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ABSTRACT

We address the reconstruction of a physically evolving un-
known from tomographic measurements by formulating it as
a state estimation problem. The approach presented in this pa-
per is the localized ensemble Kalman filter (LEnKF); a Monte
Carlo state estimation procedure that is computationally trac-
table when the state dimension is large. We establish the con-
ditions under which the LEnKF is equivalent to the Gaussian
particle filter. The performance of the LEnKF is evaluated in
a numerical example and is shown to give state estimates of
almost equal quality as the optimal Kalman filter but at a 95%
reduction in computation.

Index Terms— Kalman filtering, multidimensional sig-
nal processing, recursive estimation, remote sensing

1. INTRODUCTION

The problem of estimating properties of a hidden Markov
process is encountered in many applications, including radar
tracking of multiple targets [1], time-dependent tomography
and interferometric imaging [2], geophysical data assimila-
tion [3], and economic forecasting [4]. These problems can
be expressed in state-space form and many recursive methods
have been developed in the Bayesian framework to solve the
resultant state estimation problem. For certain applications
such as medical tomography, the state variation during the
measurement interval may be small enough so that the state
can be regarded as static. Techniques have also been devel-
oped for medical tomography when the state exhibits signifi-
cant quasi-periodic [5] or rigid-body motion [6]. This paper is
concerned with the problem of reconstructing a time varying
object from tomographic (line integral) measurements when
the state evolution is significant and governed by a compli-
cated physical model, a problem often encountered in remote
sensing. In such applications, the dimension of the state can
be huge (the state will have over 2 million elements when rep-
resenting a volumetric image on a 128 x 128 x 128 grid).
The dynamics of a complicated physical system are of-
ten described by a nonlinear state-space model. Minimum
mean-square error (MMSE) state estimates can be found from
the mean of the posterior distribution of the state given the

1-4244-0728-1/07/$20.00 ©2007 IEEE

I - 1217

measurements, a difficult problem when either the dimension
of the state is large (resulting in the evaluation of a compli-
cated integral) or an analytic expression for the posterior dis-
tribution function is unavailable (which is most often the case
in practice). The particle filter (PF) circumvents these pit-
falls by approximating the posterior distribution with a set of
weighted samples (particles) drawn from a simpler auxiliary
distribution function, a technique called importance sampling
[7]. Then, the (potentially) complicated integral is reduced to
a summation over the particles that converges to the MMSE
state estimate as the number of particles is increased. Because
of problems with the rate of convergence resulting from de-
generacy of the particles [7], the PF has been limited to ap-
plications where the dimension of the state is small [8], and,
even in this case, the PF can be computationally expensive. If
the posterior distribution is approximated by a single Gaus-
sian, then the state estimation problem can be solved by the
less complex Gaussian particle filter (GPF) [9]. However, the
GPF must store and manipulate the full state covariance ma-
trix (for the 1283 element grid example, about 8 TB of storage
is required if the elements are single precision floating point
numbers) and also suffers from convergence issues associated
with all Monte Carlo integration techniques.

More computationally efficient methods are possible when
the state-space model is linear (or if the nonlinear model can
be linearized) and the state and measurements are jointly Gaus-
sian. In this case, the Kalman filter (KF) is optimal and an
analytic expression exists for propagating the posterior of the
state from one time index to the next. Unfortunately, as is
the case for the GPF, the KF cannot be applied to problems
with large state dimension because it requires the explicit for-
mation of the state covariance matrix. Nevertheless, under
the linear Gaussian model, the posterior distribution can be
sampled directly and a recursive update on the samples exists
given the closed form expression for the propagation of the
posterior. The ensemble Kalman filter (EnKF) exploits these
properties to form state estimates that approach those given
by the (optimal) KF as the number of samples is increased
without requiring the formation of the state covariance [3].
The main drawback of the EnKF is that it has similar conver-
gence issues as the PF and GPF. However, for certain applica-
tions (as demonstrated in this paper), one can mitigate these
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issues and obtain further computational simplifications by re-
stricting state estimate updates to a neighborhood about the
physical location of the measurements [10].

In this paper, we first establish the conditions that result in
the equivalence of the GPF and EnKF. Next, we address the
problems associated with the EnKF and large state dimension
by incorporating localization. Then, we present a numeri-
cal example that demonstrates the excellent performance of
the localized ensemble Kalman filter (LEnKF) in estimating
a physically evolving state from tomographic measurements.

