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ABSTRACT

We consider a pilot-assisted interleave-division multiple access
(IDMA) system transmitting over block-fading channels. We de-
scribe this system in terms of a factor graph and use the sum-product
algorithm to develop a receiver that performs joint data detection and
channel estimation. Suitable approximations to the messages passed
by the sum-product algorithm yield an implementation with a com-
plexity that scales linearly with the number of users. Simulation
results demonstrate large performance gains compared to classical
receivers performing separate channel estimation and data detection.

Index Terms—IDMA, multiuser detection, iterative receivers, fac-
tor graphs, sum-product algorithm

1. INTRODUCTION

Interleave-division multiple access (IDMA), recently proposed in
[1], achieves user separation by means of user-specific interleavers
combined with low-rate channel coding. The iterative IDMA mul-
tiuser detector derived in [1] assumes perfect channel state informa-
tion (CSI) at the receiver. In practice, however, pilot-assisted channel
estimation is usually employed to obtain (imperfect) CSI.

Here, we propose an iterative joint data detection and channel es-
timation algorithm for pilot-assisted IDMA (see [2, 3] for related
work in the context of single-user systems). This algorithm is de-
rived by applying the sum-product algorithm [4] to the factor graph
corresponding to the overall system (cf. [5, 6]). A low-complexity
implementation of the receiver is obtained by means of Gaussian ap-
proximations to the messages propagated through the factor graph.

The paper is organized as follows. The pilot-assisted IDMA sys-
tem is described in Section 2. In Section 3, we construct the corre-
sponding factor graph and derive the messages propagated through
the graph. Finally, simulation results presented in Section 4 demon-
strate the performance gains obtained with the proposed receiver.

2. PILOT-ASSISTED IDMA

We assume an uplink multiple-access scenario where M users trans-
mit data synchronously to a base station, using IDMA transmit-
ters shown in Fig. 1. The bit sequence of the mth user, b™ =
(b7 - b2)7, is encoded into a binary codeword of length N using
a serial concatenation of a terminated convolutional code and a low-
rate repetition code. The codeword is interleaved by a user-specific
interleaver 7™ (-) and mapped to BPSK symbols z;;' € {—1,1}. We
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Fig. 1. IDMA transmitter for the mth user.

write x™ = (27" 2)T = C™(b™) for the combined effect of
channel coding, interleaving, and BPSK mapping.

We assume block-fading channels that stay constant during “chan-
nel blocks” of length L. Let ;" be the channel (fading) coefficient of
the m th user within the [ th channel block. The h;" are assumed i.i.d.
Gaussian with zero mean and unit variance, i.e., b;" ~ N(0, 1).

To enable channel estimation, any user m transmits L, pilot sym-
bols p;’, k = 1,..., Ly, at user-specific (disjoint) pilot positions
within the [th channel block. This leaves L, = L — M L,, instants
per channel block for all users to transmit their BPSK data symbols.
We will denote the data symbols also by @ := x(/_1)r, 1, With
k=1,...,Lyand [ = 1,..., Ny, where N, := N/L, is the num-
ber of blocks (/V is assumed to be a multiple of L, ). The N receive
values corresponding to data symbols are given by

M
e = > b el 4wk, (1)

m=1
fork=1,...,L,,l =1,..., Ny, where w; ; denotes white Gaus-

sian noise of variance Jﬁ,. In contrast, the M N L,, receive values
corresponding to the pilot symbols are given by

Pl = h"pl + wik, (1b)

fork=1,...,Lp,l=1,...,Nyym=1,..., M.

3. ITERATIVE JOINT MULTIUSER DETECTION
AND CHANNEL ESTIMATION

We will now use a factor graph framework to develop a low-com-
plexity receiver performing joint channel estimation and multiuser
detection. The proposed receiver is based on the MAP detector [5]

b = b ). 2
;= arg bylél?éfl}p( i |T) 2

Here, b;"is the ith information bit of the mth user, r is the full re-
ceived sequence (consisting of all ;x and 77},), and p(b;"|r) de-
notes the posterior probability mass function of b;".

