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Abstract: Converting principal component dynamical sys-
tem to a minor component dynamical system and vice versa
sometimes leads to unstable systems. In this paper, classes of
globally stable dynamical systems that can be converted be-
tween PCA and MCA systems by merely switching the signs of
some terms of a given system are developed. These systems are
shown to be applicable to symmetric and nonsymmetric matri-
ces. These systems are then modified to be asymptotically sta-
ble by adding a penalty term. The proposed systems may apply
to both the standard and the generalized eigenvalue problems.
Lyapunov stability theory and LaSalle invariance principle are
used to derive invariant sets for these systems.
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1 Introduction
Let g(z) : R"*P — IR™*P, p < n, be a continuously differen-

tiable function and consider the dynamical systems
o’ =g(z), (la)

a’ = —g(). (10)
The symbol IR denote the set of real numbers. A set S € R™**P
is an invariant set for the system (1) if every trajectory z(t)
which starts from a point in S remains in S for all time. For
example, any equilibrium point is an invariant set. The domain
of attraction of an equilibrium point is also an invariant set.

From the Lyapunov’s indirect method (Theorem 6, see Ap-
pendix), an equilibrium point, z = %, for the nonlinear system
(1), i.e., g() = 0, is asymptotically stable if all eigenvalues of
G = 52 |,=s have negative real parts, i.e., Re(A;) < 0 for each
eigenvalue \; of G, where Re(\) denotes the real part of \. The
point & is unstable if Re();) > 0 for some eigenvalue of G.

Thus if Re(\;) # 0 for each ¢ then the systems & = g(z),
and © = —g(x), can not be both stable. In other words, if both
systems are stable, then Re()\;) = 0. This is particularly true if
% |z=# is skew symmetric.

Using the perspective of the Lyapunov’s direct method (The-
orem 7, see Appendix), one may consider the Lyapunov function
V = %tr(:cTz). Here 27 denotes the transpose of a real matrix
z, and ¢r(C) denotes the trace of a square matrix C, which is
the sume of the diagonal elements of C. The time derivative
of V along the trajectories of (1a) is V = tr(zTg(z)). Thus
if zTg(x) is skew symmetric, then tr(z”g(z)) = 0, and conse-
quently V(z(t)) is constant, i.e., V(z(t)) = V(z(0)) for t > 0.
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This shows that if :ch(:c) is skew symmetric, then the systems
(1a) and (1b) are stable and that ||z(t)|| = ||zo||. It should be
noted that most of the results of this paper are based on the
assumption that =7 g(z) is skew symmetric.

Now assuming that =7 g(z) is skew symmetric, one may mod-
ify the systems (1a) and (1b) so that these are asymptotically
stable. Thus consider

i =g(z) — ax(@Tz — D), @)
i =—g(z) — ax(zTz — D),
where D is some positive definite matrix, and a > 0.
Let V = tr(2Tx — D)2, then the time derivative of V along
any solution of (2) is

V = +tr{(zTx — D)zTg(2)} — atr{zTe(Te — D)?} 3)
—atr{zTz(zTz — D)?} <0.
The last inequality follows from the observation that =7z — D
is symmetric, :ch(z) is skew symmetric, and Proposition 8.
Theorem 7 implies that both systems of (2) are asymptotically
stable provided that 27 g(z) is skew symmetric and a > 0.
For the special case where z € IR™*1, it follows that V=
—aV(V — D)2, Tt can be shown that the exact solution V(t)
satisfies the equation

D _ 2
v eV-D = e~ D7t
V—-D

; (4)

_D
Y)EOJD eV =D (Clearly as

where c is a constant given by ¢ = v

t — oo, we have V. — D.

Asymptotic stablility can also be obtained by replacing the
axtra terms in (2) with —axz(zTz)~ (272 — D)2, a > 0 and D
is positive definite matrix:

i=g(z) — ax(@T2z) 1 (xTz — D)?,

i = —g(2) — aa(22)" (2" x - D)?.

