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ABSTRACT

Block diagonalization is a downlink precoding technique that pre-
cancels inter-user interference in multiuser MIMO systems. When
there are a large number of users, the system throughput can be sig-
nificantly increased by selecting a subset of users and a subset of
receive antennas for each user. The optimal user and antenna subset
can be obtained by exhaustively searching over all possible user and
antenna combinations to find the one with the highest sum through-
put. This brute-force solution, however, is prohibitively compli-
cated. To reduce the complexity, in this paper we propose a low-
complexity suboptimal user and antenna selection algorithm. For
most system configurations, we show that our proposed algorithm
achieves up to 98% of the optimal sum throughput of the exhaustive
search, where the complexity is orders of magnitude lower than the
exhaustive search method.

Index Terms— MIMO systems, multiuser channels, schedul-
ing.

1. INTRODUCTION

In a downlink multiuser multi-input multi-output (MU-MIMO) com-
munication system, a base station (BS) transmits to multiple mo-
bile stations (MS) simultaneously over the same frequency band,
thereby greatly increasing the channel capacity. Dirty paper cod-
ing (DPC) has been proven to be the capacity optimal technique for
MU-MIMO systems [1, 2], but it has a huge complexity associated
with the successive encoding processing. Recently, block diagonal-
ization (BD) has been extensively studied as practical MU-MIMO
broadcast transmission technique, where each user’s signal is pre-
multiplied by a precoding matrix at the BS, such that inter-user inter-
ference can be perfectly eliminated at mobile station (MS) [3, 4, 7],
given that all users’ channel station information is perfectly known
at the BS. The maximum number of simultaneously supported users
with BD is upper bounded by the ratio of BS antennas and number
of streams per MS. When there are a large number of users in the
system, multiuser diversity can be exploited to significantly increase
the system throughput by scheduling the optimum subset of users to
serve [6, 8].

Previous scheduling algorithms for BD assume that each se-
lected user applies all its receive antennas [6]. This assumption,
however, leads to a suboptimal capacity result. The optimal solution
is to select a subset of users and a subset of active receive anten-
nas for each user, such that the capacity is maximized. In addition
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to multiuser diversity due to user scheduling [6, 8], antenna selec-
tion significantly boosts the system performance by using only the
receive antennas with good channel conditions, and disabling the
“bad” antennas in deep fade, such that the transmission resources
are dynamically shared among the users. Additionally, because each
selected user uses only a subset of its antennas, it is possible to in-
crease the number of simultaneously supportable users in the system
and reduce the scheduling delay per user. Antenna selection is par-
ticularly beneficial if channel correlation at MS is high. Antenna
selection avoids using a group of highly correlated antennas at the
same MS, but selects a distributed set of antennas at different MSs
which are less correlated, thus effectively increases the spatial diver-
sity and sum channel capacity.

Exhaustive user and antenna search can be used to find the op-
timum user and antenna set with the highest throughput [9]. This
approach, however, is very complicated due to the huge number of
possible user/antenna sets, especially as the number of users and the
number of receive antennas per user increase. As a result, a low-
complexity algorithm is critical to efficiently exploit the capacity
gain promised by joint user and antenna selection [9], while keep-
ing the search complexity low. To address this issue, in this paper
we propose a low-complexity joint user/antenna selection algorithm.
Following a greedy selection method, our proposed algorithm acti-
vates one receive antenna at a time, associated with the best user,
until no active antenna can be added to the system. We analytically
evaluate the computational complexity of our proposed algorithm,
and show that it is orders of magnitude lower than that of the ex-
haustive search. Simulation results show that the proposed algo-
rithm achieves 98% of the optimal sum throughput. Our proposed
technique can be extended to incorporate other QoS constraint such
as proportional fairness, which will be considered in future research.
With our proposed solution, the multiuser and multi-antenna diver-
sity for future MU-MIMO systems can be efficiently exploited to
obtain superior capacity and error performance.

2. SYSTEM AND SIGNAL MODEL

In this section, the system model of the conventional BD is illus-
trated. Throughout this section, it is assumed that each MS uses all
its receive antennas.

