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Jérôme Louveaux, Rodolfo Torrea Durán, and Luc Vandendorpe

Communications and Remote Sensing Laboratory, Université catholique de Louvain, Belgium

ABSTRACT

In this paper we consider an OFDM (orthogonal frequency division
multiplexing) transmission scheme with a relay, working in Decode-
and-Forward (DF) mode. Assuming perfect CSI (channel state in-
formation) the paper investigates the power allocation problem for
rate maximization of the scheme with individual power constraints
at the source and at the relay. The theoretical analysis provides a
deep understanding of the structure of the solution. Based on this,
an ef cient iterative algorithm is proposed that exhibits a quicker
convergence than classical methods. In addition, it enables to solve
the convergence issues observed in some situations.

Index Terms— Power allocation, Relaying, Decode-and-
Forward, OFDM.

1. INTRODUCTION

In this paper we consider communication between a source and a
destination, which is assisted thanks to a relay. All channels (source-
destination, source-relay and relay-destination) are supposed to be
frequency selective and in order to cope with that, OFDM (orthogo-
nal frequency division multiplexing) modulation with proper cyclic
extension is used. The relay is supposed to operate in decode-and-
forward (DF) mode.

OFDM with relaying has already been investigated by some au-
thors. In [1] the authors consider a very general scenario, made of
several users communicating by means of OFDMA (orthogonal fre-
quency division multiple access). They propose a general framework
to decide about the relaying strategy, and the allocation of power and
bandwidth for the different users. The problem is solved by means
of very powerful optimization tools, for individual constraints on the
power, but it does not give any insight on the solution. The authors
of [2] have looked at a setup very similar to that of the current paper,
but with non regenerative relays while here DF (regenerative) relay-
ing is considered. In [3], the authors investigate OFDM transmission
with regenerative (DF) relaying, and a capacity maximizing power
allocation for a global power constraint.

In the current paper, we assume perfect channel knowledge. We
investigate power allocation in order to maximize the rate, for indi-
vidual constraints at the source and at the relay. We provide a deep
theoretical analysis of the solution and analyze the structure of the
allocation scheme. Using this particular structure, we provide an ef-
cient algorithm to obtain the power allocation with fewer iterations.
This new algorithm also enables to resolve convergence issues ob-
served with classical methods.

The authors would like to thank the Walloon Region DGTRE Nanotic-
COSMOS project and the FP6 project COOPCOM for the nancial support.

Fig. 1. Structure of the system for subcarrier k.

2. SYSTEM DESCRIPTION

Information symbols are sent by the source to the destination. All
links (source-relay, source-destination and relay-destination) are fre-
quency selective and use OFDM. We denote by Nt the number of
subcarriers (equivalently called tones). The block diagram associ-
ated with the system for one particular subcarrier is depicted in g-
ure 1. The transmission is divided into 2 time slots. During the rst
time slot, a symbol is sent by the source on each subcarrier. Both the
relay and the destination receive the corresponding signal. The re-
lay decodes some of the symbols, and relays them during the second
time slot (DF relaying strategy). The source remains quiet during
this second time slot. We constrain the relay to use, for each re-
layed symbol, the same subcarrier as the one used by the source for
that symbol. We are aware that optimized pairing of subcarriers at
the source and at the relay might lead to additional improvement but
this is left for further research. Based on the two time slots, the des-
tination implements maximum ratio combining for the subcarriers
with relaying.

Let us denote by Ps(k) (resp. Pr(k)) the power used by the
source (resp. the relay) for subcarrier k, and by λsd(k) (resp.
λrd(k)) the square modulus of the complex channel gain for tone
k between source (resp. relay) and destination. The noise variance
at the relay and at the destination is assumed to be identical and is
given by σ2

n. After proper maximum ratio combining at the destina-
tion, the decision variable obtained at subcarrier k has the following
signal to noise ratio

SNR(k) =
Ps(k) λsd(k) + Pr(k) λrd(k)

σ2
n

. (1)

Note that if the relay does not decode and retransmit a given subcar-
rier k, we simply have Pr(k) = 0.
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3. RATE OPTIMIZATION FOR INDIVIDUAL
CONSTRAINTS

The goal of this paper is to optimize the power allocation of the sys-
tem (both at the source and at the relay) to obtain the largest possible
rate to the destination. We assume that the channel gains λxy are
known. In this paper, we consider individual power constraints on
the source and on the relay. For clarity, we de ne the 2 following
sets:

