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ABSTRACT

In this paper, we study how to incorporate training errors in large
margin estimation (LME) under semi-definite programming (SDP)
framework. Like soft-margin SVM, we propose to optimize a new
objective function which linearly combines the minimum margin
among positive tokens and an average error function of all negative
tokens. The new method is named as soft-LME. It is shown the new
soft-LME problem can still be converted into an SDP problem if we
properly define the average error function of all negative tokens
based on their discriminative functions. Some preliminary results
on TIDIGITS show that the soft-LME/SDP method yields modest
performance gain when training error rates are significant. More-
over, it is also shown that the soft-LME/SDP can achieve much
faster convergence for all cases which we have investigated.

Index Terms: large margin estimation (LME), soft-LME, CDHMM,
semi-definite programming (SDP), discriminative training.

1. INTRODUCTION

Recently, we have proposed the large margin estimation (LME)
method for speech recognition [5, 4], where Gaussian mixture con-
tinuous density hidden Markov models (CDHMM) are estimated
based on the large margin principle. As shown in [5, 4], estimation
of large margin CDHMMs turns out to be a minimax optimization
problem. Many optimization methods have been used for LME,
ranging from simple gradient decent method in [5, 4] to more ad-
vanced semi-definite programming (SDP) approach in [7, 6]. In
[7, 6], we have formulated the LME problem of Gaussian mixture
CDHMMs into an SDP problem under some relaxation conditions
so that the LME can be solved with a variety of efficient optimiza-
tion algorithms which are particularly designed for SDP, such as
interior-point methods. As in [7], the LME/SDP method has been
successfully applied to some small to medium size speech recogni-
tion tasks using ISOLET and TIDIGITS databases. Our previous
study clearly shows that the LME/SDP framework is superior to
other optimization methods for LME in both theoretical elegance
and practical effectiveness. But, as in most large margin classi-
fiers, a meaningful margin can only be defined for those correctly
classified tokens (the so-called positive tokens) in training set. Be-
cause of this, in the original LME formulation [4], we propose to
use only a subset of positive tokens (the so-called support tokens)
in LME training and we simply ignore all mis-recognized data (the
so-called negative tokens) in each step of LME training. Although
we have observed that many negative tokens may become positive
after each iteration of LME so that they will be eventually used for
LME in next iteration. However, this may become a very serious

problem when we apply the LME method to large-vocabulary con-
tinuous speech recognition (LVCSR) tasks since the training er-
ror rates remains relatively high in many LVCSR tasks, especially
when measured in string level. This problem has been first ad-
dressed in [8] for a variant of large margin criterion, namely maxi-
mum relative margin estimation (MRME), using a simple gradient
descent optimization method. In [8], two methods have been used
to solve this problem: i) optimize a new objective function which
combines both minimum relative margin and training errors; ii) di-
rectly include negative tokens in MRME. Both methods are shown
to be effective in terms of improving recognition performance.

In this paper, we will study how to incorporate training er-
rors for LME under the SDP framework. Following the same idea
of extending support vector machine (SVM) from linearly separa-
ble cases to non-separable cases, we consider to optimize a new
objective function which linearly combines the minimum margin
among positive tokens and an average error function of all negative
tokens. This new estimation criterion is named as soft Large Mar-
gin Estimation (soft-LME) in this paper. As we will show later, the
new soft-LME problem can still be converted into an SDP problem
as long as we properly define the average error function of all neg-
ative tokens based on their discriminative functions. In this way,
all efficient SDP algorithms can still be used to solve the soft-LME
problem. In this work, the proposed soft-LME/SDP framework
has been investigated in a connected digit string recognition task
using the TIDIGITS database. Experimental results show the soft-
LME/SDP yields some modest performance gain for those mod-
els where training error rates are significant. Moreover, it is also
shown that the soft-LME/SDP can achieve much faster conver-
gence for all cases which we have investigated.

