
S[n]
n
M A = {S0, .., SM−1}

X[n]

X[n]

X[n] = GC ejθ+j2πfen S[n] + W [n]

GC θ fe

W [n]

X[n]

= G2
C
/σ2

W

σ2
W

= E
{
|W [n]|2

}

fe N X[n], n =
0, · · · , N−1

|fe| < 1/8

π/2
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X[n]
f0

Y (f0)[n] = |X[n]|P · ej4·arg{X[n]}e−j2π4f0n

Y (f0)[n] = rnejϕn

Y (f0)[n]

p
R,Φ

(rn, ϕn; f0) =
1

M

M−1∑
m=0

δ(rn − (GC|Sm|)
P )

· δ(ϕn − 4θn − 4 arg Sm)

θn = θ+2π(fe−f0)n
fe − f0

f0 = fe

Y (f0)[n]

p
R,Φ

(r, ϕ; fe)=
1

M

M−1∑
m=0

δ(r−(GC|Sm|)
P )δ(ϕ−4θ−4 argSm)

f0 �= fe

Y (f0)[n] 4θn

ϕ p
R,Φ

(rn, ϕn; f0) = p
R,Φ

(r, ϕ−2π4(fe−

f0)n; fe)

θn

fe − f0

p
R,Φ

(r, ϕ; fe)

g(A,fe,P )

Φ
(ϕ) =

∫ +∞

0

r · p
R,Φ

(r, ϕ; θ) dr

g(A,fe,P )

Φ
(ϕ)

[0, 2π) K
g(A,fe,P )

Φ
(ϕ)

k

f(A,fe,P ) (ψ) =
K

2π
·

∫ ψ+2π/K

ψ

g(A,fe,P )

Φ
(ϕ) dϕ

K →∞ f(A,fe,P ) (ψk) g(A,fe,P )

Φ
(ψk)

ψk = 2πk/K f(A,fe,P ) (ψ)
A

W [n]

fe = f0

f̂(A,fe,P ) (ψk)=
1

N

N−1∑
n=0

|Y (fe)[n]|dk
K

(
Y (fe)[n]

)

dk
K (Y ) =

K

2π
2π/K(arg(Y )− 2π(k + 1/2)/K)

k = 0, · · · , K − 1

K →∞
g(A,fe,P )

Φ
(ψk)

E
{

f̂(A,fe,P ) (ψk)
}

=
1

N

N−1∑
n=0

E
{
|Y (fe)[n]|dk

K

(
Y (fe)[n]

)}

=
1

N

N−1∑
n=0

∫ +∞

0

∫ 2π

0

r p
R,Φ

(r, ϕ; fe) dk
K

(
rejϕ

)
drdϕ

= f(A,fe,P ) (ψk) , k = 0, · · · , K − 1,

f0 �= fe

E
{

f̂(A,f0,P ) (ψk)
}

=
1

N

N−1∑
n=0

E
{
|Y (f0)[n]|dk

K

(
Y (f0)[n]

)}

=
1

N

N−1∑
n=0

∫ 2π(k+1)/K

2πk/K

∫ +∞

0

rp
R,Φ

(r, ϕ−2π4(fe−f0)n; fe)drdϕ

=
1

N

N−1∑
n=0

f(A,fe,P ) (ψk − 2π4(fe − f0)n)

f̂(A,f0,P ) (ψk)
N

f(A,fe,P ) (ψk)

f̂CPS

f̂(A,f0,P ) (ψk)
f(A,fe,P ) (ψk)

P̂(f0)

f̂(A,f0,P ) (ψk)

f̂CPS = arg max
f0

{P̂(f0)}

P̂(f0) =
1

K

K−1∑
k=0

|f̂(A,f0,P ) (ψk) |4

P̂(f0) f̂(A,f0,P ) (ψk)

f0 [−1/8, 1/8] Δf0

f̂c f̂c
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f̂fine

f̂fine

f̂fine = f̂c +
1

8
Δf0

P̂(f̂c + Δf0)− P̂(f̂c −Δf0)

P̂(f̂c + Δf0) + P̂(f̂c −Δf0)− 2P̂(f̂c)

(N = 2000, L =
512,P = 1)

4th

f̂c

P̂(kΔf) k

f̂fine

Ef0
= P̂(f0)−E

{
P̂(f0)

}

X = E
{
P̂(fc + Δf)

}
, Y = E

{
P̂(fc −Δf)

}
, Z =

E
{
P̂(fc)

}
c = X−Y, d = X−2Z+Y

f̂c − f̂fine ≈
Δf

8

( c

d
+

d− c

d2
Efc+Δf

−
d + c

d2
Efc−Δf −

2c

d2
Efc

)

