiropoulos et al. [2] and Clark-

son [3]. For numerical calculation, the interval is sampled.

However, it is not known how fine the sampling must be in or-

der to ensure statistically accurate results. In this paper, a new

estimator is proposed which eliminates the need for sampling.

For the proposed statistical model, it calculates a maximum-

likelihood estimate. It is shown that the expected arithmetic

complexity of the algorithm is O(n3 logn) where n is the num-

ber of observations. Numerical simulations demonstrate the

superior statistical performance of the new estimator.

Index Terms— Maximum likelihood estimation, Synchro-

nization, Frequency hop communication

1. INTRODUCTION

The problem of estimating the period of a signal from mea-

surements that are both sparse and noisy is considered. So-

lutions to the problem have the following applications: bit-

synchronization from zero-crossings for telecommunications

devices [1]; estimation of the pulse repetition interval (PRI) in

Electronic Support [4]; and the estimation of the hop rate of a

frequency-hopped-spread-spectrum signal from observations

of occupancy times in only some of the frequency bands [2].

A number of estimators have been proposed which in-

volve maximization of an objective function over an interval

of possible periods. An intuitively appealing and statistically

accurate estimator is the periodogram estimator proposed by

Fogel and Gavish [1]. The periodogram estimator considers

the timing data as a train of Dirac delta functions at the obser-

vation times. The estimate is the period which maximizes the

periodogram.

Sidiropoulos et al. [2] proposed a family of estimators

called separable least squares line search (SLS2) estimators.

The objective function in SLS2 has an advantage over the pe-

riodogram in that there is no need to evaluate trigonometric

functions.

A recent estimator proposed by Clarkson is the lattice line
search (LLS) estimator [3]. The estimator developed in this

paper is derived from it. Clarkson showed how the maximum
likelihood (ML) estimator for the sparse, noisy period estima-

tion problem can be understood as a lattice problem [3, 5]. In

particular, the problem is reduced to finding the nearest lattice

point in the lattice A∗n−1 [5] along a line segment representing

the interval of possible periods.

When implemented numerically, each of these estimators

operates by sampling the objective function over the interval.

If the chosen sampling interval is too large then the best esti-

mate may be missed. Currently, no theory exists to determine

the required sampling interval.

In this paper, we propose a statistical model and an esti-

mator that is guaranteed to find the ML estimate. The estima-

tor avoids the need for sampling. We call the new estimator

the integer lattice line search (ZnLLS). We will show that, un-

der mild conditions, ZnLLS has an expected arithmetic com-

plexity of O(n3 logn). This represents a major improvement

on the only other known ML estimation algorithm for this

model, which requires enumeration of lattice points inside a

sphere and has exponential arithmetic complexity [3]. Fur-

ther, we will demonstrate through simulations that the ZnLLS

algorithm has superior statistical accuracy.

This paper is organized as follows. In Section 2, we out-

line the required lattice theory. In Section 3, we introduce the

statistical model used to describe the period estimation prob-

lem. In Section 4, we review the LLS estimator and, in Sec-

tion 5, we propose the new ZnLLS algorithm, showing that

it is an ML estimator for period. In Section 6, we derive the

computational complexity of the algorithm. Simulated results

concerning the statistical performance of the ZnLLS estima-

tor and comparable estimators are presented in Section 7.

2. THEORETICAL BACKGROUND

We begin by recalling some elements of lattice theory that

will be necessary in the sequel.

A lattice, L, is a set of points in R
n such that

L = {x ∈ R
n|x = Bw,w ∈ Z

n}
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where B is termed the generator matrix.

The Voronoi region or nearest-neighbor region V (x) of a

lattice point x is the subset of R
n such that, with respect to

a given norm, all points in V (x) are nearer to x than to any

other point in the lattice. The Voronoi regions are n dimen-

sional polytopes [5].

We say that the Voronoi regions V (x) and V (x′) of lat-

tice points x and x′, and by extension the lattice points them-

selves, are adjacent if they share a face.

