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ABSTRACT
This paper describes source depth estimation in shallow

water environments using a Horizontal Line Array of hydro-
phones on the sea bottom. A method based on modal prop-
agation, using mode amplitude modulus, has been proposed
by Nicolas [1]. As knowledge of the sign of mode amplitudes
can improve source depth estimation, we present a estimator
of these signs and integrate them in the source depth estima-
tion method. Results on real data are shown.

Index Terms— Underwater acoustics, source depth esti-
mation, mode sign estimation, matched-mode processing.

1. INTRODUCTION

Passive source localisation has been a topic of considerable
recent attention in underwater acoustics. In shallow water en-
vironments, many methods have been developed to estimate
source depth based on Matched-Field Processing (MFP) [2, 3]
and Matched-Mode Processing (MMP) [4, 5]. MFP performs
a correlation (Bartlett processor) between the acoustic eld
recorded on the array and replica elds generated by a propa-
gation model. The main drawback of MFP is its sensitivity to
environmental mismatch [6] due to the use of the entire acous-
tic eld in the correlation process. To avoid this problem,
methods based on modal propagation (MMP) have been de-
veloped. MMP typically estimates source depth using modes
amplitudes extracted from real and simulated data recorded
on a Vertical Line Array (VLA) of hydrophones [4].

For practical respects : easiness of deployment, stability
of the array, the use of a Horizontal Line Array (HLA) can
be more adapted to practical applications. Consequently, we
developed in a previous work, a MMP using a HLA placed on
the sea bottom to estimate the source depth using mode ampli-
tude modulus [1]. Besides, we also shown that the knowledge
of the sign of mode amplitudes improves source depth estima-
tion. As a result, we propose in this paper, a method based on
an estimator developed by Le Touzé [7] to estimate mode am-
plitude sign. This information is used with mode amplitude
modulus to improve source depth estimation by MMP.

After a presentation of propagation and MMP on a HLA,
mode amplitude sign estimator is presented. This method is
applied on real data. Source depth is estimated and compared
with results obtained using only mode amplitude modulus.

2. MODES AND MATCHED-MODE PROCESSING

2.1. Normal modes in a oceanic waveguide
As propagation phenomena are almost identical for complex
waveguides, normal mode theory is presented for a perfect
waveguide made of a homogeneous layer of uid (celerity V ,
density ρ) between perfectly re ecting boundaries at depth 0
(surface) and D (sea bottom)[8].

Considering an omnidirectional point source at (r = 0,
z = zs) radiating a broadband signal s(t), the pressure eld
p(r, z, t), measured at M(r, z) is expressed, using a Fourier
transform, by [8]:

p(r, z, t) =
∫

f

s(f)p(r, z, f) exp(2πjft)df (1)

with f the frequency and s(f) the source spectrum. At long
range, according to normal mode theory, p(r, z, f) can be ex-
panded into a sum of depth-dependent normal modesm:

p(r, z, f) ∝
∑
m

ψm(zs)ψm(z)
exp(jkrmr)√

krmr
(2)

with:
• krm and kzm, respectivelly the horizontal and vertical

component of the wavenumber k =
√
k2

zm + k2
rm =

2πf/V ,
• ψm(zs)=

√
2/D sin(kzmzs) the mode amplitude at sour-

ce depth zs, called ”mode amplitude” in the following,
• ψm(z) the mode amplitude at receiver depth, equal to
±1 for a receiver on the sea bottom.

Information on the source depth is contained in mode am-
plitudes ψm(zs). We will develop signal processing meth-
ods to extract these mode amplitudes and nally estimate the
source depth. To perform this extraction we use the signals
recorded by a HLA placed on the sea bottom (at depth D).

f − k transform:
We introduce the frequency-wavenumber transform (f − k),
which is the modulus of the 2D Fourier transform of a section
(p(r, z, t), r = r1..rI , t = t1..tT ) in time t and distance r:

P (kr, z, f) =
∣∣∣∣
∫

t

∫
r

p(r, z, t)e−2jπ(ft−krr) dtdr

∣∣∣∣ (3)

For an antenna at long range, placed on the sea bottom, and
in a perfect waveguide, the theoretical f − k transform is [1]:

P (kr, f) ≈ B

+∞∑
m=1

|ψm(zs)| δ(kr − krm(f)) (4)
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with B a constant. For each mode m, the energy is located
on the dispersion curve kr = krm(f) of the mode. Moreover,
amplitude along the curve is proportional to mode amplitude
modulus. This property gives the possibility to extract infor-
mation about mode amplitudes (their modulus) using the f−k
transform. The proposed method to estimate mode amplitude
modulus, based on ltering in the f − k domain, is described
in detail in [1].

