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ABSTRACT

In this paper, we establish the capacity region of a class of determin-
istic interference channels with common information. For such a
class of channels, each sender needs to transmit not only the private
information but also certain common information to the correspond-
ing receiver. Moreover, the channel outputs are deterministic with
respect to given channel inputs.

Index Terms— Interference channel, deterministic channel, com-

mon information, capacity region.

1. INTRODUCTION

As one of the fundamental building blocks, the interference chan-
nel (IC) was introduced by Shannon [1], where the two-way channel
was studied. Since then, many work has been done on this chan-
nel, which includes various inner bounds and outer bounds (see [2]
and references therein). Capacity regions are only found for some
special cases including the strong interference channel, a class of
degraded additive interference channels and a class of deterministic
interference channels. Most of the previous work is based on the as-
sumption that the source messages at the senders are statistically in-
dependent. However, the assumption fails in some emerging scenar-
i0s, 1.€., neighboring sensors in a dense wireless sensor network may
obtain correlated data due to the short distance in between, and when
the correlation can be extracted, the neighboring sensors share cer-
tain common information. The IC under this new setting is termed
as the interference channel with common information (ICC).

The ICC was first studied by Maric et al. in [3], where the ca-
pacity region of the strong ICC (SICC) was reported. In [4], the au-
thors investigated the general ICC, and obtained an achievable rate
region which generalizes the capacity region for SICC as well as the
Chong-Motani-Garg region (one of the best achievable rate region
for IC) [5]. It is shown in this paper that our achievable rate region
is tight for a class of deterministic ICCs (DICCs).

2. CHANNEL MODEL

Fig. 1 depicts the graphical model of the class of DICCs. The chan-
nel is defined by its finite channel input output alphabets X%, Vi,
t = 1,2, and the channel transition which is governed by the follow-
ing deterministic functions:

‘/t = kif,(Xt), t = 1, 2;

Yl = 01()(17 VQ), and ng = OQ(XQ, Vi),

where V1 and V> represent the interference signals caused by X and
X at the corresponding receivers. Source messages wo, w1, and wa
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are assumed to be independently and uniformly generated over their
respective ranges. Furthermore, we require that there exist two more
deterministic functions, V2 = h1 (Y1, X2) and Vi = ha(Y2, X2).

Encoders Decoders
w1 x1(wo,w1) [ y1 (o, 1)
] o]

02| ¥2 (o, W2)
e

Fig. 1. The class of deterministic interference channels with com-
mon information.

x2(wo, w2)

Note that the channel defined above is similar to the one in-
vestigated in [6], but there is a slight difference. In [6], it is re-
quired that H(Y1]|X1) = H(V2) and H(Y2|X2) = H(V4) for
all product distributions of X X». It has also been pointed out
in [6] that this requirement is equivalent to requiring the existence
of Vo = h1(Y1,X1) and Vi = ha(Y2, X2). Nevertheless, we re-
quire the latter instead of the former, and in fact the former is not
satisfied in our case.

We denote this class of DICCs by Cy4. An (Mo, M1, Ma, n, P.)
code exists for the channel C, if and only if there exist two encoding
functions

fi: Mo x My — &7, fa: Mo x Moy — X3,

and two decoding functions

g1 Y1 — Mo x My, g2 : V5 — Mo x Ma,

such that max{Pe(ﬁ), Pe(z)} < P., where Pe(f't’), t = 1,2, denotes
the average decoding error probability of decoder ¢, and is computed

by one of the following equations:

P =L ST pllio,in) # (o, w)l (o, w1, ws),

wo w1 w2
n 1 L
Pl =5 > pllio,ib2) # (wo, ws)|(wo, wi, wa)),
wowqw

Wlth M = MngMQ.

A non-negative rate triple (Ro, R1, R2) is achievable for the
channel Cg if for any given 0 < P. < 1, and for any sufficiently
large n, there exists a (2770 2nF1 9nFz 4 P.) code.
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The capacity region for the channel Cy is defined as the closure
of the set of all the achievable rate triples.

