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1. ABSTRACT

The multi-dimensional harmonic model has attracted considerable
attention for a variety of applications in signal processing. Stoica
and Nehorai have derived the Asymptotic (ie., for large analysis
duration) Cramér-Rao lower Bound (ACRB) which represents the
minimal theoretical variance in the estimation of the model pa-
rameters for a one-dimensional harmonic model of order M. In
this work, we generalize and analyze the ACRB associated to a
M -order harmonic model of dimension P with P > 1.

Keywords: Parameter estimation, multidimensional signal pro-
cessing.

2. INTRODUCTION

The one-dimensional harmonic model is very useful in many fields
such as signal processing, audio compression, digital communica-
tions and others. A generalization of this model to P > 1 di-
mensions can be encountered in several domains such as MIMO
channel estimation [1], wireless communications [2], passive lo-
calization and radar processing, etc. In addition, we can find in
[3, 4] an analysis of the identification problem associated with this
model.

In this contribution, we derive Asymptotic (ie., for large analysis
duration) expressions of the Cramér-Rao Lower bound (ACRB)
for a M-order harmonic model (sum of M waveforms) of dimen-
sion P. This work can be viewed as an extension of the seminal
work of Stoica and Nehorai [5] for the one-dimensional harmonic
model. Although, much work has been done on the determina-
tion of the ACRB for small P, ie., for P = 2 (two-dimensional
harmonic model) [6] or for P = 3;4 in the context of a sensor
array [7]. But to our best knowledge, we cannot find a systematic
characterization of the ACRB for any dimension P. The philoso-
phy of our approach is similar that of reference [7] since we base
our derivation on tensor algebra but our ACRB is dedicated to the
multi-dimensional harmonic model of any dimension P and in par-
ticular, we examine its asymptotic properties.

We begin by the standard result that a M-order harmonic model
of dimension P follows a CanDecomp/Parafac (CP) model [8]
of order M. In other words, the rank of the P-order tensor
associated with this model is M and can be exactly decom-
posed into the sum of M rank-1 tensors. Using this formal-
ism, we show that the ”order of magnitude” of the ACRB for the
the signal parameters (angular-frequency, real amplitude and ini-
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tial phase) are respectively O(N~C72), O(N~F) and O(N~F)
where NNV is the analysis duration. We have also shown that the
quotient of two consecutive ACRB for the signal parameters, ie.
ACRB(p)(.)/ACRB(p1)(.), is O(NN) and becomes exactly equal
to IV for larger dimension P. Consequently, we prove the intu-
itive idea that increasing the dimension of the model decreases the
ACRB and thus improves the minimal theoretical variance of the
estimated model parameters.

3. DEFINITION OF THE MULTI-DIMENSIONAL
HARMONIC MODEL

We define a noisy M -order harmonic model of dimension P ac-
cording to

[y]nl...np - [X]nlnp +U[ ni..np (1)

where ), X and N are three P-order hypercubic tensors of size
N, o is a positive real scalar and

M P ]
[X]nl.“np = Z Qm H evmne, (2)
m=1 p=1

is the noise-free M -order harmonic model of dimension P with
np € [0 : N — 1]. The m-th complex amplitude is denoted by
Qm = ame'®™ where a,, > 0 is the m-th real amplitude and ¢,,,
is the m-th initial phase. It is well-known that this model follows
a CP model [8, 3, 4] and its associated vectorized expression is

y=vec(Y)=xz+on € eV’ 3)

where n = vec(N) is the additive white Gaussian noise of param-
eters A(0, I yr) and

M
x = vec(X) = Z am (d(wm) ®...® d(wm)) “)

m=1 ~ -

P times
in which ® denotes the Kronecker product and

eiw(N—l)]T.
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4. ACRB FOR THE MULTI-DIMENSIONAL HARMONIC
MODEL

The noisy observation y in (3) is a function of the real parameter
vector 0 given by 6§ = [¢'" 02]T where ¢ = [wT o ¢T)%,
w = [w1 .. .w]\/[]T, a = [a1 . .aM}T and QZS = [¢1 .. .¢A{]T.
A very famous result [9, 10] is the following. Let I' =
E {(é —0)(6 — O)T} be the covariance matrix of an unbiased

estimate of 0, denoted by 6 then under quite general conditions,
I' — ACRB(p)(f), where ACRBp)(.) is the Asymptotic Cramér-
Rao lower Bound associated with a harmonic model of dimension
P, is a positive semidefinite matrix.