(f̂fine)=−
Δf

2

2

d3
·
[
(Y − Z)Var (P̂(fc + Δf))

+ (Z −X)Var (P̂(fc−Δf))−2 (X−Y )Var (P̂(fc))

− (Y + 2Z − 3X)Cov (P̂(fc −Δf), P̂(fc))

+ (Y + 2Z − 3X)Cov (P̂(fc), P̂(fc + Δf))

− (X − Y )Cov (P̂(fc + Δf), P̂(fc −Δf))
]
− bpm

bpm = (fe−fc)+Δf/2·c/d

f̂fine

(f̂fine) = lim
N→∞

N · Var (f̂fine)

=
Δf2

64

[ (
d− c

d2

)2

Var (P̂(fc + Δf))

+

(
d + c

d2

)2

Var (P̂(fc −Δf)) +

(
2c

d2

)2

Var (P̂(fc))

−

(
d2 − c2

d4

)
Cov (P̂(fc + Δf), P̂(fc −Δf))

+

(
2dc + 2c2

d4

)
Cov (P̂(fc), P̂(fc −Δf))

+

(
2dc− 2c2

d4

)
Cov (P̂(fc + Δf), P̂(fc))

]

ff0

P [k] = f(A,fe,P ) (ψk)
εf0 [k] =

f̂(A,f0,P ) (ψk)−ff0

P [k]

P̂(f0) =
1

K

K−1∑
k=0

(
ff0

P [k] + εf0 [k]
)4

≈
1

K

K−1∑
k=0

(
ff0

P [k]4 + 4ff0

P [k]3 εf0 [k] + 6ff0

P [k]2 εf0 [k]2
)

O(ε3)

ff0

P [k]
εf0 [k]

m
(r)
f0

[k] = E
{(

εf0 [k]
)r}

m
(r,s)
f0

[k1, k2] = E
{(

εf0 [k1]
)r (

εf0 [k2]
)s}

m
(r,s)
f0,f1

[k1, k2] = E
{(

εf0 [k1]
)r (

εf1 [k2]
)s}

E{P̂(f0)} =
1

K

K−1∑
k=0

(
f

f0

P [k]4 + 6f
f0

P [k]2 m
(2)
f0

[k]
)
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(N = 2000,L = 512, P = 1)

4th

E{P̂(f0)
2} =

1

K2

K−1∑
k1=0

K−1∑
k2=0(

ff0

P [k1]
4 ff0

P [k2]
4 + 6ff0

P [k1]
4 ff0

P [k2]
2 m

(2)
f0

[k2]

+ 6ff0

P [k2]
4 ff0

P [k1]
2 m

(2)
f0

[k1] + 16ff0

P [k1]
3 ff0

P [k2]
3

·m
(1,1)
f0

[k1, k2] + 36ff0

P [k1]
2 ff0

P [k2]
2 m

(2,2)
f0

[k1, k2]

)

E{P̂(f0) P̂(f1)}=
1

K2

K−1∑
k1=0

K−1∑
k2=0

(
ff0

P [k1]
4ff1

P [k2]
4

+6ff0

P [k1]
4ff1

P [k2]
2m

(2)
f1

[k2]+6ff1

P [k2]
4ff0

P [k1]
2m

(2)
f0

[k1]

+16ff0

P [k1]
3ff1

P [k2]
3m

(1,1)
f0,f1

[k1, k2]

+36ff0

P [k1]
2ff1

P [k2]
2m

(2,2)
f0,f1

[k1, k2]

)

m
(2)
f0

[k] =
1

N2

N−1∑
n=0

(
ff0

2P [k − θ(f0)
n ]− ff0

P [k− θ(f0)
n ]2

)

m
(2)
f0

[k, j] =
1

N2

N−1∑
n=0

(
ff0

2P [k − θ(f0)
n ]δkj

− ff0

P [k − θ(f0)
n ] ff0

P [j − θ(f0)
n ]

)

m
(1,1)
f0,f1[k, j] =

1

N2

N−1∑
n=0

(
ff0

2P [k − θ(f0)
n ] δk(j−L(f0−f1)n)

− ff0

P [k − θ(f0)
n ] ff1

P [j − θ(f1)
n ]

)

N

m
(2,2)
f0

[k, j] = m
(2)
f0

[k] m
(2)
f0

[j] + 2
(
m

(1,1)
f0

[k, j]
)2

m
(2,2)
f0,f1

[k, j] = m
(2)
f0

[k] m
(2)
f1

[j] + 2
(
m

(1,1)
f0,f1

[k, j]
)2

f(A,f0,P ) (ψk) ≈

g(A,f0,P )

Φ
(ψk)

1000
N = 2000 Δf0 = 1.4 · 10−6

fe = 0.05 + Δf0/4

f̂CPS
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