(®)

This case has the additional advantage of having V(z) =
%tr(:cTz) as a Lyapunov function for the systems. Clearly
V = —a(zTz — D)2 < 0. Theorem 7 implies that the sys-
tems of (5) are asymptotically stable. Note that if x € R"*1,
then V = —a(V — D)2. The exact solution satisfies
at+m, or V(t) :D"rm
that as ¢ — oo, we have V(t) — D. Also, if V(0) = D, then
V(t) =D for t > 0.
The next result provides a generalization of (5).

1
V—-D
from which it follows
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Proposition 1. Consider the autonomous systems defined by
2’ = g(z)P — ax(zTz) 1 (aTz — D)?, (6a)
' = —g(@)P — azx(zTz) "1 (T2 — D), (6b)
where T g(z) is skew symmetric for each x € R™*P, D is any
positive definite matrix, and a > 0. Then for each positive defi-
nite matrix P(z), the systems (6a) and (6b) are asymptotically

stable. In particular, if z(t) is any full rank solution of (6a) or
(6b), then z(t)Tx(t) — D as t — co.

Proof: Let V(z) = %t'r(mTz), then V = —a(zTa — D)2 <0
according to Proposition 8. Theorem 7 implies that the systems
of (6) are asymptotically stable.

2 Applications to The

problem

Eigenvalue

Let A € R™ ™ and assume that all eigenvalues of A are of
distinct magnitude. It is known that the columns of x € IR™*P
span a p-dimensional eigenspace of a matrix A if and only if x
is a rank p solution of the equation Az f = zh for some full rank
matrices f(z) and h(x) of appropriate dimensions.

In this paper, principal (PCA) and minor (MCA) component
analyzers of a real matrix are developed. These analyzers are
matrix differential equations that converge to the eigenvectors
associated with the largest and smallest eigenvalues of a given
matrix. Similarly, principal (PSA) and minor (MSA) subspace
analyzers of a symmetric matrix are matrix differential equations
that converge to a matrix whose columns’s span is the subspace
spanned by the eigenvectors corresponding to the largest and
smallest eigenvalues, respectively.

The interest in PCA and MCA stems from the fact that they
are useful tools in adaptive antenna arrays in signal processing,
multiuser detection in wireless communication, and truncated
model reduction tasks.

Minor and principal subspace/component analyzers have
been investigated by many authors. Early works include those
of Oja [1], Chen and Amari [2], Sanger [3], Xu [4], and others
[5,6]. A common method for converting a PCA/PSA flow into
an MCA/MSA one is by changing the sign of the given matrix,
or by using the inverse of the original matrix. However, invert-
ing a large matrix is a costly task, and changing the sign of the
original matrix does not always generate a stable system unless
frequent orthonormalization is employed during the numerical
implementation. A stabilization approach to principal and mi-
nor components algorithms is given in [2]. The main objective
of this paper is to introduce a framework for developing classes
of stable dynamical systems that can be easily converted from
PCA flow into MCA flow and vice versa.

Throughout this paper, the following notation will be used.
The identity matrix of appropriate dimension is expressed with
the symbol I. Also, the derivative of V(x) with respect to time
along a trajectory ' = g(x) is denoted by V. Finally, it will
be assumed that the matrix A has distinct eigenvalues unless
otherwise stated.

2.1 The proposed MSA/PSA Dynamical

Systems
Let Q1 be defined so that €1 = {z € R"*P
T

x* x is positive definite}. In this section, dynamical systems
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for implementing dual-purpose MCA/MSA and PCA/PSA al-
gorithms are developed. In what follows, it will be assumed
that the initial condition xp for dynamical systems satisfies
zo = z(0) € Q1. A special case of the system (2) is given
in the next result.