The likelihood function of y ~ N (x, 02 Ix7) is given by

1 - ly—al®
L(y) = Fe a2
(ro2)™
. M 2
1 ZH|y- T am(@wmn)@..8dwm))
= e
(mo?)N"

The log-likelihood function is defined by

f(0) =n(L(y))
1

M 2

y— Zam(d(wm)®...®

m=1

d(wm))

=Cc—

where c is a given constant. As the signal and nuisance parameters
are decoupled, the Fisher Information Matrix (FIM) is given by

2 Fyrgr
2F99 0 :| (5)

Foog = [U 0 Jo242
where
[wa Jwa qub
Fyo = 1JE  Jua  Jus (6)
[Jﬂ Jab J¢¢>J
in which we have defined

az\ ¥ oz
"M—%{(aﬁ aq} @

with R{.} being the real part of a complex number.

4.1. Asymptotic CRB for a M-order harmonic model of di-
mension P

In the sequel, we consider large analysis duration (N — co) where
closed-form expressions of the ACRBp) can be obtained.

Theorem 1 The ACRB p) for a M-order harmonic model of di-
mension P defined in (1) with respect to (wrt.) the model parame-
ter 0', ie., ACRBpy(0'), is given by

6
ACRB(p) (we) = PNTESE, ®
(1
ACRBp)(a¢) = Wg}\m[ )
3P+1
ACRB p)(¢¢) = INPSNR (10)

where SNR, = a3 /o>

Proof: The partial derivatives of the noise-free signal wrt. the
angular-frequency, the real amplitude and the initial phase are
given by

@ . Od(we)
Doy — et < Oon ®d(we) ® ... R d(we)
dd(wy)
+d(we) ® Doe ®...®d(wr) +
Ad(we)
+ d(we) ® ... 0 d(we) ® Doe >
ox _ gy
D e (d(we) ® ... ®@ d(wy))
% — i (d(we) ® ... ® d(we))
for £ € [1 M) and where we have denoted % =
we

ag(:) o Using the asymptotic properties of the harmonic
model [5],
1 (0d(wi)\" 0d(wr) N—oo 1
N3( R ) dwe 30 b
NE ( Do d(we) — 6k ¢ 12)
1 — 00
Nd(wk)Hd(wg) Rl (13)

we can derive the (k, {)-th entry of each block of the FIM accord-
ing to

oz \ oz
LJuu]ke_%{(M) &ug}
P2 P42
Nﬁm{azam(]\]g +(P71)N4 >5k_g}
%{aka PNTT2 <74+3(P_1)>6k7é}

12
a2 PNP+2 3P+17 fork =4, (14
otherwise.

Similarly, we have

or H@m N—o0 i(be—dr) A7 P
aalke =8 (o) g b =5 R {e @ oINT )
k 74

_ NP, fork=1¢
N 0, otherwise.
and
oz \" oz N—oo « P
[%cb]ké%{(a@) 8@} — %{akaz]\f 5k—€}
_ ai NP fork=1¢,
o 0, otherwise.
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and
or \" ox
[Ja¢]ke = §R{<8ak) (M}
N—oo . —igp P
Y=o §R{ze arN 5H} (15)
=0, Vk,(
and

oz \" oz
[Jwa]ké —%{(M> 8@}
N —oo §R . ok iy P P+1
— —RJiage EN Ok—2¢ (16)

=0, Vk,¢.

Fork =, ie""*ay in (15) and io €' in (16) are pure imag-
inary numbers. This explains why Ja and J.a are null matrices.
Finally, we have

= (3)' )

N;o}o %{Oz;aggNP+l5k_e}
:{ ar L NPT fork =4, a7

0, otherwise.

Consequently, the blocks of the FIM are asymptotically diago-
nal or null and we obtain

wa = P (3P + 1*) NP+2A2
12

Jaa = N"1y

Jop = NFA?