3.1. Factor Graph

In what follows, let b denote the vector of length M K containing all
information bits b7* and let X = (x*--- x™) be the N x M matrix
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consisting of all BPSK data symbols x;,'. Applying Bayes’ rule, and
assuming equally likely data bits b;", we have

p(o"[r) = _ p(blr) o< Y f(x]b) 3
~bT ~bm
where f(r|b) is the conditional probability density function (pdf) of
r given b, >~ denotes summation over all unknown variables in
the summand except z, and o< denotes equality up to factors irrel-
evant to the maximization in (2). Exploiting the one-to-one corre-
spondence between b and X, f(r|b) can be factored as

f(r|b) Zf(r|X HI

where the indicator function I(-) is one if its argument is true and
zero otherwise. With H denoting the M x N, matrix of all h;", we
have further f(r|X) = [ f(r| X, H) f(H) dH with

FelX ) = TF TT £ b0 TT TT A0 )

(o).

1=1k1=1 m=1ko=1
Here, we used (1) and the definitions x;, = (xllk x%)T and
h; = (h} --- BM)T. Furthermore, f(H) = HlN:bl 1 F(RT™).

Combining these expressions and inserting them into (3) yields

Z/fXHr|b )

o
with

Ly

fX,Hxb) =[] Hf(mllx”l,hz)Hl

I=1ky=1

=C"(b™))

x H FFe | B) PR (5)
ko=1

According to (1), f(71,x|x1,k, ) and f (77| hy") are Gaussian dis-

tributions with variance o2, and respective mean hi x; » and hi" Pl
A segment (for the first channel block) of the factor graph [4—
6] corresponding to f(X, H,r|b) in (5) is depicted in Fig. 2. For
simplicity, only the channel coefficient of user 1 within that block is
shown. Applying the sum-product algorithm [4] to this factor graph
yields an approximation (due to the existence of cycles in the factor
graph) to the marginal (4) for all information bits b;" simultaneously.

3.2. Receiver Structure

Running the sum-product algorithm with parallel scheduling [6] on
the factor graph in Fig. 2 leads to the receiver structure shown in
Fig. 3. The block termed “soft multiuser detector” corresponds to
the upper dotted boxes in Fig. 2. It receives soft information from
the individual users’ channel decoders [1], performs an update of
this soft information using the current channel estimate, and passes
the improved soft bits back to the decoders. These improved soft
bits are also provided to channel estimation units (corresponding to
the lower dotted box in Fig. 2) that calculate refined estimates of
the channel coefficients. The per-user soft-channel decoding (con-
sisting of the deinterleavers, soft channel decoders, and interleavers)
corresponds to the blocks I(x™ = C™(b™)) in Fig. 2. When the
sum-product algorithm is terminated, the signs of the a posteriori
information bits computed by the channel decoder provide bit deci-
sions approximating (2).
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Fig. 2. Factor graph describing f(X,H,r|b) in (5) for the first
channel block. The broad arrows denoted “A” indicate messages
from/to other channel blocks (I = 2,3,...).

3.3. Messages

Iterative approximate computation of ZB:" in (2) via the sum-product
algorithm requires calculation of the messages to be propagated along
the edges of the factor graph in Fig. 2.

Messages pic—a (€] % )s a7 (€] %), and po—c (7} ). For the
code function nodes I(x™=C™(b™)), the sum-product algorithm
amounts to the BCJR algorithm for soft-decoding the convolutional
code [4, 7], while the repetition code is soft-decoded by summing
the appropriate bit log-likelihood ratios (LLRs). The extrinsic infor-
mation computed by the channel decoder, expressed by LLR values
&' €R for the BPSK symbols z;"%, is converted into messages (be-
liefs) e (x7'},) according to

exp ({m (217 +1)/2)
1 +exp (&%) '

The variable nodes z;"}; in Fig. 2 just pass on all incoming messages,

ie., o g (2%) = pie—z(27)) and po—c(2%) = pr—a(27})-

Messages ftf_.o(x). The messages from the channel factor
nodes back to the symbol variable nodes equal

pe—a(2]%) = xly € {—1,1}.
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Fig. 3. IDMA receiver structure with joint data detection and chan-
nel estimation. (£}, and "}, are defined in Section 3.3.)



/Lfﬁ,z(wlk) - Z /f 7ﬂlk|Xl/€7hl) H /j’h*’flk(h )

Nzl T my=1

< [t s (@) dhy . (6)

mo#m

The summation in (6) has 2*/ ' terms and is thus exponentially
complex in the number of users. To achieve linear complexity for the
message update, we approximate the discrete messages fie— r (7%
by continuous messages of Gaussian form

(:Ezmk - aZk)Q > , (7

Nzﬁf(xl,k) = exp(f 2b?,1k

with mean a}}, = tanh(&]},) and variance b}, = 1—(aj%)? (cf. [1]).
Furthermore, the messages (i, , (k") will also be modeled as

Gaussian, i.e.,
m (hm — & )
Hh— fi 5 (hl ) = exp( QB ! ) (8)

with mean " and variance 3" to be determined later.