3. MAIN RESULT
Let P4 denote the set of all joint distributions p(-) that factor as

p(vo, T1,2) = p(vo)p(z1|vo)p(x2|vo), (1

where vg is the realization of an auxiliary random variable Vj de-
fined on an arbitrary finite set Vo. Let Rq(p) denote the set of all
rate triples (Ro, R1, R2) such that

Ry < H(Y1), 2)
Ro < H(Y2), 3)
R < HY1|WV2), 4)
Re < H(Ya|VoVh), )
R1+ R2 < HY1|VoWi) 4+ H(Y2|VoV2); (6)
Ri 4 Re < H(Y1|Vo) + H(Y2|VoV1Va), (7
Ro + Ri + R: < HY1) 4 H(Y2|VoViVa); (8
Ri 4 R2 < H(Y1|VoViVa) + H(Y2|Vo), O]
Ro 4 R1 + R2 < H(Y1[VoViVa) 4 H(Y2); (10)

2Ry + Ry < H(Y1|[Vo) + H(Y1|[VoViVa) + H(Ya|VoVa), (11)
Ro +2R1 + Ry < H(Y1) + H(Y1|VoViVa) + H(Y2|VoVa);
12)
Ri +2R> < H(Y2|Vo) + H(Y2|VoViVz) + H(Y1|VoV1), (13)
Ro 4 R1 4 2Re < H(Ya) + H(Y2|VoViVa) + H(Y1|VoVh),
(14)

for some fixed joint distribution p(:) € Pjq.

Theorem 1 The capacity region of Cq is the closure of

U Ral)

p(-)EPq

Proof: 1) Achievability: It suffices to show that R4 (p) is achiev-
able for the channel Cy for a fixed joint distribution p(-) € Pq. Since
the joint distribution p(-) € Py does not involve Vi and V5, it ap-
pears incurring difficulty for us to apply the cascaded superposition
coding strategy developed for the general ICC to this channel, due
to the lack of auxiliary random variables. Nevertheless, because the
interferences V7 and Vs are determined by the channel inputs X;
and X+, we can extend the joint distribution in the form of (1) to one
containing Vi and V> as

p(vo, x1, T2, v1,v2) = p(vo)p(x1|vo)p(z2|v0)
-5(1)1 — k1($1))5(v2 - k?2(1'2))7 (15)

where 0(+) is the Kronecker Delta function. Since X; and X are
conditionally independent given V5, the interferences V1 and V5 also
become conditionally independent given Vj. Therefore, the extended
joint distribution (15) can be factored as

p(vo, T1, T2, v1,v2) = p(vo)p(vi|vo)p(v2|vo)

-p(x1|v1, vo)p(z2|v2,v0),

and the achievability of the region R4(p) follows readily from The-
orem 4 in [4].

2) Converse: It suffices to show that for any (2710 2nfir onfz
n, P.) code with P. — 0, the rate triple (Ro, R1, R2) must satisfy
(2)—(14) for some joint distribution that factors in the form of (1).

Consider a (270 2nF1 9nR2 P} code with P. — 0. Note
that P. — 0 implies P,y — 0 and P.'; — 0. Applying Fano-
inequality [7] on decoder 1, we obtain

H(Wo, W1|[YT") < n(Ro + R1) Py + h(P2)) £ nein,  (16)

where h(-) is the binary entropy function and €1, — 0 as P;'; — 0.
It easily follows that

H(W1 YT, Wo) < H(Wo, W1[Y{") < nein. (17)
By symmetry, we can also get
H(Wa|Y3', Wo) < H(Wo, W2[Y3") < nezn. (18)
We now expand the entropy term H (Y7*, V5*|Wo, W1) as

H(YT V3 Wo, W) 2 H(Y?, V3| XT, Wo, Wh)

©Q H VX, Wo, W) + H(YT|V3', XT, Wo, Wh)