Jap = Jwa =0

Tos = gNP-‘rlAQ

where A = diag{a1,...,anr}. Finally, the FIM is given by

|'P(31}—;+1) NP+2A2 0 gNP+1A2'|
Fyprgr = 0 NPIu 0 . (18)
[ ENFPHIA? 0 NFA? J

Thanks to the standard inverse of a partitioned matrix [5], an-
alytic expression of F9791, is possible. Thus,

A 0 X
Fop=10 Jod 0 (19)
x 0 ©Ae+J

where

A= (Jow — Juodpg Jus) ™"
- MNPHA?,ENPHA? !
12 4
_(PBP+1) P\ 1,
12 4 NF+2
12
= pnrzt

and © = Jd:qbl']““ﬁ — (NPA2)*1 gN(P+1>A2 =
(3, 3)-block of matrix F,,,, is given by

%. So, the

-1
ONO + Ty = o  srrrz

3P+1,
= AT

PN ( 12 A’2> Xy (vra?)

Hence, the inverse of the FIM is

12 —2

nrz 0 x

ol 0 ~rim 0
rgr — —
vo x 0 sPpia-

So, the ACRB associated to a M -order harmonic model of di-
mension P is given by the diagonal terms of the FIM inverse which
proves the theorem. |

4.2. Tabulation of the ACRB for several values of P

The values of the ACRB for several dimension P are given in the
following table.

P ACRB(p) (UJ@) ACRB(QP) (ae) ACRB(p) ((15[)
1[5] — T ok 2
N3SNR, 2NSI2\IRZ NSNR,
3 ay 7
2 ~iSNR, 2V?SKR, 3N2SNR,
2 ay 5
3 N3SNR, 3N3SNR, N3SNR,
4 3 a? 13
2NSSNR, 2N4S2NRe 2N4SNR,
6 ay 8
5 5N7SNR, 3N5SNR, N3SNR,

4.3. Order of magnitude of the ACRB

According to the previous Theorem, we can characterize the
ACRBp) (") according to the following corollary.

Corollary 1 Consider a M-order harmonic model of dimension
P, then we have

ACRB(p)(ag) ~ O <%) (21)
ACRB(p () ~ O (%) . (22)
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As a consequence of the above result, increasing the dimension
of the harmonic model decreases the ACRB.

Corollary 2 For i € [1 : 3M], the quotient of two consecutive
ACRB, ie., ACRB(p)(0;)/ACRBp41)(0;) is of order O(N) for
any P and is equal to N for large P.

Proof: Using (8), (9) and (10) we have

ACRB
) _(Pryy gy
ACRB<p+1) (w[) P
ACRB(F)(G,@)
il S0A LA Vs 24
ACRB(erl)(a[) ( )
ACRB(p) (¢z) . <3P + 1) 25)
ACRB(erl) ((;5[) 3P+4 ’
Hence the above expressions show that

ACRBpy(0;)/ACRB(p+1)(0;) ~ O(N) > 0 which proves
the first part of the corollary. For larger (infinite) P, it is direct to
see that the limit of (25) and (27) is N which proves the second
part of the corollary. Note that no condition on P is required for
the real amplitude parameter. |

Consequently, for large P, the quotient of two consecutive
ACRB follows a geometric progression since this quotient is a con-
stant and we have

ACRB ) (6;) ACRB1) (6;) (26)

1

- NP-1
where ACRB(1)(0;) is the bound derived by Stoica and Nehorai
[5]for P = 1.

5. NUMERICAL SIMULATIONS

In this part, we illustrate the behavior of the ACRB wrt. the dimen-
sion, P € [1 : 5], of a 500-sample first-order harmonic model. We
vary the Signal to Noise Ratio (SNR), by taking o from 1 to 100
and a; = 1. Fig. 1, Fig. 2-a and b display the ACRB of the angular
frequency, the real amplitude and the initial phase, respectively.

CRB

Figure 1: ACRB Vs. SNR (log scale) for the angular frequency of
a first order harmonic model of dimension P.

According to these simulations, we can see clearly the gain to
consider large dimensions.

(a) (b)

Figure 2: ACRB Vs. SNR (log scale) for a first order harmonic
model of dimension P, (a) Real amplitude, (b) Initial phase.

6. CONCLUSIONS

In this work, the asymptotic CRB (ACRB) associated with a M-
order harmonic model of dimension P using tensors algebra has
been achieved. It has been shown that increasing the dimension
of the harmonic model decreases the ACRB and thus improves the
minimal theoretical variance of the estimated model parameters.
In addition, we have proved that the quotient of two consecutive
ACRSB for the signal parameters, ie. ACRB(p)(.)/ACRBp;1)(.),
is O(N) and becomes exactly equal to N for large dimension
P. This last result allows us to give a compact expression of the
ACRB for any dimension wrt. the well-known bound derived by
Stoica and Nehorai for P = 1.
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