Consider a MU-MIMO system with K active users, where the
BS has N; antennas and user k£ has N,.; receive antennas. The
transmit symbol of user k is denoted by a Lj x 1 vector xj, where
Qi = E(xka) is the transmit covariance matrix, subject to sum
power constraint trace (Qx) < P. Data vector x;, is multiplied by
a Ny X Ly, precoding matrix Ty and sent to the BS antenna array.
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At receiver k, a Ny X Ly equalizer matrix Ry, lis applied at the
receive signal, and the post-processing signal is given as

K
Vi = RLHkaXk + RLHk Z Tix; + IZ{Ll’lk7
J=1,j#k

M

The additive white Gaussian noise (AWGN) is given by nj; with
E(nknL) = o21. Hy, is the N, X N; channel matrix from the
BS to the kth MS. We assume Hj, has full rank, i.e. rank (Hy) =
min (Nyx, N;) and that {Hy},_, are independent, given that K
MSs are sufficiently spaced apart. The principal idea of BD is to
find the precoding matrix T, € U (¢, Ly) and equalizer matrix
Ry €U (Nr,k, Lk), such that
RIH, T, =0, VI<k#j<K, @)

where U(n, k) denotes the set of n X k unitary matrices with ortho-
normal columns.

If (2) is satisfied, then inter-user interference is perfectly can-
celed at the BS. The received signal at MS k is

K
RLHkaXk + R;Hk Z T]'X]‘ + Rlnk
J=1,j#k

Y&

R/ H,Tix), + Rin. 3)

LetH, = [H{Ri, - H|_ Rt H] | Regr - Hj R

To satisfy the zero-interference constraint (2), precoder T should
lie in the null space of Hy, thus constraint (2) can be rewritten as

H. T, =0, 1<k<K. )
As a result, the columns of T should lie in the null space of I:IkA
To guarantee that the null space is not empty, a necessary condition

of BD is specified as follows [5, 7]:

Lemma 1 (/3, 7]) To ensure that the null space is not empty, a nec-
essary condition to perform BD is Ny > ZJ}.{:I Lj. O

Lemma 1 shows that the number of transmit antennas must be
larger than the total number of data streams to all users. If there are
large number of K users in the system, a subset of K users must
be property selected to maximize the channel capacity, where K is

uniquely determined by N; and {Ly}+_,.

3. LOW-COMPLEXITY USER AND ANTENNA
SELECTION

In this section, we introduce the joint user and antenna selection
scheme, and propose a low-complexity joint user/antenna selection
technique that can substantially reduce the complexity of finding the
optimum user/antenna set.

3.1. BD with User/Antenna Selection

In most conventional BD schemes [3, 6, 7], the number of data
streams Ly for user k, defined as the mode, is fixed. If there are
a large number of users in the system, a subset of users must be
selected to maximize the sum throughput [6].

()" denotes the complex conjugate transpose, Es (+) denotes the ex-
pectation with respect to variable s, trace (-) denotes the summation of the
diagonal element of a square matrix, || - || ¢ is the Frobenius norm, card (-)
denotes the cardinality of a set.

t

Fixing the mode L of user k is obviously a suboptimal ap-
proach. The more general BD scheme is to adaptively optimize the

mode Ly, of user k, subject to Zszl L < N, such that the sum
capacity is maximized. Adaptively selecting the mode Ly, can signif-
icantly increase the system performance by allowing a dynamic allo-
cation of the transmission resources (i.e., N; total data streams) over
the users [10]. The optimal user/mode selection is to exhaustively
search over Z]k\];1 C’f( w,. Possible user and mode combinations, and
find the one with the highest throughput. This method, however, is
extremely complicated.

A joint user/antenna selection technique was proposed in [9]. In
this scheme, each MS uses a subset of its receive antennas instead
of all the receive antennas. Therefore the problem reduces to a joint
user/antenna selection problem, where the objective is to find the
optimum set of Ly, receive antennas for user & such that

R
1
ZIOgQ [T+ PRLHkaQkTZHlRﬁ)
k=1 n
Tr € U(Ny, Li) , R € R(NT'va)’
K
0< Ly < N;, Vk; ZLkSNt,
k=1

max
Ly, Tk, Ry, Qg

Cmax =

where RV L) s the set of N, x L antenna selection matrices
formed by taking Lj columns from I,.. It is a special case of the

" joint user/mode selection, where Ry, is purposely enforced to be an

antenna selection matrix. The mode of user k is upper bounded by
Ly, and is determined by the rank of the input covariance matrix Qy,
after water-filling. Although it is naturally a suboptimal scheme, it
reduces the computational complexity for a fixed set of users and
modes. In addition, because Ry, is restricted as a special set of an-
tenna selection matrices, the amount of feedback (in number of bits)
for BS to send Ry, to user k is substantially reduced.