Proposition 2. Let A € R"*", D € RP*P, and z,z(0) €
€1 C R™*P and consider the following systems:
2 = Axfi(z) — z(2T2) " f1(2)TaT ATz — ax(zTx — D) (7a)
' = Az — x(zTa) L fa(x)TaT ATz fo(x) !
—ax(zTz) 1 (zTe — D)?,
where D is positive definite matrix, fi(z) and f2(x) are full rank
matrices for every full rank x. Assume also that fa(x)T = fa(x)
is positive definite and that all eigenvalues of A are of distinct
magnitude. Then the systems (7a) and (7b) are asymptotically
stable. Moreover, z(t)Tz(t) — D as t — oco. Additionally, if
f1 = D, where D is diagonal with positive distinct eigenvalues,
and AT = A, then both T« and 7 Az converge to diagonal
matrices, i.e., depending on the initial condition x(0), both (7a)
and (7b) are asymptotically stable dynamical systems for com-
puting principal subspaces of the matrix A.

(70)

Outline of a Proof: Assume that o = 1 for convenience. As-
ymptotic stability of the system of (7a) follows from Proposition
8 and Theorem 7. Assume that z(t) is a full rank solution of (7a)
such that x(t) — & as t — oco. To show that 274 and 27 A%
converge to diagonal matrices, let P = #T% and B = 2T Az,
then
BP — PBT = oP(P - D).

Thus P(P — D) is skew symmetric and therefore P(P — D) +
P(P — D) = 0. Let z be an eigenvector of P — D with cor-
responding eigenvalue A, then (P — D)z = Az and therefore
2X(2T Pz) = 0. Since P is positive definite, then A = 0. This
shows that each eigenvalue of the symmetric matrix P — D is
zero and hence P = D. Consequently, BD = DBT. If it is
assumed that AT = A, then BD = DB and from Proposition
9, it follows that B is diagonal.

Assume that z(t) is a full rank solution for (7b) and let P, =
f2(2). Then B—P1BT P! = (P— D)2, or equivalently, BP; —
P1BT = (P~ D)2Py. Thus (P — D)2P; is skew symmetric and
hence (P—D)?P;+P;(P—D)? = 0. Since (P—D)? is symmetric
and Pj is positive definite, it follows that P = D. Consequently,
if fo(xz) = q(zTz) where ¢(z) is a polynomial of degree m > 1,
then Py = ¢(D) is diagonal. It follows from Proposition 9 that
B is diagonal provided that A is symmetric and all eigenvalues
of P; are distinct.

Remark 1: If it is assumed in the system (7a) that fi(z) =
(zTx)", where r is any integer, the following systems will be
obtained:

2 = +(Az(zT2)" — 2(2Tz)" 12T ATz) — ax(2Te — D).
As in the previous analysis, if AT = A and if z(t) is a full rank

solution of any of the above systems, then z(t) converges to a
matrix & such that 7% and £7 A% are diagonal.

The derivation of the systems in Remark 1 can be obtained
by optimizing the Rayleigh quotient tr{(z” Az)(xTxz)~1} over
the set Q1. In particular, if f(z) = z”x, i.e., r = 1, then (7a)
reduces to

2 = +(AzaTe — 22T ATz) — ax(aTx — D). (8)



When A is positive definite and 2 € R™*!, these can be viewed
as generalized gradient systems since

AzzTx — 22T Az — ax(zTx — D) = {Vf(2)}(aTz)? + Vh(z),

(9a)
where f(z) = ij—Af and h(z) = =% (z7x — D)2, Similarly,
zaT Az — AzaTx — ax(aTe — D) = {V% («T Az)? + Vh(z).

x
(9b)

Stable dynamical systems can also be derived using Propo-
sition 1 in which case for any symmetric positive definite f(z),
the following systems

2 = (Az—z(zT2) 12T ATz) f—ax(zTz) " (T2 — D)2, (10a)

2 = (x(xTe) 1aTATe— Az) f —ax(zT2) "1 («Tx— D)2, (10b)

can be shown to be asymptotically stable.

Proposition 3. In the systems defined in (10) let A € R"*",
D € RP*P, be symmetric matrices and all their eigenvalues are
distinct and positive. Assume that x(t) is a full rank solution
of (7a) such that x(t) — & as t — oo, then 274 and 2T A% are
diagonal.