The cubic lattice Z
n is the set of n dimensional vectors

with integer elements. The Voronoi regions of Z
n are hyper-

cubes of side length 1.

The zero-mean plane or zero-sum plane is the subspace

of dimension n− 1 in R
n that is orthogonal to 1, where 1

denotes the vector (1 . . .1)T . A vector b ∈ R
n is orthogonally

projected into the zero-mean plane by multiplication by the

matrix

Q =
(
I− 11T

n

)
(1)

where I is the identity matrix.

The lattice An−1 can be defined as the intersection of the

cubic lattice Z
n with the zero-mean plane, i.e.,

An−1 =
{
x ∈ Z

n|
n

∑
i=1

xi = 0
}
. (2)

One way to define A∗n−1 is as the projection of the cubic

lattice Z
n onto the zero-mean plane. That is,

A∗n−1 = {Qx | x ∈ Z
n} (3)

where Q is the generator matrix for A∗n−1 defined in (1). A∗n−1

can also be generated by the union of n translates of the lattice

An−1 [5]. That is,

A∗n−1 =
n−1⋃

i=0

([i]+An−1) (4)

where the [i] are known as glue vectors and are defined in this

case [5] as

[i] =
1

n

(
i, . . . , i︸ ︷︷ ︸
i times

,− j, . . . ,− j︸ ︷︷ ︸
j times

)
(5)

for i = 1, . . . ,n−1 with i+ j = n.

In relation to the line yR, the lattice point x is a Bresen-
ham point if, at some position on yR, x is the nearest lattice

point. The term ‘Bresenham point’ is taken from the well-

known algorithm in computer graphics for approximating a

line by points on a square grid [6]. The set of all Bresenham

points for the line yR in the lattice L is denoted ϑ(yR,L).
ϑ(yR,L) is called the Bresenham set. A consequence of x ∈
ϑ(yR,L) is that the line yR must pass through the Voronoi

region V (x).
The Bresenham set is an ordered set. The ordering is de-

fined as follows.

Definition 1. Let x,x′ ∈ ϑ(yR,L). Then

x < x′ ⇔ f < f ′

where f , f ′ ∈ R, f y ∈V (x) and f ′y ∈V (x′).

This definition is consistent by virtue of the convexity of

Voronoi regions. Adjacency in this ordering is equivalent to

adjacency of the Voronoi regions.

It will be seen in Section 5 that our estimation problem

can be framed in terms of finding all Bresenham points in

A∗n−1 for a particular line segment.

3. STATISTICAL MODEL

In our statistical model for period estimation, we make sparse,

noisy observations yi of a periodic point process. Collecting

the observations as a vector y of length n, we assume that [1–

3]

y = Ts+1θ+w (6)

where s is a vector of integers or indices indicating which of

the events were observed, T is the period of the process, θ
is its phase and w is a vector of Gaussian white noise, each

element having variance σ2.

The aim is to estimate the period, T . Clarkson [3] derives

the ML estimator as

f̂ = arg min
f∈[ fmin, fmax]

min
s∈Zn

1

f 2
‖ f Qy−Qs‖2

2 (7)

where f̂ = 1/T̂ , Q is the projection matrix defined in (1),

‖ · ‖p is the vector p-norm and [ fmin, fmax] is the known and

finite interval containing f .

Following [3], we will see how (7) can be described in

terms of lattice theory. The matrix Q from (1) is the generator

matrix for the lattice A∗n−1 [3, 5, 7]. Let z = Qy and v = Qs.

We rewrite (7) as f̂ = M∠(A∗n−1) where, for set S,

M∠(S) = arg min
f∈[ fmin, fmax]

min
x∈S

1

f 2
‖ f z−x‖2

2.

Given s, the ML estimate of f is

f̂ =
zT v

zT z
. (8)

Given f , the ML estimate ŝ is that for which the correspond-

ing v̂ is a closest lattice point in A∗n−1 to f z.