2. THE GAUSSIAN PARTICLE FILTER
The nonlinear state-space dynamic signal model is defined as:

xit1 = fi(zi, wi) 0
Y; = hi(xi,vi),

where the vector &; € RY is the state at time index i with
1 <4 < T, fi(-) is the (known) state transition function,
u; is the state process noise that accounts for any mismod-
eling of the state dynamics, y, € RM is the vector of mea-
surements, h;(-) is the (known) measurement function, and
v; is the measurement noise process that accounts for mea-
surement uncertainty. The statistical properties of both noise
processes are known. In the subsequent development, we de-
fine y,.; to represent the set of measurements {y, }%_, and
x;); as shorthand for either a random vector drawn from the
distribution function p(; |y, .;) or a sample of the importance
sampling distribution 7(x;|y;), depending on context.

The GPF [9] solves the state estimation problem under
signal model (1) and is summarized in Fig. 1. The following
notation is used: N'(a; p, X) is the value of the mean p co-
variance X Gaussian distribution function evaluated at a, 7 (-)
represents the (application dependent) importance sampling
distribution [7] and W(:B,lili |y,.;) is the value of the importance
sampling distribution evaluated at wéli, ty); and g (35
and X, ;) are estimates of the posterior mean (covariance)
of x; and x4 given y,.;, L is the number of particles, and
()T indicates matrix transposition.

The GPF has many desirable properties [9]. However, the
algorithm becomes computationally intractable as the state di-
mension [V increases because the state covariance, e.g., Eili’
must be explicitly stored and manipulated in addition to the
problem that L may have to increase at an exponential rate
relative to N to obtain satisfactory state estimates [8].

3. THE ENSEMBLE KALMAN FILTER
The linear state-space dynamic signal model is:

Tit1 = Fix; + u; )
y, = Hix; + vy,

Initialize: Assume 1 ~ N (py)9, E10)

fori=1toT do
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Fig. 1. The GPF algorithm.

where the (known) functions f;(-) and h;() in (1) have been
replaced by the (known) state transition and observation ma-
trices F'; and H;, and the mutually independent state and
measurement noise processes are zero mean and have (known)
covariances Q; = E [u;u! | and R; = E [v;v]].

If 1, w1.7, and vy.7 are jointly Gaussian then the opti-
mal solution under (2) is the KF and closed-form, recursive
expressions exist for updating the mean and covariance of the
state from one time step to the next (a complete description
of the state because it is, in this case, a Gauss-Markov pro-
cess). The EnKF, a Monte Carlo approximation to the KF, can
also solve this state estimation problem [3] and is summarized
in Fig. 2. This form of the algorithm is sequential, meaning
the measurements are processed one at a time, and is appli-
cable for the case when the measurement noise is uncorre-
lated, i.e., when R; is a diagonal matrix (though a whitening
filter can always be applied to the measurements to ensure
this property). The following notation is used: m indicates
the index of the mth element y; ,,, of the measurement vector
y,, the matrix Isiﬁm is an approximation to the state covari-
ance matrix after the assimilation of the set of measurements
Y11 U {yi,k}zzll, h; m, is the row vector equal to the mth
row of H ;, 7; ,,, is the mth diagonal element of R;, and ﬁm is
the best estimate of x; given y,.;. Note that it is the column
vector 13i7mhfm and not the state covariance matrix itself
that is required in the calculation of the Kalman gain vector
estimate.

Both the GPF and the EnKF approximate the posterior
distribution of the state given the measurements by a single
Gaussian and it is, as a result, not surprising that the two meth-
ods are equivalent under some set of conditions. Specifically,
the GPF and the EnKF give the same state estimates under
signal model (2), jointly Gaussian 1, ©1.7, and v1.7, and
if importance sampling is not used in the GPF, i.e., if, in the
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Fig. 2. The sequential EnKF algorithm.

; iid

measurement update, samples are drawn as x;; ~ p(2:[y;.;)
(which is Gaussian under (2)) and the weights are chosen as
Eé = 1. Another property shared with the GPF is that the
number of ensemble members L may become prohibitive for
large state dimension N to obtain satisfactory state estimates.