SS = {k : Pr(k) = 0, Ps(k) > 0} (2)
SR = {k : Pr(k) > 0} (3)

SS is the set of tones that are used at the source but not relayed. SR is
the set of tones that are relayed. As already mentioned, we assume a
decode and forward relaying strategy. Note that, depending on their
channel gains and on the total power budget available, some of the
tones may have no power allocated at all. Using these notations, the
rate achievable by the system for a duration of 2 OFDM symbols can
be written as [4]:

R =
∑

k∈SS

log

(
1 +

Ps(k) λsd(k)

σ2
n

)

+
∑

k∈SR

log

(
1 +

Ps(k) λsd(k) + Pr(k) λrd(k)

σ2
n

)
(4)

with positive powers and with the following constraints

Nt∑
k=1

Ps(k) = Ps,TOT (5)

∑
k∈SR

Pr(k) = Pr,TOT (6)

∀k ∈ SR : Ps(k)λsr(k) ≥ Ps(k)λsd(k) + Pr(k)λrd(k) (7)

where the last constraint refers to the decode and forward constraint
for the tones using the relay, stating that the relay must be able to de-
code the given symbol, so that the SNR at the relay must be at least
as big as the SNR at the destination. We assume that, at the opti-
mum, the power constraints on the source and the relay are equality
constraints, which means that all the available power is used. It is
strictly speaking not always the case, but is a valid assumption in
most practical situations.

To solve this problem, the Lagrangian is written down, taking
into account the three constraints:

L =
∑

k∈SS

log

(
1 +

Ps(k)λsd(k)

σ2
n

)

+
∑

k∈SR

log

(
1 +

Ps(k)λsd(k) + Pr(k)λrd(k)

σ2
n

)

−
∑

k∈SR

ρk [Ps(k)(λsd(k)− λsr(k)) + Pr(k)λrd(k)]

−μs

(
Nt∑

k=1

Ps(k)

)
− μr

⎛
⎝ ∑

k∈SR

Pr(k)

⎞
⎠ . (8)

The new problem to investigate is to maximizeLwithPs(k), Pr(k) ≥
0. The Lagrange coef cients μs, μr > 0 are chosen such that the
power constraints (5) and (6) are satis ed. Finally all parameters
ρk ≥ 0, for k ∈ SR, are chosen such that either (7) is satis ed with

equality for the corresponding k, or ρk = 0 and the constraint (7)
is satis ed with inequality (the constraint is said to be inactive). In
addition, the optimal classi cation of the tones between the 2 sets
SS , SR needs to be found so that the nal rate is maximized.

3.1. Optimization for xed μs,μr

The rst part of this analysis is devoted to the optimization of the La-
grangian (8), for xed values of the parameters μs and μr . This sec-
tion explains how to optimize the Lagrangian to nd the subcarrier
allocation (or the classi cation in the different sets), and the power
allocation Ps(k), Pr(k).

3.1.1. Expressions of the power

Imposing that the derivatives of the Lagrangian with respect to the
power coef cients are zero, we obtain, for k ∈ SS :

Ps(k) =

[
1

μs

−
σ2

n

λsd

]+
. (9)

This is very similar to a water lling solution. As in classical wa-
ter lling, the notation [x]+ means that, if the expression inside the
brackets is negative, the power is forced to zero.

For k ∈ SR,

λrd

σ2
n + Ps(k)λsd + Pr(k)λrd

= μr + ρkλrd (10)

λsd

σ2
n + Ps(k)λsd + Pr(k)λrd

= μs + ρk(λsd − λsr) (11)

where the reference to the subcarrier has been omitted in the chan-
nel gains for clarity. For the Lagrange parameter ρk, there are two
possibilities. If ρk = 0, it means that the corresponding constraint
is inactive and is thus satis ed with inequality. Using (10) and (11),
this case is only possible if

λrd(k)

λsd(k)
=

μr

μs

. (12)

This means that a subcarrier using the relay (k ∈ SR) may have the
decode and forward constraint (7) satis ed with inequality only in
the speci c case where the ratio of the Lagrange parameters μs and
μr is equal to the ratio of the channel gains at the given tone. All the
other tones must satisfy ρk > 0 and have thus

Ps(k) = α(k)Pr(k) (13)

with
α(k) =

λrd(k)

λsr(k)− λsd(k)
. (14)

It means that the corresponding tones use the relay with as much
power as possible. At these tones, the source power is chosen for
the smallest amount that makes the decoding possible at the relay.
Finally, it appears that the tones are divided in tones using the source
only (SS), and tones using the relay at its maximum (SR) with a
possible exception at tones having a particular ratio of the channel
gains (12). These subcarriers are in an intermediate state. Let us
denote by

SI =

{
k

∣∣∣∣ λrd(k)

λsd(k)
=

μr

μs

}
(15)

the set of subcarriers that satisfy this particular ratio and are thus in
an intermediate state. Usually, there will be at most one subcarrier
in this set.