4. THE LLS ALGORITHM

We see then that the Bresenham set in A∗n−1 of the line seg-

ment G = { f z | f ∈ [ fmin, fmax]}, i.e., ϑ(G,A∗n−1), contains

elements v that correspond to all candidate ML values of s.

By enumerating these elements, calculating the correspond-

ing values of f̂ as in (8) and choosing the best of these ac-

cording to (7), we obtain the ML period estimate.
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The LLS algorithm samples the line segment G and cal-

culates the closest lattice point at each sample point [3, 7].

This yields a subset of the Bresenham set. The subset be-

comes more complete as we reduce the sampling interval but

it is not known how small the interval must be to ensure set

equality with the Bresenham set. Without a guarantee of set

equality, the LLS algorithm cannot therefore be guaranteed to

produce ML period estimates.

5. THE ZNLLS ALGORITHM

For the ZnLLS estimator, we will generate the complete Bre-

senham set rather than a subset. For this reason, the method is

guaranteed to find v̂ and thus the ML estimate of period. The

proof of this result is sketched below for Theorem 1.

To evaluate ϑ(G,A∗n−1), we will make use of the algorithm

of Ryan et al. [8] to efficiently evaluate ϑ(bR,Zn) for any line

bR. Given the relationships between the lattices A∗n−1, An−1

and Z
n described in (3) and (4), it is possible to enumerate

ϑ(G,A∗n−1) by enumerating ϑ(G,Λ) where Λ is the lattice

Λ =
n−1⋃

i=0

([i]+Z
n) (9)

and [i] are the glue vectors described in (5). ϑ(G,Λ) can be

obtained by evaluating ϑ(G, [i]+Z
n) for each [i] individually

using the algorithm described in [8]. For brevity, we only

sketch the proof. The following theorem encapsulates the im-

portant result.

Theorem 1. The ML estimate of frequency can be expressed
as

f̂ = M∠(ϑ(G,Λ)).

Proof. The proof follows by showing that

f̂ = M∠(ϑ(G,A∗n−1)),
x ∈ ϑ(G,A∗n−1)⇒ x ∈ ϑ(G,Λ),

x ∈ Λ⇒Qx ∈ A∗n−1 ⇒Qx ∈ Λ.

To complete the proof, we show that, for any x ∈ Λ, ‖ f z−
x‖2 ≥ ‖ f z−Qx‖2.

The ZnLLS algorithm is set out as Algorithm 1. The func-

tion BBP(·), best Bresenham point, is the algorithm proposed

in [8], modified to take account of the translation by [i] of

Zn. BBP(z, fmin, fmax, [i]) returns M∠(ϑ(G, [i] + Z
n)). Also

returned is L, the log-likelihood of M∠(ϑ(G, [i]+Z
n)).

The for loop at Line 2 runs BBP(·) for the lattice Z
n +[i]

for each glue vector, [i]. The ML estimate of frequency is

returned at Line 7.

The running time for the BBP(·) function is dependent on

the number of Bresenham points it must test. Each Bresen-

ham point requires O(logn) calculations to test.

Algorithm 1: Finds a nearest point to G in A∗n−1

z = y− ȳ1

for i = 0 to n−1 do2

[ f ,L] = BBP(z, fmin, fmax, [i])3

if L > Lbest then4

Lbest = L5

fbest = f6

return fbest7

6. COMPUTATIONAL COMPLEXITY

We will now show that, with an additional assumption on the

statistical model, the expected complexity of the algorithm

is O(n3 logn). The additional assumption is that the index
differences si+1− si are random variables from a geometric

distribution with parameter p, they are mutually independent

and independent of the noise and s1 = 0.