In the following, let x77;" denote the vector obtained by removing
x;" from x; %, and similarly for h}"™. Plugging the above Gauss1an
messages into (6), replacing the summations with respect to the ;" k,
m/ # m with integrals, and picking an arbitrary user index m’ # m,
we obtain the approximation

“f—»z(m?:}c) :/ (Xl k ah’l\ﬂn H lu‘h_’fl,k(hlnll)
my#m’

< ] uﬁf(x,k)dx“;”’"dhrm, ©)
mao#(m,m’)
where

I(Xl k 7h7m )
= /f(Tz,kIXuk’hz)ﬂhaf,,,k(hzm ) Ha— g (21%) daiy Ry
A— 2 _m/\2 _ m’\2
:/exp _Azhe)t (el )E (@ aik) Ty g,
202, 28"

’

Zb{?k
amounts to marginalization for user m’. (In the last line, we omitted
. . ’ ’ g
all indices of x}"}, and h;" and set A := 7y — Zm'/;em/ hi™ 7,

for simplicity.) Integration with respect to h gives

160 ™) = [ ite) de (10)

exP<_ (A~ af"s)’ ) (_(xazta;>2>
22 4 1 2(02 + B"'x2) 207, '

2
oz B

For an approximate closed-form integration, we simplify i(x) as fol-
lows. We have af’fk/ = tanh(fl’flkl) € [-1,1] and b{”,; =1- (a{flk/)Q €
[0, 1]. After a sufficient number of iterations, a{f‘k/ — —lor aff’,; —1
and b{”,; — 0. Hence, because of the second exponential factor,
i(z) =~ 0 for z outside a small neighborhood of —1 or 1. There-
fore, we can approximate i(z) by setting 22 = 1 in the square-root
factor and in the denominator of the first exponent, which gives

exp <— (A~ a;n’x)Q > exp (— L — aﬁ,)2>
2(02,+8™) 20 )

141

2
Tw - B"

This can be integrated in closed form (cf. (10)), yielding

m M 2
1, — (W™ )szk — o lk) )
2(c% + 8" +ﬁz blmk,)

I(xf;i": hTm/) x exp (— (

Inserting into (9) and repeatedly applying the above type of approx-
imation to the marginalizations for the other users # m, we obtain

’ N2
m (Tlvk - aimlek - Z'm’#nL azn azlk)
,Uafﬁz(xl’k) X exp| — 2y R
Yi,k
’ ’ ! (11)
with 7/ == o0 + >, 8" + >tz (" )?b". Converting

pf—z(2]) into an LLR value yields

P2 =1)

B (Tl,k _ Z /¢ma"lna]7nk) Oé]"L
Nf~1(33;7k:*1) .

297

glmk = log

This LLR value is propagated to the corresponding channel decoder,
as depicted in Fig. 3. It is interesting to observe that in the special
case of perfect CSI, i.e., ;" — h;" and 8;" — 0, the LLR becomes

anl;gm hm ;n )h7n
2(0% + X (WP)207)

which is the linear multi-user detector derived in [1].

~ Tik —
&k = (

Messages pi, ,,—n (h;™). Using (7), (8) and approximations simi-
lar to those that led to (11), we obtain

wf (b)) = 2m exp< (af)” (" — Vi )" >
—nl") = | s - " 2 amy |
o (hlm)z + BL*“ 2077, + (h™)*61)
Yk 1 (12)
with it = (roe — X, 't a{”ﬁ{”;;)/a?k At the variable node

™ (cf.node h{ in Fig. 2), all incoming messages—i.e. s e —n(hi™)
from the pilot symbol function nodes f(7%|h;"), ,uh(hm) from the

a priori function node f(h;"), and g, , —n(h;") from the chan-

nel factor nodes f(ry x/|xpar, ), (IVk") # (1, k)—are used to

compute the message pin—y, , (hi") (see Fig. 2). To do this effi-

ciently, we again use a Gaussian approximation for fuf, , —n(hi").