Mode phase in the frequency domain:
More information on mode amplitudes can be found using
the phase of the pressure signal s(f)p(r, z, f) recorded on
the receiver for each frequency f . The phase of a given mode
m extracted from this signal is given (using equation 2) by:

Φm(f) = π/4 + φs(f) + 2πft0 + φ(ψm(zs))
+φ(ψm(z)) + krm(f)r

(5)

where
• φs(f) is source phase at frequency f ,

• 2πft0 is due to the time delay t0 of the recorded signal,

• krm(f)r expresses propagation in the water layer be-
tween source and receiver.

• φ(ψm(zs)) is linked to the sign of mode function at
source depth. It is equal to 0 if ψm(zs) > 0 and to π if
ψm(zs) < 0:

φ(ψm(zs)) = πδsign(−1) ,sign(ψm(zs)) (6)
• φ(ψm(z)) is linked to the sign of mode function at re-

ceiver depth.

Equation 5 shows that mode phase contains information
on mode amplitude sign. Estimation of mode amplitude sign
using mode phase is possible only if the modem has been l-
tered (to access its own phase). Details on the sign estimation
method are given in section 3.

To conclude on modal propagation, we can note the de-
pendence of mode amplitudes on source depth. That leads us
to extract information on mode amplitudes and to use it to es-
timate source depth. This information : modulus and sign of
mode amplitudes is obtained using respectively f − k trans-
form and mode phase in the frequency domain.

2.2. Source depth estimation by MMP on a HLA
To estimate source depth using mode amplitudes, Matched
Mode Processing (MMP) compares a set of mode amplitudes
extracted from real data to a set of theoretical mode ampli-
tudes obtained with a model, using a contrast function.

As discussed in section 1, MMP is generally performed on
a VLA. For practical respects, we proposed a method using a
HLA based on mode amplitude modulus estimation in the f−
k domain (detailed description is given in [1]). The different
steps of the estimation method are:
• V velocity correction of the recorded signals, which

consists in time shifting each recorded signal so that
the direct wave impinges all the sensors at the same
time (to avoid aliasing in the f − k domain),

• Simulation of the acoustic eld recorded on a HLA, for
a point source at each depth in the guide, using a nite-
difference algorithm or parabolic equations (PE) algo-
rithm (this point will be discussed in section 4),

• Building masks of the modes in the f−k domain, using
propagation characterisation in waveguides,

• Mode amplitude modulus extraction, using masks in
the f − k domain, on real data and on simulations,

• Maximisation of the contrast function which compares
measured and simulated mode amplitude modulus.

This method gave satisfactory results but we showed that
the estimation is not always correct due to the presence of am-
biguous peaks in the contrast function [1]. These peaks can
become smaller using, not only mode amplitude modulus, but
mode amplitudes with their sign [1]. As a result, we propose
a method, based on an estimator developed by Le Touz, to es-
timate mode amplitude sign and then use the previous method
(with mode amplitudes instead of mode amplitudes modulus)
to estimate source depth.

3. MODE SIGN ESTIMATION

3.1. Initial estimator
To build the initial estimator, we consider the difference be-
tween two mode phases where m and n are mode numbers:

ΔΦ(m,n, f)=Φm(f)− Φn(f)
=Δφ(m,n, zs) + Δφ(m,n, z) + rΔkr(m,n, f)

(7)
with

• Δkr(m,n, f) = (krm(f)− krn(f)),

• Δφ(m,n, u), the difference between two mode ampli-
tude phases at depth u:

Δφ(m,n, u)=φ(ψm(u))− φ(ψn(u))
=πδsign(ψm(u)),sign(ψn(u)) (mod2 π)

(8)
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Fig. 1. Values of Δφ(m,n, u)

Figure 1 summarises the values of Δφ(m,n, u). In the
case of receivers on the sea bottom (z = D) and for two con-
secutive modes, Δφ(m,n, z) = π (mod2 π). In the follow-
ing, for the sake of simplicity, we will consider this case but
estimator is also built for two modes that are not consecutive
as long as mode numbers are known. The difference between
two mode phases is then:

ΔΦ(m,n, f) = Δφ(m,n, zs)+π+rΔkr(m,n, f) (mod 2π)
(9)

Using modes extracted from the recorded signal, we measure,
for each frequency fp the quantity ΔΦexp(m,n, fp), where
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exp means experimental. Then, the cost function can be built:

B(r,Δφ(m,n, zs)) =
∑
fp

∣∣∣d(ΔΦexp(m,n, fp),ΔΦ(m,n, fp))
∣∣∣2

(10)
The distance function d between phases φ1 and φ2, used in
this cost function, is de ned by :

d(φ1, φ2) = arg(exp(j(φ1 − φ2))) (11)
where the function argument arg is restricted to the basic in-
terval ]−π, π]. The estimator ”sign/distance” which estimates
the distance source/receiver and the sign difference between
two consecutive mode amplitudes is:

{r̂, Δ̂φ(m,n, zs)} = argmin
r, Δφ(m, n, zs)={0, π}

B(r,Δφ(m,n, zs))

(12)
where Δ̂φ(m,n, zs) = 0 (resp. π) means that mode ampli-
tudes of modesm and n have same (resp. opposite) signs. We
note Ŝrel(m,n, zs) the sign difference between mode ampli-
tudes (for two modes m and n) and call it ”sign difference”
between two modes m and n in the following. We have:

Δ̂φ(m,n, zs) = 0 −→ Ŝrel(m,n, zs) = +
Δ̂φ(m,n, zs) = π −→ Ŝrel(m,n, zs) = − (13)

3.2. Implementation
We discuss different points of the implementation:
• To use this ”sign/distance” estimator, modes must be

extracted from the recorded signals. Filtering is made
using masks in the f − k domain where modes are sep-
arated. As this transformation is invertible we get the

ltered modes on each receiver of the HLA.
• To implement the estimator, we need the wavenumbers
krm(f). They are estimated on the f −k transform (by

nding the maximum of each mode at each frequency)
• The number of frequency fp used in the estimation is

given by the frequency band of modes m and n.
• In our case, distance source/receiver r is approxima-

tively known and we want to estimate mode amplitude
signs. As a result, we use the estimator with a search
bound of 100 m around the known distance r which re-
duces the number of ambiguous peaks of the estimator.

3.3. Adaptation
Initial estimator has to be adapted to our speci c objective.
The initial estimator provides, using two modes m and n
extracted from a unique signal, the sign difference between
these two modes. In our case, we will take advantage of all
the signals (p(ri, z, t), i = 1..I) recorded on the HLA and
we will estimate the absolute sign of each mode amplitude
Ŝabs(m, zs) (called ”mode sign” in the following), and not
the sign difference between two modes. This estimation is
possible as mode 1 is always positive : Ŝabs(1, zs) = +.

The different steps of mode sign estimation are presented
for a mode m. For each recorded signal i on the HLA, we
estimate Ŝi

rel(m,n, zs) using modes n (n < m because sign
of modes with a number n inferior to m are known). More-
over modes n have to share a frequency band with mode m.

In practical applications, to estimate mode m, we will use
modes n = m− 1 and n = m− 2. Using two modes to esti-
mate a mode sign will limitate error propagation from a mode
to the other. Then Ŝrel(m,n, zs) is the sign which has been
the most often found in all the Ŝi

rel(m,n, zs).

At this point we have estimated Ŝrel(m,m − 1, zs) and
Ŝrel(m,m − 2, zs) (we can note that Ŝabs(m − 1, zs) and
Ŝabs(m − 2, zs) are already known). Which sign difference
should then be used to estimate Ŝabs(m, zs) ? To answer this
question, let us consider the case of a mode m − 1 with a
small energy. Its sign estimation can be false (which will not
be a problem in source depth estimation as ψm(zs) will have
a small contribution in the contrast function) and can affect
the estimation of mode m sign: this mode m − 1 should not
be used to estimate mode m sign. In this case we saw that
Ŝi

rel(m,m − 1, zs) is non constant for the different recorded
signals i. As a result, to avoid this error propagation, we
choose, between modesm−1 andm−2, the mode for which
sign difference estimationŜi

rel was the most constant on the
different recorded signals i. In the example, mode m sign
estimation would then be:
Ŝabs(m, zs) = Ŝrel(m,m− 2, zs)Ŝabs(m− 2, zs) (14)
Sign estimation is made, in increasing order, for each mode

and mode sign is integrated in the contrast function to esti-
mate source depth.

