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ABSTRACT

This paper is on beamforming in wireless relay networks with
perfect channel information at the receiver and relays. It is
assumed that every node in the network has its own power
constraint. An amplify-and-forward protocol is used. Relays
use not only the channel direction information to form a beam
at the receiver but also the channel strength information to
adaptively adjust their transmit powers. Our results show that
the optimal power used at a relay is not a binary function.
It can take any value between zero and its maximal transmit
power. Also, surprisingly, this value depends on the quality
of all other channels in addition to the relay’s own channels.

Index Terms— Wireless relay network, power control,
beamforming, amplify-and-forward

1. INTRODUCTION

It is well-known that due to the fading effect, performance
of wireless communication is much worse than that of wired
communication. For the simplest point-to-point communica-
tion system, which has only two users, one transmitter and
one receiver, using multiple antennas can improve the capac-
ity and reliability. Space-time coding and beamforming are
among the most successful techniques developed for multiple-
antenna systems during the last decades. However, in many
systems, due to the limited size and processing power, it is
not practical to implement multiple antennas especially for
small wireless mobile devices. Thus, recently, wireless net-
work communication is attracting more and more attention.
A large amount of effort has been given to improve the com-
munication by having different users in a network cooperate.
This improvement is conventionally addressed as cooperative
diversity and the techniques cooperative schemes.

Many cooperative schemes have been proposed in the lit-
erature (e.g. [3–12]). Some assume channel information at
the receiver but not the transmitter and relays, for example,
the noncoherent amplify-and-forward (AF) protocol in [4, 5]
and distributed space-time coding (DSTC) in [6]. Some as-
sume channel information at the receiving side of each trans-
mission, for example, the decode-and-forward protocol in [4,
8] and the coded-cooperation in [9]. Some assume no channel
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Fig. 1. Wireless relay network.

information at any node, for example, the differential trans-
mission schemes proposed independently in [10–12]. The co-
herent AF in [5, 7] assumes full channel information at both
relays and the receiver. But relays use the channel direction
information only to form a beam at the receiver. In all these
cooperative schemes, the relays always cooperate on their
highest powers. None of the above pioneer work allow relays
to adaptively adjust their transmit powers according to chan-
nel magnitude information, and this is exactly the concern of
this paper. Several related work can be found in [13–17].

For multiple-antenna systems, when there is no channel
information at the transmitter, space-time coding can achieve
full diversity [1]. If the transmitter has perfect or partial chan-
nel information, performance or capacity can be further im-
proved through beamforming (e.g. [2, 18, 19]). In this paper,
we show similar improvement achieved by network beam-
forming over other schemes such as best-relay selection, co-
herent AF, and DSTC in relay networks.

The paper is organized as follows. In the next section, the
relay network model and the main problem are introduced.
Section 3 works on the power control problem. We rst an-
alytically solve the power control problem of two-relay net-
works, then give a numerical solution for networks with more
relays. Simulated performance of network beamforming and
other schemes in two and three-relay networks is also shown.
Section 4 contains the conclusion.

2. PROBLEM STATEMENT

We consider a relay network with one transmit-and-receive
pair and R relays as depicted in Fig. 1. Every relay has a
single antenna which can be used for both transmission and
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reception. Denote the channel from the transmitter to the ith
relay as fi and the channel from the ith relay to the receiver
as gi. Assume that the ith relay knows fi and gi and the re-
ceiver knows all channels. The channels can have both fading
and path-loss effects. Actually, our results are valid for any
channel statistics. We assume that the power constraints at
the transmitter and the ith relay are P0 and Pi, respectively.

We use a two-step AF protocol. During the 1st step, the
transmitter sends α0

√
P0s with s the information symbol.

With the normalization, E|s|2 = 1, the average power used at
the transmitter isα2

0P0. The ith relay receives ri = α0

√
P0fis+

vi with vi the noise at the ith relay. vi is assumed to be
CN (0, 1). During the 2nd step, the ith relay sends,

ti = αi

√
Pi

1 + α2
0|fi|2P0

ejθiri.

The average transmit power of the ith relay can be calculated
to be α2

iPi. The receiver gets

x=α0

√
P0

R∑
i=1

αi

√
Pi

1 + α2
0|fi|2P0

figie
jθis

+

R∑
i=1

αi

√
Pi

1 + α2
0|fi|2P0

gie
jθivi + w. (1)

w is the noise at the receiver, which is also assumed to be
CN (0, 1). According to power constraints, 0 ≤ α0, αi ≤ 1.