Outline of a Proof: Assume that a = 1 for convenience. Let
P=3T#, F = f(2), and B =27 A%, then

(BP — PBTYF = (P — D)2.

Thus (P — D)?F~! is skew symmetric and therefore F(P —
D)2 = —(P — D)?F. Let z be and eigenvector of P — D with
corresponding eigenvalue A, then (P — D)z = Az and therefore
2M(2TFz) = 0. Since F is positive definite, then A = 0. This
shows that each eigenvalue of the symmetric matrix P— D is zero
and hence P = D. Consequently, BD = DB. From Proposition
9, it follows that B is diagonal.

In the next result we show that a slight modification of (8)
leads to upper-triangulization of T Azx.

Proposition 4. Let A € R™ "™, and consider the following
systems:

o' = +(AzaTe — 2UT{2T AT 2}). (11)
If z(t) be a full rank solution of (11), then z(t) converges to a
matrix & such that &7 A% is upper triangular. In particular, if
AT = A, then both T4 and T A% are diagonal. Here UT{y}
denotes the matrix whose diagonal and the upper triangular
part are the same as that of y while the entries of the lower
triangular part are zeros.

Outline of a Proof: Let P = #T# and B = T A%, then
BP = PU,

where BT = U + L. Here U and L are upper triangular and
lower triangular matrices so that all diagonal elements of L are
zeros. Hence BP = P(BT — L) or BP — PBT = —PL is skew
symmetric. Consequently, PL 4+ LT P = 0. Since L™ = 0 for
some positive integer r, one can show that L™~ = 0 as follows:
Post- and pre-multiplying the last equation by (L”"~2)T and
L™=, respectively, yield (L"=2)TPL" + (L"-1)TPL"™1 = 0.
This shows that L™1! = 0 since P is positive definite. Hence
L = 0 by induction. This implies that B =U. If BT = B=U,
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then B must be diagonal, i.e., B = D; for some diagonal matrix
D1, and
D1P = PD;s.

From Proposition 9, if all eigenvalues of D; are distinct, then P
is diagonal.

Remark 2: One can also consider analogous systems to those
of (11) so that

z' = +(AzUT (2T x) — zzT AT 2), (12a)

2’ = —(AzUT(zTz) — 22T AT ). (120)

Let z(t) be a full rank solution of (12a) or (12b). Then
x(t) converges to a matrix & such that 274 is diagonal and
B = DlBTDl_l7 where D7 = 27%. Hence if A is symmetric,
then B = &7 A% is diagonal provided that all eigenvalues of D1
are distinct.

3 Generalized Eigenvalue Problem

The analysis of PCA/PSA and MCA/MSA learning systems of
the previous section may be applied to the generalized eigen-
value problem involving two matrices A, B € R"*", where B is
positive definite. Thus we consider the following systems:

z' = +(AzzT BTz — BzzT ATz) — aBz(2” Bz — D), (13a)

2’ = —(AzaT BT & — BaaT AT2) — aBax(zT Bz — D), (13a)
where D is positive definite diagonal matrix and o > 0.

It can be shown that these systems are stable and that if ()
is a full rank solution of (13a), then z(t) converges to a matrix
# such that £7 Bz = D. If it is also assumed that AT = A,
then 27 A% is diagonal. Additionally, the column space of & is
a p-dimensional eigen subspace of the pencil (A, B).

Proposition 5. Let A,B € R™*", and assume that B is in-
vertible so that all eigenvalues of the matrix B—' A are of distinct
magnitude. Consider the following systems:

¢’ = (AzaT BTz — BaUT{zT AT1}), (14a)

a' = —(AzzT BTz — BaUT{zT AT z}). (14b)

Assume that x(t) is a full rank solution of (14a). Then z(t) con-
verges to a matrix & such that 2T A% is diagonal. Additionally,
the column space of & is a p-dimensional eigen subspace of the
pencil (A, B). Similarly, if z(t) is a full rank solution of (14b),
then z(t) converges to a matrix & such that 7 A% is diagonal.
Moreover if AT = A, and B is positive definite, then both T B&
and &7 A& are diagonal.