The straightforward user/antenna selection method is to exhaus-
tively search over all possible user/antenna combinations [9]. Be-
cause there are K users and N, antennas per user, Zf\gl C’}( N,
combinations need to be searched over, which is very complicated.

3.2. Low-Complexity User/Antenna Selection Algorithm

To avoid the computational complexity of the exhaustive search, a
low-complexity joint user/antenna selection technique is proposed
in this paper.

An intuitive interpretation of this algorithm is given as follows.
If the SNR is at medium to high range, water-filling tends to pour wa-
ter in every eigenmode. Hence for each user, the number of streams
is equal to the number of selected receive antennas. Therefore this
joint user/antenna selection problem reduces to allocating a max-
imum of N; receive antennas to a group of users. The proposed
algorithm follows an iterative allocation procedure. In each itera-
tion, the BS transmits one more data stream, and assigns it to the
best receive antenna of the best user that produces the maximum
sum throughput with the already activated antennas. This newly ac-
tivated antenna is allowed to cooperate with antennas associated with
the same MS, but not allowed to cooperate with other users. The BS
keeps adding more antennas to the system, until the number of to-
tal selected antennas reaches V¢, or if the sum throughput begins to
decrease. Therefore this algorithm needs to undergo a maximum of
N; iterations, where in each iteration no more than K N, antennas
need to be considered. As a result, the size of search space is upper
bounded by K N,.N;, which is much greatly simplified than the ex-
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. N
haustive search where _;

be searched over.

Consider K users, and let Ay and Sy, denote the index of the un-
selected and the selected antennas for MS k, where A}, and S are
subsets of {1,2,..., N, }. Let Ly = card (Sy) denote the number
of substreams (e.g., selected antennas) for user k. For example, if
N, =4 and S, = {1, 3}, it means that antenna 1 and antenna 3 of
user k are chosen to receive two substreams. Let /C denotes of the in-
dex of active users with Ly, > 1, which is a subset of { 1,2,..., f(}

t i : s
1 Ck v, possible combinations have to

1. Stage ¢ = 0: Set all antennas of all MSs inactive, by letting

Li=...=L;g =0,K=¢38 =... =8; = ¢,
A =...=A; ={1,2,...,N, },
2. Stagei = 1.

(a) Find the best antenna j of the best user ,

(k,j) = arg [l (8)
k N

where hy, ; denotes the jth row of Hy,.

(b) LetSp = S U {3}, Ag = Ag — {5}, Li = card(Sk),
K=KU{k}.

(c) Calculate Ciemp = log, det(1 + £ ||Ihy ;1|%).
3. Stage: = 2,

(a) Foreveryuserk = 1 : K, for every inactive antenna
j € A,

i. Temporarily active antenna j of MS k, by setting
Sk =8 U{j}, A = A — {5}, K = KU ({k}.

ii. Find the precoding matrix T}, for each active MS
k € K, with the channel {Hs, }keﬁ’ where Hss,
denotes the rows of Hy, indexed by Sk, i.e., the
channel associated with the selected receive an-
tennas.

iii. Perform SVD on the effective channel Hs, T,
and obtain the singglar values {)\k,l}lL:"“l, for all
selected MSs k € K. Perform water-filling over

all selected MSs {/\k,l}LL:"'l for all k € K. Find
the sum throughput Cy ;.

(b) Find the optimum antenna j and the optimum user &k
that provides the highest sum throughput

_max Crji. (9
k=1,...K, jEAL, Ap#d

(k,j) = arg

(c) If C 5 = Ciemp, we will select gntenna3 of MS E_in

this iteration. Let S = S; U {j}, Az = Az — {j},

K = KU{k}. Forall k € K, L = card(Sk). Let
i=i+1, Cemp = Cr.;-

(d) if Cf; < Cremp or Zkf{:l Li, = Ny, exit the algorithm.

4. COMPLEXITY ANALYSIS

The computational complexity of the proposed user/antenna selec-
tion algorithm is analytically compared to that of the exhaustive
user/antenna search. Complexity is measured in terms of the num-
ber of flops ¢, defined as a real floating point operation. A complex
addition and multiplication have 2 and 6 flops, respectively.