Indeed, since after a sufficient number of iterations (a{'fk)z — 1,

(hi™)?B™ < A", and (hi™)? < %, (12) is approximated (up to a

constant factor) as

(hZ”—VZ,’W)

wf o —n(hi") ~ exp(f —
fik l 27l,k

Messages pzm . (h7") and pr, (R7™). Because fl"z conditioned

on h;" is Gaussian with mean h;"p;"}, and variance o2, the message
from the pilot symbol function node is g —h (h]™) = exp (f (G

m

hi"pl’ ' )2 /202 ) which can be written as a Gaussian in h;
(W™ =77, k/pfnk)2
205, /(013 )

Furthermore, because h;* ~ N (0, 1), the message from the a priori
distribution function node of h;" is

‘"L

pm —n(hi") = exp (—

pun(hi") = exp(— (hi")?/2) .

Messages ftr,— p, . (R;™). The message pin—y, , (h;") can be ob-
tained as the product of the incoming messages (cf. Fig. 2):
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Fig. 4. Performance of different IDMA receivers for M =4 users: (a) average BER versus Ey, /Ny after 10 iterations, (b) average BER versus
number of iterations at E;, /Ny = 13 dB, (¢) MSE of estimated channel coefficients versus number of iterations at £y, /Ny = 13 dB.

Ly Ly
pingy g (") = pn (") TT wes (W) TT psisy—n (B -
k=1 ho—=1
ka#k (13)

Because all factors are Gaussian (partly due to the approximations
above), pin—, , (hi") is Gaussian as well. This is consistent with
our previous Gaussian assumption in (8), i.e., un—y , (") =
exp(— (h{"—a7")?/23"). The mean " and variance 3" can
now be calculated from (13) (cf. [4]).

Scheduling. The proposed receiver uses parallel message schedul-
ing [6], which means that the messages of all M users at the input
of the multiuser detector are updated by the channel decoders simul-
taneously, and are used to calculate the messages for all users at the
output of the multiuser detector concurrently. For improved perfor-
mance, we update the messages jn—f, , (h;") (using the messages
tef, —n(hi™)) only after the third iteration.

4. SIMULATION RESULTS

We next demonstrate the performance of the proposed receiver al-
gorithm. We simulated a pilot-assisted IDMA system with M =4
users, each transmitting & = 256 information bits. The channel code
is a serial concatenation of a terminated rate-1/2 convolutional code
(code polynomial [2 3]s) and a rate-1/4 repetition code; the overall
code rate is thus 1/8. The channel block length is L = 50.

Fig. 4(a) shows the average bit error rate (BER) obtained with
different iterative receivers versus the signal-to-noise ratio (SNR)
Ey/No. The curves correspond to (i) the proposed receiver employ-
ing a single pilot symbol per user and channel block (i.e., L, =1) or
(i1) employing a single pilot symbol per user only in every fifth chan-
nel block; (iii) a “genie” iterative receiver with perfect CSI (cf. [1]);
(iv) a conventional receiver that separately estimates the channel co-
efficients by means of a pilot-based least-squares estimator and then
uses these channel estimates for iterative data detection; and (v) the
single-user bound (with perfect CSI). In all cases, 10 iterations were
performed. It is seen that our scheme gains about 7 dB of SNR com-
pared to the conventional receiver and remains within about 1 dB of
the genie receiver. Reducing the number of pilots in our system to
one per five channel blocks merely results in an SNR penalty of less
than 1 dB.

In Fig. 4(b), the BER for our receiver is shown versus the number
of iterations at a fixed SNR of Ej/No = 13 dB. The two curves cor-
respond to the use of one pilot symbol per channel block or per five
channel blocks. The impact of the number of pilots on the BER is
clearly visible. However, both curves converge after 9-10 iterations.
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Finally, Fig. 4(c) depicts the mean square error (MSE) of the chan-
nel estimates versus the number of iterations, again at E,/No =
13 dB and using one pilot symbol per channel block or per five chan-
nel blocks. The MSE is seen to decrease significantly in both cases.
However, fewer pilots result in a slower MSE decrease, which is re-
sponsible for the slight SNR penalty observed in Fig. 4(a).

5. CONCLUSION

We proposed an iterative receiver with joint data detection and chan-
nel estimation for pilot-assisted IDMA transmisssion. The receiver
structure was derived by applying the sum-product algorithm to the
factor graph of the system. Using Gaussian message approxima-
tions, we developed an efficient implementation whose complexity
scales linearly with the number of users. Simulation results showed
significant performance improvements over classical receivers.

The system considered here can be extended in various ways. The
message approximations can be refined, leading to more complex
message updates but better performance. Studying this complexity-
performance tradeoff is an interesting topic for further research. Ex-
tensions to MIMO-IDMA systems with spatial multiplexing [8] and
to more general channel models are also possible.
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