Remark 3: It should noted that in Propositions 2, 3, 4, and 5,
a solution z(t) may or may not converge to principal or minor
subspaces depending on the initial condition z(0). Simulation
results have been conducted to examine the convergence behav-
ior of these systems using matrices or pencils having eigenvalues
of distinct magnitude. These indicated that starting from a ran-
dom full rank initial condition, the proposed systems converge
to PSA or MSA all the time. A reasonable conjecture is that
if (0)TU is non-singular where U is an n x p matrix consists
of p principal eigenvectors or p minor eigenvectors, then z(t)
converges to PSA or MSA, respectively.



4 Conclusions

Many dual-purpose learning systems for computing minor and
principal components of general matrices are derived. The sta-
bility of these systems is based on properties of skew sym-
metric matrices. The most important features are that: (1)
a PCA/PSA system may be switched into a learning rule for
extracting MCA/MSA by merely multiplying few terms of the
learning rule by -1, (2) these systems apply to more general ma-
trices such as definite and non-definite matrices or symmetric
and non-symmetric matrices, and (3) many of these systems can
be easily extended to the generalized eigenvalue problem. There
are many issues that still need to be investigated. These include
the dependence of these systems on the rank of initial condi-
tions and the behavior of these systems when they are applied
to complex matrices. These will be detailed in a forthcoming

paper.

5 Appendix

In this section, we introduce several known results from Lya-
punov stability theory of dynamical systems. Let g(z)
R"*P — R™*P p < n, be continuously differentiable function
and consider the dynamical system

2 = g(@). (A1)

A few stability results for nonlinear autonomous systems will be
stated here.

The first result in this appendix gives conditions under which
we can draw conclusions about the local stability of an equilib-
rium point of a nonlinear system by investigating the stability
of a linearized system.

Theorem 6 (Lyapunov’s Indirect Method). Let z =0 be
an equilibrium point for the nonlinear system @ = g(x), where g :
D — R™ is continuously differentiable and D is a neighborhood
of the origin. Let the Jacobian matrix A at x = 0 be:

9g

A= A
8xx—0 (2)

Let \;, i =1,---,n be the eigenvalues of A. Then,
1. The origin is asymptotically stable if Re(\;) < 0 for all

eigenvalues of A.

2. The origin is unstable if Re(\;) > 0 for any of the eigen-
values of A.

Here Re(\) denotes the real part of .

Proof. The proof of this theorem can be found in Khalil (2002)
[7].

If some of the eigenvalues of % |z=0 lie on the imaginary axis,
further analysis using the central manifold theory is needed to
establish stability.

Theorem 7 (Local Invariant Set Theorem) [8]. Consider
the autonomous system (1) with g continuous and let V() :
R"™ — IR be a scalar function with continuous first partial deriv-
atives. Assume that

1. for somel > 0, the set §; defined by V (z) <l is bounded.
2. V'(z) <0 for all z in €.

1904

Let R be the set of all points within €; where V'(z) = 0 and
M be the largest invariant set in R. Then, every solution x(t)
originating in §; tends to M as t — oo.

In Theorem 7, the word largest means that M is the union
of all invariant sets within R. Notice that R is not necessarily
connected, nor is the set M.

The invariant set theorems reflect the intuition that the de-
crease of a Lyapunov function V has to gradually vanish. In
other words V has to converge to zero because V is lower
bounded.

To prove stability for some of the proposed systems in this
paper, the following theorem is needed. It examines the trace
of a product of symmetric and anti-symmetric matrices.

Proposition 8. Let C,S € R™*"™ and assume that S is an-
tisymmetric matrix. Then tr((A + AT)S) = 0. Hence if P is
symmetric, then tr(PS) = 0.

Proof. Clearly, tr(AS) = tr(ATST) =
tr((A+ AT)S) = 0.

—tr(ATS). Hence

Proposition 9 [9]. Let D, B € R™*" be positive definite ma-
trices and assume that D is diagonal having distinct eigenvalues.
If BD = DB, then B is diagonal.
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