Our network beamforming design problem is thus the de-
sign of θ1, · · · , θR and α0, α1, · · · , αR, such that the error
rate of the network communication is the smallest. This is
equivalent to the receive SNR maximization. From (1), we
can see that an optimal choice of the angles is θi = −(arg fi+
arg gi). Thus, match lters should be used at relays to cancel
the channel phases and form a beam at the receiver. We have

x=α0

√
P0

R∑
i=1

αi

√
Pi

1 + α2
0|fi|2P0

|figi|s

+

R∑
i=1

αi

√
Pi

1 + α2
0|fi|2P0

|gi|e−j arg fivi + w. (2)

What is left is the optimal power control, i.e., the choice of
α0, α1, . . . , αR. This is also our main contribution.

3. OPTIMAL RELAY POWER CONTROL

From (2), the instantaneous receive SNR can be calculated to
be

α0P0

(∑R

i=1 αi
|figi|

√
Pi√

1+α2

0
|fi|2P0

)2

1 +
∑R

i=1 α
2
i

|gi|2Pi

1+α2

0
|fi|2P0

.

This is an increasing function of α0. Therefore, α∗0 = 1, i.e.,
the transmitter should always use its maximal power. The
power control problem is thus:

maxα1,...,αR
ψR(α1, . . . , αR) s.t. 1 ≤ α1, . . . , αR ≤ 1,

where

ψR(α1, . . . , αR) =

P0

(∑R

i=1 αi
|figi|

√
Pi√

1+|fi|2P0

)2

1 +
∑R

i=1 α
2
i
|gi|2Pi

1+|fi|2P0

.

For networks with two relays, the following algorithm solves
this problem.

Algorithm 1.

1. De ne α′1 =
|f1|
√

1+|f1|2P0

|g1|
√

P1

√
1+|f2|2P0

|f2g2|
√

P2

(
1 + |g2|2P2

1+|f2|2P0

)
and α′2 =

|f2|
√

1+|f2|2P0

|g2|
√

P2

√
1+|f1|2P0

|f1g1|
√

P1

(
1 + |g1|2P1

1+|f1|2P0

)
.

Calculate SNR1 = ψ2(1,min {1, α′2}) and SNR2 =
ψ2(min {1, α′1} , 1).

2. If SNR1 > SNR2, the optimal solution isα∗1 = 1, α∗2 =
min {1, α′2}, otherwise, α∗1 = min {1, α′1} , α∗2 = 1.

Proof. It is suf cient to prove the following items.

1. Either α∗1 = 1 or α∗2 = 1.

2. Givenα1 = 1, ψ2 achieves its maximum at min {1, α′2}.
3. Givenα2 = 1, ψ2 achieves its maximum at min {1, α′1}.

First we show that ψ2(
√
aα1,

√
aα2) is an increasing function

of a for a > 0. De neX = P0

(
α1|f1g1|

√
P1√

1+|f1|2P0

+ α2|f2g2|
√

P2√
1+|f2|2P0

)2

and Y = α2
1
|g1|2P

1+|f1|2P0

+α2
2
|g2|2P

1+|f2|2P0

. Thus, ψ2(
√
aα1,

√
aα2)

= aX/(1 + aY ) and ∂ψ2(
√
aα1,

√
aα2)/∂a = X/(1 +

aY )2 > 0. Assume that α∗1 < 1 and α∗2 < 1. Without loss of
generality, assume that α∗1 ≥ α∗2. It is obvious that α∗1 > 0.
De ne a = 1/α∗21 . We have a > 1. Therefore,

ψ2(1,
√
aα∗2) = ψ2(

√
aα∗1,

√
aα∗2) > ψ2(α

∗
1, α

∗
2).

This contradicts the assumption that (α∗1, α∗2) is optimal. Thus
the 1st item is proved.

Due to the symmetry of ψ2, we only need to prove one of
2 and 3. We prove 3 here. At α2 = 1, we can show straight-
forwardly that ∂ψ2/∂α1 = 0 ⇔ α1 = α′1. It is also easy to
show that ∂ψ2/∂α1 > 0 when α1 < α′1 and ∂ψ/∂α1 < 0
when α1 > α′1. Therefore, given that α2 = 1, ψ reaches its
maximum at α1 = min{1, α′1}.

3.1. Generalization to Networks with R Relays

In this section, we discuss the power control problem for net-
works with any relays. Denote x =

[
α1 · · · αR

]t,
where At is the transpose of A. It is easy to prove that

∂ψR/∂αj = 0 ⇔

αj = φj(x) =
|fj |
�

1 + |fj |2P0

|gj |
�
Pj

1 +
�

i�=j

α2

i |gi|
2Pi

1+|fi|2P0

�R

i�=j

αi|figi|
√

Pi√
1+|fi|2P0

.
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Also, ∂ψR/∂αj > 0 when αj < φj(x) and ∂ψR/∂αj < 0
when αj > φj(x). Thus, given α1, . . . , αj−1, αj , . . . , αR,
the optimal solution is αj = min{1, φj(x)}. We use the fol-
lowing iterative algorithm to solve these equations.