2. LARGE MARGIN ESTIMATION OF CDHMM

From [5, 4], we know that the separation margin for a speech ut-
terance Xi in a multi-class classifier can be defined as:

d(Xi) = F(Xi|λWi)− max
j∈Ω j �=Wi

F(Xi|λj)

= min
j∈Ω j �=Wi

[F(Xi|λWi)−F(Xi|λj)] (1)

where Ω denotes the set of all possible words, λW denotes the
HMM representing the word W , Wi is the true word identity for
Xi and F(X|λW ) is called discriminant function. Usually, the
discriminant function is calculated in the logarithm scale:
F(X|λW ) = log [p(W ) · p(X|λW )]. In this work, we are only
interested in estimating HMMs λW and assume p(W ) is fixed.
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Given a set of training dataD = {X1,X2, · · · ,XN}, we usu-
ally know the true word identities for all utterances in D, denoted
as L = {W1,W2, · · · ,WN}. The support vector set S is defined
as:

S = {Xi | Xi ∈ D and 0 ≤ d(Xi) ≤ γ} (2)

where γ > 0 is a pre-set positive threshold. All utterances in S
are relatively close to the classification boundary even though all
of them locate in the right decision regions.

The large margin principle leads to estimating the HMM mod-
els Λ based on the criterion of maximizing the minimum margin
of all support tokens, which is named as large margin estimation
(LME) of HMM.

Λ̃ = argmax
Λ

min
Xi∈S

d(Xi)

= argmin
Λ

max
Xi∈S j∈Ω j �=Wi

[F(Xi|λj)−F(Xi|λWi)] (3)

Note that the support token set S is selected and used in LME
because the other training data with larger margin are usually in-
active in optimization towards maximizing the minimum margin.

As shown in [5, 4], the margin as defined in eq.(1) is actually
unbounded for Gaussian mixture CDHMMs. Following [6, 7], we
introduce a constraint based on KL divergence between model pa-
rameters and their initial values:

R(Λ) =
X

i

D(λi || λ(0)i ) ≤ r2 (4)

where D denotes KL-divergence. Therefore, large margin esti-
mation (LME) of CDHMMs essentially is a constrained minimax
optimization problem. As shown in [6, 7], it can eventually be
converted into a semi-definite programing problem under some re-
laxation conditions.

3. INCORPORATING TRAINING ERRORS IN LME

Obviously, in the above LME formulation, we only use the sup-
port token set, S , which only includes correctly recognized to-
kens (i.e., positive tokens) in training set. And all mis-recognized
training data (i.e., negative tokens) are simply discarded in each
iteration of LME. This may affect effectiveness and efficiency of
LME training in large vocabulary ASR tasks, where we typically
have quite high training error rates. In this work, following the
same idea of extending support vector machine (SVM) from lin-
early separable cases to non-separable cases, we propose to extend
the original LME/SDP method in [7] to incorporate training errors
as well. As we will show later, the resultant problem can still be
converted into a semi-definite programming problem so that many
efficient optimization methods are still applicable.

First of all, let’s define an error set, E , which contains all neg-
ative tokens in training data:

E = {Xi | Xi ∈ D and d(Xi) < 0} (5)

Like the soft-margin SVM for non-separable cases in [2], a
new large margin estimation criterion to incorporate training errors
can be defined as a linear combination of minimum margin among
positive tokens in the support token set, S , with an average error
measured in this error set, E :

Λ̃ = argmax
Λ

2
4 min

Xi∈S
d(Xi) − ε · 1

|E|
X

Xi∈E
ξi(Xi)

3
5 (6)

where ε > 0 is a pre-set positive constant to balance contribution
from the minimum margin and the average error. For simplicity,
the error function ξi(Xi) can be directly calculated based on dis-
criminant functions, F(·). As in multi-class SVM in [9, 1], we
have several different ways to define the error function for each
negative token Xi:

ξi(Xi) =
1

|Ω|
X
j∈Ω

[ F(Xi|λj)−F(Xi|λWi) ] (7)

or
ξi(Xi) = max

j∈Ω
[ F(Xi|λj)−F(Xi|λWi) ] (8)

Therefore, the new large margin estimation method is summarized
as a constrained maximin optimization problem as follows:

max
Λ

2
4 min

Xi∈S
d(Xi) − ε · 1

|E|
X
Xi∈E

ξi(Xi)

3
5 (9)

subject to R(Λ) =
X

i

D(λi || λ(0)i ) ≤ r2 (10)

where r is a pre-set constant. This new method is named as soft
Large Margin Estimation (soft-LME for short). For convenience,
we use eq.(7) to calculate the error functions, ξi, in this paper.