4. LOCALIZATION

When the state dimension is large, the principle of localiza-
tion must be applied to the EnKF for the sake of computa-
tional tractability. Without localization, each measurement
can affect the state estimate at all locations and in the absence
of mismodeling, approximations, or any other uncertainties,
the global influence of each measurement is justified. How-
ever, the propagation of many small errors globally over the
state estimate can accumulate as the measurements are pro-
cessed, potentially causing filter divergence unless the num-
ber of particles is increased to offset the error. By localizing,
each measurement is restricted to only affect the state esti-
mate in a neighborhood about the elements of the state con-
tributing to the measurement. For example, each measure-
ment in tomography is a line integral and localization can be
achieved by restricting updates to state elements intersected
by and neighboring the measurement ray.

The LEnKF is obtained from the EnKF by replacing the
Kalman gain estimation step in Fig. 2 with:

~

ki m = Cim© (ﬁz,mhfm)/[hz,m(ﬁz,mhzm) + ri,m]y (3)

)

where ¢; ,, € {0, 1}N and o is the Hadamard product, i.e., the
element by element matrix product. If the nth element of ¢; ,,

is equal to 1 then the nth element of each ensemble member
x!  is updated in the usual manner by the EnKF, otherwise
it is not affected by the mth element of the measurement ;.
Thus, the nonzero elements of c; ,, are chosen to correspond
to the local neighborhood affected by a measurement. Be-
cause only a small subset of the estimate is updated, localiza-
tion offers significant computational savings but at the cost of
introducing a bias into the measurement update. For certain
applications, the error introduced by the bias is offset by the
reduction in accumulated errors.

5. NUMERICAL EXAMPLE

To demonstrate the potential of the LEnKF, a highly dynamic
movie of the collapse of a cold, self-gravitating, magnetized
nebular cloud is reconstructed from tomographic measure-
ments. The state is evolved with the magnetohydrodynam-
ics (MHD) equations, the coupled set of Newton’s fluid and
Maxwell’s electrodynamic equations. The movie is composed
of 64 frames each containing 33 x 33 pixels, four of which
are displayed in Fig. 3 (left). Each measurement is a line in-
tegral through the computational domain plus a small (0.1%)
amount of white noise, i.e., R; is diagonal. A total of 47
line integral measurements are uniformly sampled per time
step from the tomographic projection at angle 6;. The pro-
jection angle 6; is swept uniformly through 360° over the
64 frames. The state noise process is modeled by a banded
matrix Q, (with 4 bands above and below the diagonal) to
provide a degree of temporal smoothness while the measure-
ment equation is augmented with a derivative matrix D to
provide a degree of spatial smoothness through regularization
[2]. The state transition matrix is chosen as F'; = I, i.e., the
state evolution is modeled as being completely stochastic in
nature. The result of this experiment is given in Fig. 3 (right),
where the state at time index ¢ = 44 is compared to the
(optimal) Kalman filter, EnKF, and LEnKF reconstructions.
A quantitative comparison of these methods is given in Ta-
ble 1, where L is the number of particles, error is measured as
ZiT:1 le; — 2;;]|2/ ||| 2, and the time compares how much
computation was required to reconstruct the entire 64 frame
movie on a 2.4 GHz workstation. From Fig. 3 (right) and Ta-
ble 1 it is clear that the LEnKF provides a faithful estimate of
the state that is nearly as good as the one given by the optimal
Kalman filter but at significantly reduced computational cost.
Additionally, the LEnKF is much cheaper than the EnKF and
provides a much better state estimate for equal number of par-
ticles (though the quality of the EnKF estimate would surpass
that of the LEnKF given enough particles).

6. SUMMARY

In this paper, we have made an explicit connection between
the GPF and the EnKF. Also, the principle of localization was
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Fig. 3. The hidden state ; at four time indices (left) and the results of the numerical example (right).

Method L Error Time
KF N/A 1.1 60 m
EnKF 256 16 60 m

LEnKF 256 1.2 3m

Table 1. Quantitative results of the numerical example.

applied to the EnKF to give the LEnKeF, a state estimation pro-
cedure for large dimension applications. Finally, the LEnKF
was demonstrated in a numerical example where a hidden
state evolving from a physical model was reconstructed from
tomographic measurements.
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