4. RESULTS ON NORTH SEA DATA

North Sea data have been recorded using an airgun moving
from one location to another and making one shot every 25
m. The receiver is a hydrophone on the sea bottom. As envi-
ronment is range-independent, this geometry creates synthetic
aperture and is equivalent to that presented in Fig. 2.

Simulations, using a nite difference algorithm or a PE
algorithm, are made in an environment similar to the real en-
vironment for different source depths.

Hydro 1Hydro 4 Hydro 3 Hydro 2

25 m
��
��
��
��

�
�
�
�

���� ��
��
��
��

Fig. 2. North Sea data: equivalent geometry

4.1. Mode sign estimation
We present mode 3 sign estimation on PE simulations made
for all source depths. For each simulation, we rst use mode 1
and 2 to estimate Ŝrel(3, 2, zs) and Ŝrel(3, 1, zs) using all the
recorded signals i on the HLA. Then, to know which mode
will be used to estimate Ŝabs(3, zs), we use gures 3-a and
3-b representing the percentage of constant Ŝi

rel on the I re-
ceivers for each simulation. Using this quantity, we choose,
between mode 1 and 2, the mode used to estimate Ŝabs(3, zs)
(cf. gure 3-c) and mode 3 sign estimation is shown (cf. g-
ure 4). We can note that for simulations with source depths
close to 75 m (which is source depth where mode 2 amplitude
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Source % of constant % of constant Chosen Estimated
depth (m) Ŝi

rel(3, 2, zs) Ŝi
rel(3, 1, zs) mode sign

20 100 64 2 +
76 61 100 1 -

Table 1. Results for zs = 20 m and zs = 76 m

is small: 2D/3) mode 3 sign estimation is made using mode
1 which is consistent with the method principle.

We also give in detail results obtained for simulated sources
depths zs = 20 m and zs = 76 m in table 1. For zs = 20 m,
estimation of Ŝi

rel(3, 2, zs) is constant for 100% of the I sig-
nals and estimation of Ŝi

rel(3, 1, zs) is constant for 64% of the
I signals. As a result mode 2 is chosen to estimate Ŝabs(3, zs)
and its sign is given by Ŝabs(3, zs) = Ŝrel(3, 2, zs)Ŝabs(2, zs).
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Fig. 3. a-% of constant Ŝi
rel(3, 2, zs); b-% of constant

Ŝi
rel(3, 1, zs),c-mode used to estimate Ŝabs(3, zs)
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Fig. 4. mode 3 sign estimation

4.2. Source depth estimation
Pressure eld of the real data is recorded on a synthetic an-
tenna of 160 hydrophones (between 2 and 6 km in range),
which will allows us to use method described in section 2.2.
To evaluate the method prefomances we use the fact that the
real source depth is between 10 and 20 m.Initial data are time
corrected with velocity V1 = 1520 m/s. We compute the
f − k transform, 7 modes can be identi ed and mode am-
plitude modulus is estimated [1]. We apply the same method
on all the simulated data.

We then use mode amplitude signs and modulus, extracted
from real and simulated data, to perform MMP. Results are
shown on gures 5-top (estimation without mode amplitude
sign) and 5-bottom (estimation with mode amplitude signs).
For each method, we present results using simulations with a

nite difference algorithm and with a PE algorithm.
In both cases, we can see that using mode amplitude signs

improves source depth estimation (ẑs = 19 m whereas it was
ẑs = 120 m without mode amplitude signs) as it reduces
signi cantly ambiguous peaks. We can also note that nite
difference algorithm (which has an expensive computational
cost but simulates a more complex environment, closer to the

real environment) can be useful if only mode amplitude mod-
ulus is extracted: with this simulation, it is possible to esti-
mate source depth as long as it is known that source is not on
the sea bottom (which is not possible with PE algorithm).

To conclude, mode sign estimation improve signi cantly
source depth estimation using MMP and allows us to reduce
computational cost using a PE algorithm for simulations.
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Fig. 5. Source depth estimation without (top) and with (bot-
tom) mode sign

5. CONCLUSION
In this paper we propose an estimator of mode sign based
on mode phase in the frequency domain. This estimator is
an adaptation of a previous estimator developed by Le Touzé
[7]. Once mode sign is estimated, this estimation is used with
mode amplitude modulus estimation to perform MMP on a
HLA. Results are shown on a real dataset and we see that
source depth estimation is signi cantly improved.
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