4. SOLVING SOFT-LME VIA SEMIDEFINITE
PROGRAMMING

Obviously, the above constrained optimization in eq.(9) problem
can be solved with various optimization methods, such as gradient
descent method in [5, 4] and semi-definite programming (SDP)
method in [7, 6]. As shown in [7, 6], the SDP method is demon-
strated to be superior in both theoretical formulation and practical
performance. Thus, in this paper, we consider to convert the above
soft-LME problem in eqs.(9) and (10) into an SDP problem by fol-
lowing the similar idea used in [7] so that many existing efficient
SDP optimization algorithms or tools can be used to solve the soft-
LME problem as well.

At first, we assume each speech unit is modeled by anN -state
CDHMM with parameter vector λ = (π,A, θ), where π is the
initial state distribution, A = {aij |1 ≤ i, j ≤ N} is transition
matrix, and θ is parameter vector composed of mixture parameters
θi = {ωik, μik,Σik}k=1,2,··· ,K for each state i, whereK denotes
number of Gaussian mixtures in each state. The state observation
p.d.f. is assumed to be a mixture of multivariate Gaussian distri-
butions with diagonal covariance matrices:

p(x|θi) =

KX
k=1

ωik · N (x | μik,Σik)

=
KX

k=1

ωik

DY
d=1

s
1

2πσ2ikd

e
− (xd−μikd)2

2σ2
ikd (11)

where mixture weights ωik’s satisfy the constraint
PK

k=1 ωik = 1
and Σik = diag(σ2ik1, σ

2
ik2, · · · , σ2ikD) denotes the diagonal co-

varance matrix of k-th Gaussian in state i. For simplicity, we only
consider to estimate mean vectors with the soft-LME method.

Next, as in [7], we introduce a new variable−ρ (ρ > 0) as the
common upper bound for all terms in d(Xi) so that we can convert
the maximin optimization in eq.(9) into an equivalent minimiza-
tion problem as follows:
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Problem 1

Λ̃ = argmin
Λ,ρ

2
4−ρ+

ε

|E|
X
Xi∈E

ξi(Xi)

3
5 (12)

subject to
F(Xi|λj)−F(Xi|λWi) ≤ −ρ (13)

R(Λ) =

LX
k=1

DX
d=1

(μkd − μ(0)kd )2

σ2kd

≤ r2 (14)

ρ ≥ 0. (15)

for all Xi ∈ S and j ∈ Ω and j �= Wi. Since we estimate
only Gaussian means, the constraint in eq.(10) can be simplified

into eq.(14), where μ
(0)
kd represents the original value of μid in the

initial model set.
Then, we introduce some notations to represent Problem 1 in

matrix form: ei is an L-dimensional vector with−1 at the i-th po-
sition, and zero everywhere else. A column vector x is written as
x = (x1;x2; . . . ;xn) and a row vector as x = (x1, x2, . . . , xn).
ID is aD ×D identity matrix. And U is a matrix created by con-
catenating all normalized Gaussian mean vectors as its columns
as:

U = (μ̃1, μ̃2, . . . , μ̃L) (16)

where each column is a normalized Gaussian mean

μ̃k := (μk1/σk1; μk2/σk2; . . . ; μkD/σkD). (17)

As shown in [7, 6], the discriminative function,F(X|λW ) can
be represented as the following matrix format under the Viterbi
approximation:

F(X|λW ) ≈ −A · Z + c (18)

where c is a constant irrelevant to HMM means and

A =
1

2

TX
t=1

(x̃t; ekt)(x̃t; ekt)
T

(19)

Z =

„
ID U
UT Y

«
Y = UTU (20)

and k = {k1, k2, · · · , kR} denotes the optimal Viterbi path when
evaluating X against model λW .