4.1. Complexity of Exhaustive User/Antenna Selection

We provide a complexity lower bound of the exhaustive search. For
a particular user/antenna combination, suppose there are totally ¢ <
N, active receive antennas, distriputed over K active users. The
flop count to calculate T from Hj, is lower bounded by 24N, +
48N? 4 54N?. The flop count to perform SVD for R H: Ty is
lower bounded by 1 (Lx=1). Water-filling over ¢ streams requires
2% + 6i flops. Therefore, flop count ¢ is lower bounded by

Ny
> Chn, (K(24N; + 48N7 + 54N} + 1) + 2 4 61)
=1

Ny .
> Y C%N,.(LNL |(24N; + 48N? + 54N?) + 2i% + 6i)

i=1 r

N5
~ O(Ficgjvr) (10

4.2. Complexity of Proposed Low-Complexity Algorithm

We provide an upper bound of the complexity of our proposed algo-
rithm.

1. ¢ = 1: Compute the Frobenius norm of hy, ; takes 4 N; flops,
1 <k < K,1<j < N,. Therefore the total flop count is
4NN, K.

2.4 = 2,...,N¢: Suppose there are ¢ < Ny active receive
antennas, distributed over K < Ny selected users. For each
selected MS k, computing T, from Hj, requires fewer than
126N flops. Computing the eigenvalues of MS & requires
fewer than 24N, N7 + 48 N2 N, + 54N flops. Water-filling
operated over the eigenmodes of the K selected MSs requires
fewer than 2Nt2 + 6N; flops. Therefore, the number of total

flops is upper bounded by
Ny
¢ < Y (KN, —i)[K(126N{ + 24N, N}
1=2

48N?ZN; + 54N}?)
+2N? + 6N,] + 4N, N, K
Nt
< D (KN.)[N:(126N7 + 24N, N7 + 48NZ N,
1=2
54N?) + 2N7 + 6Ny + AN, N, K
~ O(KN,N}) (11)

In summary, the complexity of the proposed user and antenna
scheduling algorithm is linear with the total number of users K, be-
cause no more than K N, receive antennas have to be searched in
each iteration. Exhaustive user and antenna scheduling, however,
has complexity proportional to C' 1]\3\7 . The complexity ratio of the
two methods is upper bounded by )

n< KN,N}  KN?

SN oY
Nr KN, KNy

(12)

For example, 7 is less than 4.7189 x 10~2 for a MU-MIMO sys-
tem with K = 20, N = 10, N,, = 2, therefore the computational
complexity is greatly reduced.
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5. NUMERICAL RESULTS

We compare the sum throughput of the following schemes.
e Iterative water-filling for DPC (capacity upper bound) [1]
e Round-robin algorithm for K users (no user selection)

e BD with user selection but without antenna selection [6] (ca-
pacity based, near optimal)

e BD with proposed low-complexity user/antenna selection
e BD with optimal exhaustive user/antenna selection [9]

Fig. 2 depicts the sum throughput in bit/s/Hz versus the total
number of users K, fora N; = 12, N, = 4 MU-MIMO system
and various SNR values, averaged over 2500 channel realizations.
Compared to the BD with only user selection [6], performing ad-
ditional antenna selection (i.e., optimizing the number of streams)
with our proposed algorithm can increase the sum capacity by up
to 10 bit/s/Hz, approximately a 16% throughput increase. This ca-
pacity gain is even higher compared to a round-robin BD without
any user selection, where a capacity gain as large as 20 bit/s/Hz is
achieved. The proposed low-complexity user/antenna selection al-
gorithm performs very close to the exhaustive user/antenna search,
achieving approximately 98% of the throughput gain of the brute-
force method.

6. CONCLUSIONS

A joint user/antenna selection technique for downlink multiuser MIMO
systems with BD is studied. The objective is to dynamically select

a subset of users and receive antennas, such that the sum throughput
is maximized. The optimal brute-force method is prohibitively com-
plicated. In this paper we propose a near-optimal user/antenna se-
lection algorithm, whose complexity grows on the linear scale of K.
Simulation results demonstrate that the proposed low-complexity al-
gorithm achieves approximately 98% throughput of the exhaustive
search method, with much less complexity.
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