Algorithm 2.

1. Set the maximal number of iterations iter and the thresh-
old thre. Set count to be 0 and xpre to be x0, which is
the initial value of x.

2. Calculate x = min{1,Φ(xpre)}, where 1 is the vector
of all 1s and Φ =

[
φ1 · · · φR

]t.

3. Add count by 1. If count > iter or the Frobenius norm
of x−xpre is less than thre, stop, otherwise, xpre = x

and go back to Step 2.

3.2. Discussion and Simulation

It is natural to expect the relay power to undergo an on-or-
off scenario: a relay uses its maximal power if its channels
are good enough and otherwise not to cooperate. Our result
shows otherwise. The optimal power used at a relay can be
any value between zero and its maximal power. In many situ-
ations, a relay should use its partial power, whose value is de-
termined not only by its own channels but also all others. This
is because every relay has two effects on the transmission. For
one, it helps the transmission by forwarding the information,
while for the other, it harms the transmission by forwarding
noise. Its power has a non-linear effect on the powers of both
the signal and noise, which makes the optimization solution
not an on-or-off one, not a decoupled one, and, in general, not
even a differentiable function of channel coef cients.

Networks with an aggregate power constraint P on relays
were analyzed in [15]. In this case, with the same notation in
Section 2, Pi = P and

∑R

i=1 α
2
i = 1. The optimal solution is

αi=
1
c

|figi|
√

1+|fi|2P0

|fi|2P0+|gi|2P+1 , where c=
√∑R

j=1
|fjgj |2(1+|fj |2P0)

(|fj |2P0+|gj |2P+1)2 .
We can see that αi is a function of its own channels fi, gi only
and an extra coef cient c, which is the same for all relays.
Therefore, this power allocation can be done distributively at
relays with the extra knowledge of one single coef cient c,
whose value can be broadcasted by the receiver. In our case,
every relay has a separate power constraint. This is a more
practical assumption in sensor networks etc. since every sen-
sor or wireless device has its own battery power limit. The
power control solutions of the two cases are totally different.
Distributive schemes for our power control result are under
investigation.

If relay selection is used and only one relay is allowed to
cooperate, it can be proved easily that we should choose the
relay with the highest

hi = h(fi, gi) =
Pi|figi|2

1 + |fi|2P0 + |gi|2Pi

.
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Fig. 2. Performance of two-relay networks

We call h the relay-selection function. While all relays are
allowed to cooperate, the concepts of the best relay and relay-
selection function are not clear. Since the power control prob-
lem is a coupled one, it is hard to measure how much con-
tribution a relay has. It is worth mentioning that in network
beamforming, there can be more than one relay using its max-
imal power. Actually, it is not hard to see that if at one time all
channels are good, every relay should use its maximal power.

In Fig. 2, we compare simulated block error rates of net-
work beamforming to best-relay selection, Larsson’s scheme,
DSTC, and coherent AF without power control in two-relay
networks. We assume Rayleigh fading channels, i.e., fi and
gi are i.i.d. CN (0, 1). Also, P0 = Pi = P . The informa-
tion symbol s is modulated as BPSK. We can see that net-
work beamforming outperforms all other schemes. It is about
0.5dB and 5dB better than Larsson’s scheme and best-relay
selection, respectively. It is 7dB better than Alamouti DSTC,
which needs no channel information at relays. Coherent AF
with no power control (every relay uses its maximal power)
has diversity 1, the best-relay selection and DSTC have di-
versity slightly less than 2, while network beamforming and
Larsson’s scheme achieve diversity 2. Fig. 3 shows simulated
performance three-relay networks. Similar diversity results
are obtained. Network beamforming is 1.5dB and 6dB better
than Larsson’s scheme and best-relay selection, respectively.

4. CONCLUSION

In this paper, we propose the new idea of network beamform-
ing based on AF to achieve both diversity and array gain.
Unlike many previous works in cooperative diversity, in this
scheme, relays use not only the channels’ phase information
but also their magnitude. Match lters are applied at relays to
cancel the channel phase effect and form a coherent beam at
the receiver, in the meanwhile, optimal power control is per-
formed based on the channel magnitude to decide the relay
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powers. Analytical result is obtained for two-relay networks
and an iterative numerical method is provided for networks
with more relays. Our results show that the power used at a
relay depends on not only its own channels nonlinearly but
also all other channels in the network. In general, it is not
even a differentiable function of channel coef cients. Simu-
lation with Rayleigh fading channels show that this scheme
achieves the maximal diversity while AF without power con-
trol only achieves diversity 1. Compared to the best-relay-
selection scheme, network beamforming is about 5-6dB bet-
ter. We should note that only AF is considered here. For
decode-and-forward, the result may be different.
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