Based on the above notations, we can convert the constraints
in eqs.(13) and (14) into the following matrix format [7]:

F(Xi|λj)−F(Xi|λWi) = Aij · Z − cij ≤ −ρ (21)

where Aij = Ai − Aj with Ai and Aj calculated according to
eq.(19) based on the Viterbi decoding paths i and j respectively.
And

R(Λ) = Q · Z ≤ r2 (22)

where Q =
Pn

k=1(μ̃
(0)
k ; ek)(μ̃

(0)
k ; ek)

T .
Following the same idea, we can also represent the average

error in eq.(12) as a matrix form of Z:

1

|E|
X
Xi∈E

ξi(Xi) =
1

|E||Ω|
X
Xi∈E

X
j∈Ω

[F(Xi|λj)−F(Xi|λWi)]

=
1

|E||Ω|
X
Xi∈E

X
j∈Ω

ˆ−A′i · Z + c′i +A′j · Z − c′j
˜

= E · Z + c′ (23)

where E = 1
|E||Ω|
P

Xi∈E
P

j∈Ω(A
′
j −A′i) and

c′ = 1
|E||Ω|
P

Xi∈E
P

j∈Ω(c
′
i − c′j).

Therefore, we have the following minimization problem:

Problem 2
Λ̃ = argmin

Λ,ρ
[−ρ+ ε ·E · Z] (24)

subject to
Aij · Z + ρ ≤ cij ρ ≥ 0 (25)

Q · Z ≤ r2 (26)

Z =

„
ID U
UT Y

«
Y = UTU . (27)

for all Xi ∈ S and j ∈ Ω j �=Wi.
At last, as in [7], we relax the non-convex constraint Y =

UTU into Y − UTU � 0 to convert Problem 2 into an SDP
problem:

Problem 3
min
Z,ρ

[−ρ+ ε ·E · Z] (28)

subject to:
Aij · Z + ρ ≤ cij (29)

Q · Z ≤ r2 (30)

Z =

„
ID U
UT Y

«
� 0 ρ ≥ 0 (31)

for all Xi ∈ S and j ∈ Ω j �=Wi.

Problem 3 is a standard SDP problem, which can be solved ef-
ficiently by many SDP algorithms. In problem 3, the optimization
is carried out w.r.t. Z (which is constructed from all HMM Gaus-
sian means) and ρ while Aij and cij and Q and E are constant
symmetric matrices calculated from training data, and r and ε are
two pre-set control parameters. After the solution Z∗ to problem 3
is found by an SDP solver, the new HMM means can be obtained
from Z∗ based on a simple projection (see [7, 6] for details).

5. EXPERIMENTS

The proposed soft-LME/SDP method has been evaluated for a
continuous speech recognition task using the TIDIGITS database.
Only adult portion of the corpus is used in our experiments. It
contains a total of 225 speakers (111 men and 114 women), 112
of which (55 men and 57 women) are used for training and 113
(56 men, 57 women) for test. The training set has 8623 digit
strings and the test set has 8700 strings. Our model set consists
of 11 whole-word CDHMMs representing all digits. Each HMM
has 12 states and use a simple left-to-right topology without state-
skip. Acoustic feature vectors consist of standard 39 dimensions
(12 MFCC’s and the normalized energy, plus their first and second
order time derivatives).