3258



For k ∈ SR \ SI , the powers Ps(k), Pr(k) and the parameter
ρk satisfy (11), (10) and (13). It comes that

Ps(k) =

[
1

μs + μr/α
−

σ2
n

λsr

]+
(16)

Pr(k) =

[
1

αμs + μr

−
σ2

n

αλsr

]+
. (17)

The reference to the subcarrier k has again been omitted for clarity.

3.1.2. Subcarrier classi cation

We still assume that μs and μr are xed. For these values, we
try to nd the optimal subcarrier classi cation, maximizing the La-
grangian. First consider subcarriers k for which λsr(k) ≤ λsd(k).
Since all powers are positive, the decode and forward constraint (7)
can not be satis ed for these subcarriers. Hence they are necessarily
classi ed in SS . For the other subcarriers, and based on the expres-
sions of the powers (9), (16) and (17), we can compute the available
bit rate for the two possible choices: k in SS or SR. Hence, for xed
values of μs and μr , k will be classi ed in SR if(

1

μs + μr/α
−

σ2
n

λsr

)
λsd +

(
1

αμs + μr

−
σ2

n

αλsr

)
λrd >(

1

μs

−
σ2

n

αλsd

)
λsd (18)

Since all parameters are positive, this is equivalent to

λrd

λsd

>
μr

μs

. (19)

Finally, for given μs and μr , the full classi cation can be done
as follows.

SS+ = {k|λsd(k) ≥ λsr(k) or λrd(k)/λsd(k) < μr/μs}

SR+ = {k|λsd(k) < λsr(k) and λrd(k)/λsd(k) > μr/μs}

SI = {k|λsd(k) < λsr(k) and λrd(k)/λsd(k) = μr/μs}

SS+ is the set of subcarriers that can use the source only, and satisfy
(9). As a result of the water lling-like procedure, some of them can
however not be used at all, and have no power allocated. According
to the earlier de nitions, SS ⊂ SS+. Similarly, SR ⊂ SR+, and
some of the subcarriers in SR+ may not be used at all due to the
water lling procedure.

3.2. Search for the Lagrange parameters

The derivations reported in the previous section give us an explicit
rule to allocate each tone to the appropriate category, and compute
the power allocation for a given pair of μs and μr . In fact there
is a single pair μr and μs for which the two power constraints are
simultaneously ful lled. Previously [1], a Newton Raphson iterative
approach was proposed to nd the correct value of the pair (μs, μr).
In this paper, and based on the results shown in the previous section,
we propose to make a search on a single parameter instead of the
pair. This helps speeding up the convergence and enables to solve
the problem faster. In addition, as explained later, our method also
enables to resolve convergence issues of the iterative approach which
appear when the set SI is not empty.

Iterative method: The basic idea is to use a Newton Raphson
iterative method working on the parameter

γ =
μr

μs

. (20)

The obvious reason to work with that parameter is that it conditions
the subcarrier classi cation. The method works iteratively with the
2 steps detailed below.

Solution for xed ratio: In the rst step, a xed value of the
ratio γ is considered. Hence the subcarrier classi cation is known.
It can be safely assumed that the chosen value of γ is not precisely
equal to the ratio λrd/λsd for any subcarrier k. Hence, the set SI

is always empty during all the iterations. The aim is now to nd the
values of the Lagrange parameters μs and μr in the given ratio (20)
such that the relay power constraint (6) is satis ed with equality. Us-
ing the power expressions derived earlier, and inserting the de nition
of γ, we obtain

∑
k∈SR

[
1

μs(α(k) + γ)
−

σ2
n

α(k)λsr(k)

]
= Pr,TOT . (21)

In this equation, the summation has to be performed on the set SR

only, that is the subcarriers to which a nonzero power is allocated.
This set is always a subset of SR+. As in classical water lling, a
search, by successive trials, may be needed to nd this set. Equa-
tion (21) is linear in 1/μs and thus directly provides the value of
μs. From this value, we have μr = γμs and all the powers can be
obtained.