9 HYXT, Wo, Wh) + H(VE YT, X7, Wo, Wh),

where (a) follows from the fact that X* = fi(Wo, W1) is a deter-
ministic function of Wy and W for a given (2770 2nf1 gnfz p
P.) code; both (b) and (c) are based on the chain rule. Since Y; is a
deterministic function of X; and Va, H (Y{*|V5', XT', Wo, W1) =
0. Similarly, due to V2 = hi1 (Y1, X1), H(V3'|YT", XT', Wo, Wh) =

0. Hence, we obtain the following equality

H(ng‘Xibz WO: Wl) = H(Yln‘XIL7 W07 Wl)a
which can be further simplified as follows
H(V3' [Wo, W) & H (YT W, Wh),

n b n

H(V3'[Wo) & H(Y [Wo, W), (19)

where (a) again follows from the deterministic relation between X"
and (Wo, W1), and (b) follows from the conditional independence
between V5" and W given Wy. Analogously, we can

H(V{"|Wo) = H(Y3'|WoW2). (20)

One more pair of crucial inequalities are to be shown before we
proceed to the main part of the converse, and the two are listed as
follows

[(Wl; Yln‘WO) < I(Wl; Y1nV1n|V2nW0)» 2n
I(WQ;YQ”\WO) < I(Wz;YQ”VQnWl"WO). (22)

The inequality (21) can be derived in the following:
I(Wy; Y [Wo) = H(Wh|[Wo) — H(Wh|Y" W)
< WA VW) — BV VE W)
(%) H(Wh|[Va'Wo) — H(WA|Y{"Vi" V3" Wo)
= I(Wi; Y" V' |V2' W),

where (a) follows from the facts that H (W1 |Wy) = H (W1 |V W)
which is due to the conditional independence between W1 and V5"
given Wy, and “conditioning reduces entropy”, i.e., H (W1 |Y{" V5
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Wo) < H(W1|Y{"Wo); and (b) follows from “conditioning reduces
entropy” as well. Similarly, we can obtain (22).

Now we prove each of inequalities (2)—(14) with (17)—(22). Firstly,
inequalities (2) and (3) are obvious.

For (4), we have

’an = H(Wl) = H(W1|W0)

@ g (Wi | Wovs)

= I(Wy Y " [WoVy') + H(Wh Y Woly")

(b)
< HY' [WoVy') — H(YY [WoWA V') + nety
9D HYT WV + nern
< Z H(Y1i|VaiWo) + nein, (23)
i=1

where (a) follows from the fact that W5 and V5" are conditionally in-
dependent given Wo; (b) follows from H (W1 |Y"WoV5') < H(Wh|
Y{"Wo) < nein; (c) follows from H (Y7 |[WoW1 V5') = H(Y{"| X1
V' WoWy) = 0.

Analogously for (5), we have

nRy < Z H (Y2:|V1iWo) + nean.

i=1

(24)

With respect to (6), we can get

n(R1 + R2) = H(W1) + H(Wa)
= H(W1|Wo) + H(W2|Wo)
= I(Wi; " [Wo) + H(Wh[Y{"Wo) + 1 (Wa; Ya' [Wo)
+ H(W2|Yy' W)

(@) N
< H(Y!"[Wo) — H(Y!" [WoWh) + H(Yz'[Wo)
— H(Y3'|WoWa) + n(ein + €2n)

© H (Y7 \Wo) — H(VE[Wo) + H(Y3'[Wo)
— H(V"|Wo) + n(e1n + €2n)

< HYVE|Wo) — H(V [Wo) + H(Y3'V3'|Wo)
— H(V3"|Wo) 4+ n(en + €2n)

= H(Y [V Wo) + H(Y3'|V3' Wo) + nlern + ean)

< Z H(Y1;|ViiWo) + Z H (Y2 |VaiWo)

i=1 i=1

+ n(Gln + 6277,)7 (25)

where (a) follows from inequalities (17) and (18); (b) follows from
equalities (19) and (20).
Regarding to (7), we have

n(R1 4+ Rz2) = H(W1|[Wy) + H(W2|Wo)
(a)
< T(Wi Y [Wo) + T(Wa; Yo' [Wo) 4 n(e1n + €2n)