In our experiments, we first train models based on maximum
likelihood (ML) criterion. Next, MCE training uses the best ML
model as the seed model. Then, we re-estimate the models with the
original LME/SDP method [5] and the proposed soft-LME/SDP,
where we use the best MCE models as the initial models and only
HMM mean vectors are re-estimated. In each iteration, a number
of competing string-level models are computed for each training
utterance based on its N-best decoding results (N = 5). Then we
select support tokens according to eq.(2) and obtain the optimal
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Viterbi sequence for each support token according to the recogni-
tion result. Then, the relaxed SDP optimization , i.e. Problem 3, is
solved with respect to Z and ρ. In the original LME/SDP method,
all training errors are discarded in each iteration of training while
all training errors are included in the soft-LME/SDP method to
compute matrix E in eq.(28). In this work, Problem 3 is solved
by an open software, DSDP v5.6 [3], running under Matlab. At
last, CDHMM means are updated based on the optimization so-
lution Z∗ found by DSDP. If not convergent, next iteration starts
again from recognizing all training data to generate N-Best com-
peting strings.

In this work, we have investigated various model sizes, from
1 mixture to 32 mixtures per state. However, for large models
(8-mix, 16-mix and 32-mix), training error rate can be quickly re-
duced to around 0.2% (less than 20 negative tokens), as shown in
Table 1. Therefore, the soft-LME/SDP method does not produce
any improvement over the original LME/SDP. For small models,
especially 1-mix, the soft-LME/SDP yields modest improvements,
as shown in Table 2. For example, for 1-mix models, soft-LME/SDP
improves string error rate to 2.56% from 2.75% of LME/SDP.
More importantly, the soft-LME/SDP converges much faster than
the original LME/SDP method since it can effectively use more
data in training, including both support tokens and negative to-
kens, as shown in Figure 1, where we plot learning curves of both
LME/SDP and soft-LME/SDP for 1-mix models during the first 12
iterations. Moreover, in the TIDIGITS database, we have observed
that we usually need to significantly reduce weight ε in eq.(28)
as the soft-LME/SDP training proceeds since the soft-LME/SDP
can quickly bring down training errors to a very low level in this
database. Otherwise, the soft-LME/SDP training is biased by a
very small error set, which may contain outliers.

Currently we are testing the soft-LME/SDP method in other
more challenging tasks, such as Switchboard and SPINE, where
training error rates remain quite high even after discriminative train-
ing. We expect the soft-LME/SDP method will make a big differ-
ence in these tasks.

0 1 2 3 4 5 6 7 8 9 10 11 12 13
3

3.5

4

4.5

5

5.5

6

6.5

7

iteration

st
rin

g 
er

ro
r 

ra
te

 in
 %

Learning Curves of LME/SDP and soft−LME/SDP for 1−mix HMM

LME/SDP
soft−LME/SDP

Fig. 1. Learning Curves of LME/SDP and soft-LME/SDP for 1-
mix CDHMM in the TIDIGITS test set.

6. CONCLUSIONS

In this work, we studied to incorporate training errors for large
margin estimation of CDHMMs under the semi-definite program-
ming framework. Following the idea of soft-margin SVM, we pro-

Table 1. String error rates (in %) on the TIDIGITS training data.
(ML: maximum likelihood; MCE: minimum classification error;
LME: the original LME/SDP in [7]; soft-LME: the proposed soft-
LME/SDP.)

ML MCE LME soft-LME

1-mix 10.80 5.49 1.70 1.33

2-mix 4.01 3.18 0.51 0.42

4-mix 2.11 1.61 0.45 0.30

8-mix 1.07 0.96 0.39 0.26

16-mix 0.78 0.56 0.24 0.24

32-mix 0.56 0.30 0.20 0.20

Table 2. String error rates (in %) on the TIDIGITS test set.

ML MCE LME soft-LME

1-mix 12.61 6.72 2.75 2.56
2-mix 5.26 3.94 1.24 1.24
4-mix 3.48 2.23 0.89 0.87
8-mix 1.94 1.41 0.68 0.68

posed a new soft-LME method, in which training errors can nicely
included in large margin training process without significantly in-
creasing complexity of the algorithm. The method has achieved
modest performance improvement in TIDIGITS database. More
importantly, it yields much faster convergence speed in training
which could greatly reduce total training time.
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