First, consider the number of lattice points in ϑ(G,Λ).
This is the number of points the ZnLLS algorithm must ex-

amine. For any translation vector, t,

|ϑ(G,Zn + t)| ≤ |ϑ(G,Zn)|+n

where | · | denotes cardinality. Recalling (9), this leads to

|ϑ(G,Λ)| ≤ n(|ϑ(G,Zn)|+n) (10)

Recall that the Bresenham set is an ordered set (Defini-

tion 1) and that every pair of adjacent Bresenham points in

ϑ(G,Zn) is also adjacent in Z
n. Hence, the ( j + 1)th Bresen-

ham point can be expressed as

v j+1 = v j + sgn(zi)ei (11)

for some i ∈ {1, . . . ,n} and where sgn(·) is the signum func-

tion. From (11), it follows that the number of Bresenham

points is

|ϑ(G,Zn)|=
n

∑
i=1

|
 fmaxz�i−
 fminz�i|

≤ ( fmax− fmin)(||z||1 +n) (12)

where 
·� denotes the nearest integer to its argument. Using

(10), an upper bound for |ϑ(G,Λ)| is then

|ϑ(G,Λ)| ≤ n( fmax− fmin)(||z||1 +n)+n2. (13)

We now derive an expression for the expected 1-norm of

z in terms of n. A property of vector norms is that ‖z‖1 ≤√
n‖z‖2 and, since z = Qy and Q is an orthogonal projec-

tion matrix, we also have that ‖z‖2 ≤ ‖y‖2. From Jensen’s

inequality, we have that E[‖y‖2]≤ E[‖y‖2
2]

1/2. Further,

E[‖y‖2
2] =

n

∑
i=1

{
E[s2

i T 2]+2E[siT θ]+E[θ2]+E[w2
i ]
}

=
T

6p2
n(n−1)(2T n−3T p+6θp−2T )+n(θ2 +σ2)
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Thus, E[‖z‖1] = O(n2).
In the ZnLLS algorithm, O(logn) calculations are required

to identify and test each lattice point in ϑ(G,Λ), as explained

in Section 5. It follows that the expected computational com-

plexity of the algorithm is O(n3 logn).

7. SIMULATION RESULTS

The ZnLLS estimator is compared with the periodogram es-

timator, the LLS estimator and the SLS2-ALL estimator. We

refer to these other estimators as sampling estimators because

of the need to choose a sampling interval.

A number of Monte Carlo simulations were conducted to

assess the statistical performance of the estimators. In the

simulations, the parameters fmin = 0.7 and fmax = 1.3 were

used. The value of f was selected pseudo-randomly and uni-

formly on this interval, excluding the top and bottom 10% of

the interval. The number of samples was set at 40 for each

of the sampling estimators. Two thousand independent trials

were run for each plotted data point.
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Fig. 1. MSE in period when n = 10 as σ varies.

Figure 1 shows the performance of the estimators for n =
10 as σ varies in the range [10−1.7,1]. We observe typical

behavior for period estimators. There is a threshold value of

σ, in this case σ ≈ 0.1, below which the variances of the es-

timates are in close agreement with the so-called clairvoyant
Cramer-Rao lower bound (CRLB) [2]. Above the threshold,

performance deteriorates rapidly. The MSEs of all estimators

are similar and all conform with the CRLB below the thresh-

old.

However, in Figure 2, we see the effect of increasing n.

To generate Figure 2, the simulation was run with σ = 0.05

and n was varied between 10 and 70 in steps of 5.

Figure 2 shows that the ZnLLS estimator performs very

well for all values of n. The periodogram and SLS2-ALL es-
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Fig. 2. Mean square error in period as n varies.

timators perform well for n < 35, the LLS estimator performs

well for n < 45. However, as n increases, all but ZnLLS even-

tually diverge from the CRLB. This can be ascribed to the

constant sampling interval used by the sampling estimators.

As n increases, the sampling interval becomes too large and

the sampling estimators tend to ‘step over’ the ML estimate.

However, no theory currently exists for calculation of a suit-

able sampling interval. It is therefore a key advantage of the

ZnLLS algorithm that it avoids sampling.
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