< W3 Y2 (Wo) + T(Wa; Y3 VE VI Wo) + nletn + an)
= I(Wy; Y7"|[Wo) + I(Wa; Vo' V" Wo)

+ I(Wa2; Y3' [Vi" V5" Wo) + n(ern + €2n)
< H(Y |Wo) — H(Y{ | WoWh) + H(Va' [V Wo)

— H(V5' V" WaWo) + H (Y5 [V{" Vo' Wo)

— H(Y3'|V"V3' WaWo) + n(ern + €2n)

B\ Wo) + H(YZ |V VEWo) + nlern + €2n)

<D HYulWo) + Y H(Yai Vi Vai Wo)
1=1 =1

+ n(fln + 6271,)7 (26)

where (a) follows from inequalities (17) and (18); (b) follows from

inequality (21); (c) follows from the facts that 1) H(Y{"|[WoW1) =

H(VSV*W), 2) H(VS|V*W2Wy) = 0 due to that V3" is de-

termined by X5 which is again determined by (Wy, W2), and 3)

H(YF|VIVEWaWo) = H(YZ| X3ViVEWaWo) = 0.
Similarly, we have

n(R1 4+ R2) < ZH(YM\WO) + ZH(YMVMV%WO)
i=1
+ n(eln + 5271)7

i=1

@7

which corresponds to (9).
For (8), we have

n(Ro + Ri1 + RQ) = H(W()W1) —+ H(W2|W())
(a)
< I(WoW1; YI") + I(Wa; Y3 [Wo) + n(ein + €2n)

C IWoWas Y1) + T(Was YEVE [V Wo) + nlern + e20)
= I(WoWy; Y1) + T(Wa; V3 V" W)
+ I(Wo; Y3 V" Vo' Wo) + n(e1n + €2n)
<HMW") = HY{" [WoWi) + H (V' [Vi"Wo)
— H(V5' V" WaWo) + H (Y5 |[V1" Vo' Wo)
— H(YS|V{'Va WaWo) + nlern + €2n)
© HY) + HOY VIV Wo) + n(ern + ean)

< Z H(Y) + Z H (Y2i| V14 Va2 Wo)
i=1 i=1

+ n(eln + 6271)7 (28)

where (a), (b) and (c) follow from the same arguments for (26). Note
that the proof for (28) and the one for (26) only differ in the first
few steps, and the rest follows from the same set of arguments and
procedures.

Instead of expressing n(Ro+ R1+ Rz) as H(WoW1)+ H(Ws|
Wo), we set H(Ro + R + Rg) = H(Wo‘Wl) + H(WOWQ). Fol-
lowing the similar steps used in deriving (28), we now obtain

n(Ro+ R+ Ro) <Y H(Yai) + Y H(Yui|ViiVai Wo)
i=1 i=1

+ n(fln + 5271,), (29)

which corresponds to (10).
Now for (11), we can get

n(2R1 =+ RQ)
= H(W1|Wo) + H(W1|Wo) + H(W2|W0)
(a)
< I(W Y [Wo) + T(Was Y1'[Wo) + 1(Wa; Yo' [Wo)
+ n(2€1n + €2n)

()
< I(Wi YT [Wo) + T(W1 YV Ve Wa) + I(Wa; Yy [Wo)
+ n(2€1n + €2n)
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= I(W1; Y1n|W0) =+ I(W1; V1n|V2nWo)
+ (W Y V" Vs Wo) + I (Wa; Ys' [Wo)
+ n(2€1n + €2n)
= H(Y{"|Wo) — H(Y" |WoW1) + H(V{" V5" W)
— H(V{" |V WoWh) + H(Y{" Vi V5" Wa)
— HY" V" V" WoWh) + H(Y5' |[Wo) — H(Yy' |[WoW2)
+ n(2e1n + €2n)

9 H (Y Wo) — H(YT|WoWh) + H(YT| Vi VE'Wo)

+ H(Y3'|Wo) + n(2€1n + €2n)

d n n n n n
D (YT Wo) — H(V'[Wo) + HY |VEVEWo)