Iterative search of the optimal ratio: In the second step, the
power constraint on the source is considered. The total source power
used by the proposed allocation

Ps,tot(γ) =
∑

k∈SS

1

μs

−
σ2

n

λsd(k)
+
∑

k∈SR

1

μs + μr/α(k)
−

σ2
n

λsr(k)

(22)
is compared to the available total power Ps,TOT . If it is equal (up
to some required precision), the optimum is found. Otherwise, a
Newton-Raphson adaptation is performed for γ depending on the
difference between the total source power in the proposed alloca-
tion and the available total power. the adaptation is also based on
the derivative at the considered point. The derivative is computed
assuming that the sets SS and SR are xed, that is, assuming a
xed subcarrier classi cation, and a xed set of unused subcarriers.
The equations are not given here for the sake of conciseness but are
straightforward to obtain.

Termination of the algorithm: In many cases, the Newton-
Raphson procedure converges in a few iterations to the optimal value
of γ, providing the optimal solution of the power allocation problem.
Sometimes however, the procedure is stuck in an in nite loop. In or-
der to understand why this happen, consider gure 2. It represents,
as a function of γ, the difference between the available total source
power Ps,TOT and the total source power Ps,tot(γ) for the alloca-
tion corresponding to γ, as given by (22). The optimal allocation
corresponds to the zero-crossing point of this curve. However, as
shown in the gure, there are discontinuities (labelled ’jumps’) for
each value of γ corresponding exactly to the ratio λrd(k)/λrd(k)
of one subcarrier k. The reason is that it corresponds to a change
in the subcarrier classi cation. When this change happens, there is
a signi cant change in Ps,tot(γ), creating a discontinuity. Now if
the zero-crossing point of the curve is at one of theses discontinu-
ities, the optimal value of γ is precisely equal to the corresponding
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Fig. 2. Source power constraint as a function of γ.

ratio, and the given subcarrier is in the intermediate set SI at the
optimum. Let us denote by kI this subcarrier. In this case, the algo-
rithm oscillates around the optimal value of γ without converging.
The same oscillating behavior appears in classical methods. With
the proposed method however, when this oscillation is detected, it is
easy to check, within the oscillation range, which discontinuity ex-
hibits the zero-crossing. The optimal value of γ is then equal to the
corresponding ratio.

The optimal power allocation still needs to be found. First re-
member that ρkI

= 0 as explained previously. For k ∈ SS , and
k ∈ SR \ SI , the powers can be obtained by the usual expressions
as a function of μs and μr . Finally, the optimal values of μs, μr ,
Ps(kI) and Pr(kI) may easily be found by combining equations
(20), (10) for kI with ρkI

= 0, and the two (source and relay) power
constraints.

4. RESULTS

In order to illustrate the theoretical analysis, numerical results are
provided. The number of subcarriers is set to Nt = 128. Chan-
nel impulse responses (CIR) of length 32 are generated. The taps
are randomly generated, and they have a unit variance for the links
s → d and r → d. For the link s → r, the variance is set to 10
which leads to a good source-relay channel. From these CIRs, FFT
are computed to provide the corresponding λxy . We set σ2

n = 1.
The total powers are chosen to be Ps,TOT = 5 and Pr,TOT = 15.
On average, the procedure converges in about 10 iterations (or starts
the in nite loop), while classical methods may need hundreds of it-
erations. For illustrative purposes, an example of result of the power
allocation is shown in gure 3. The crosses indicates which subcar-
riers are relayed. Source and relay powers are shown in plain and
dash lines respectively. In that speci c case, the achievable rate is
327 bits/2 OFDM symbols. A simple uniform allocation can reach
only 238 bits/2 OFDM symbols.

5. CONCLUSION

In this paper we have considered an OFDM point to point link, en-
hanced with a relay working in DF mode. We have investigated the
problem of power allocation to the source and to the relay in or-
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Fig. 3. Power allocation obtained with the optimization method.

der to maximize the rate of the whole transmission for individual
power constraints at the source and at the relay, assuming MRC at
the destination. The subcarrier classi cation and the power alloca-
tion problem have been derived analytically. It has been proposed to
nd iteratively the two Lagrange multipliers by means of a Newton-
Raphson method based on a single parameter γ equal to the ration of
these parameters. This method has both advantages of speeding up
the algorithm and of solving some convergence issues.
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