+ H(Y3' |[Wo) + n(2€1n + €21)

< H(Y{"|Wo) — H(V3'[Wo) + H(Y{"|V" V3" Wo)
+ H(anV2n|W()) =+ n(261n —+ Egn)

= H(Y{"|Wo) + HY " |[VI" V5" Wo) + H (Y3 [Vy' W)
+ n(2e1n + €2n)

n

< Z H(Yu|Wo) + Z H (Y14 V1 Vai Wo)

i=1 =1

+ Z H(Y2:|VaiWo) + n(2€1n + €2n),

i=1

(30)

where (a) follows from inequalities (17) and (18); (b) follows from
inequality (21); (c) follows from the facts that H(V{"|V5'Wy) =
H(V{"|Wo) = H(Y3'|WoWa), H(V{"[V3'WoWh) = H(V{"| X1V
WoW1) =0, and H(Y*|V*"V5'WoWh) = H (Y| V" XT Vs Wo
W1) = 0; (d) follows from H (V5'|[Wo) = H(Y{"|WoW1). Follow-
ing similar procedures, we can easily obtain

n(R1 + 2R2) < Z H(Y2:|Wo) + ZH(Y%\VMVMWO)

i=1 i=1

+ ) HYVi[ViiWo) + n(ein + 2€2n),

=1

(€2))
n(Ro 4+ 2R1 + R2) < Z H(Y) + ZH(Y12’|V12’V27;W0)
i=1 i=1

+ Z H(Y2i|V2iWo) + n(2€1n + €2,), and

=1

(32)

n(Ro + R1 + 2R2) < Z H(Y2) + Z H (Y2;| Vi Va; Wo)
i—1 i—1
+ Z H(Y1:|ViiWo) + n(ein + 2€2n),

i=1

(33)

which correspond to (13), (12) and (14) respectively.

Note that we have obtained a number of inequalities (23)—(33)
which, together with (2) and (3), bound the rate triple (Ro, R1, R2)
of the given code for the DICC channel. We now apply the technique
used to prove the converse for the capacity region of the MACC
in [8] and [9]. Define Vo = Wy, or equivalently Vo; = Wo, i.e., Vo
or Vp; is an auxiliary random variable uniformly distributed over the
common message set Wo = {1, ..., Mo }. Since X and X> are con-
ditionally independent given Wy, i.e., p(z1i, Z2i|wo) = p(z1i|wo)
p($2i\w0), we write p(z1, T2 \1)01') = p(l’1¢|U0i)p($2i|UOi)-

Note that due to the existence of V{, the region inherits the con-
vexity from the achievable rate region for the general ICC. We can

now conclude that as n — oo and P. — 0, we have the rate of the
given code (Ro, R1, R2) bounded by (2)—(14) for some choice of
joint distribution p(vo)p(z1|vo)p(x2|ve). This completes the proof
of the converse and the theorem. |

Remark 1 1) As mentioned earlier, our assumption of this class of
deterministic channel is slightly different from the one given in [6].
We directly require the existence of functions Vo = hy (Yl, X1) and
Vi = ha(Ya, X2) such that we have the two equalities H (V3 |Wo) =
H((Y"|\WoWh) and H(V*|Wy) = H(Ys' |WoWa). As demon-
strated in the above proof, the two inequalities are crucial, with-
out which we are not able to establish the converse. Moreover, the
two equalities in fact reduce to the assumptions made in [6] for the
case of no common information. Therefore, we can claim that the
existence of Vo = h1(Y1,X1) and Vi = ha(Ya, X2) is the more
general condition for this class of deterministic interference chan-
nels. 2) The capacity region of the class of DICCs which we derive
above generalizes the one given in [6].

4. CONCLUSIONS

In summary, it is shown in this paper that the achievable rate re-
gion obtained in [4] is indeed the capacity region for the class of
deterministic channels investigated. It is also demonstrated that the
assumption of the existence of the two crucial deterministic func-
tions is the key to establish the converse, and this is a generalized
assumption compared with the one raised in [6].
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