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ABSTRACT

We present a closed-form solution for blind multi-input multi-
output orthogonal frequency division multiplexing (MIMO-
OFDM ) channel estimation driven by colored sources with
unknown statistics. The uniqueness of the solution is proved
by exploiting the inherent structural relationship of the source
and received signal autocorrelation matrices. Computer ex-
periments results are presented to illustrate the performance
of the proposed algorithm.

Index Terms— Blind channel estimation, MIMO-OFDM,
colored source

1. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM) is one
of the most promising physical layer technologies for high
data rate wireless communications due to its robustness to
frequency selective fading, high spectral effciency, and low
computational complexity. OFDM can be used in conjunction
with a Multiple-Input Multiple-Output (MIMO) transceiver to
increase the diversity gain and/or the system capacity by ex-
ploiting spatial domain. [1, 2]

Blind channel estimation for MIMO-OFDM system has
been a very active area of research in recent years. A subspace
channel estimation algorithm by exploiting the cyclostation-
arity of MIMO-OFDM channel outputs is presented in [1].
A blind subspace algorithm with the assistance of redundant
linear precoding is proposed in [3]. In [4, 5], the virtual sub-
carriers are exploited to estimate the MIMO-OFDM channel.
However, both the precoding redundancy and the virtual sub-
carriers impair the bandwidth ef ciency.

In this paper, we proposed a novel closed-form solution
for blind estimation of MIMO-OFDM channels driven by col-
ored source with unknown sources. We further exploited the
inherent properties of the autocorrelation matrices of the re-
ceived data blocks. A few lemmas are introduced to prove the
uniqueness of the solution to the estimation criterion function.

Fig. 1. MIMO-OFDM System Block Diagram

2. SYSTEM MODEL

Consider the MIMO-OFDM system shown in Fig. 1, which
is equipped with NT and NR transmit and receive antennas
respectively. De ne the ith block of symbols to be transmitted
before OFDM modulation as

s(i) �
[
s
T (0, i), · · · , s

T (M − 1, i)
]T

∈ CMNT×1 (1)

where s(m, i) ∈ CNT×1 denote the symbols modulating the
mth subcarrier, and M is the number of subcarriers. In fact,
the source symbols may be colored with known or unknown
statistics. For example, colored sources arise in the preceded
OFDM [6], where the precoding matrices are known a prior or
not. In particular, we consider the latter case. In OFDM, each
source symbol block is sent to an IFFT unit, and appended
with the cyclic pre x of lengthMg . The corresponding out-
put can be expressed as

u(i) = Fcps(i) ∈ CPNT×1 (2)

where P = M + Mg, and

Fcp �

([
0Mg×(M−Mg) IMg

IM

]
⊗ INT

)(
F
H
M ⊗ INT

)
(3)

where FM is the M × M FFT matrix, ID denotes the D × D

identity matrix, 0D denotes the D × D zero matrix, and ⊗
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denotes the Kronecker product [9]. Consequently, the mod-
ulated symbols are transmitted through FIR channels. Let
h(r,t)[l], (t = 1, · · · , NT , r = 1, · · · , NR, l = 1, · · · , L) de-
note the time domain channel impulse response between the
(t, r)th transiver pair, where L is the maximum channel order.
Then the ith block of received signal can be expressed as

x(i) = H0u(i) + H1u(i − 1) + v(i) (4)

where v(i) is the ith block of AWGN noise, H0 and H1 are
(M+Mg)NR×(M+Mg)NT block triangular Toeplitz matrices
constructed by [hT [0], · · · ,hT [L]]T and [hT [0], · · · ,hT [L]]T re-
spectively [2], while h[l] (l = 0, · · · , L) is de ned by

h[l] �

⎡
⎢⎣

h(1,1)[l] · · · h(1,NT )[l]
...

. . .
...

h(NR,1)[l] · · · h(NR,NT )[l]

⎤
⎥⎦ ∈ CNR×NT (5)

We adopt the following basic assumptions: 1) the channel
h(z) is irreducible. 2) The maximum channel order is known
a priori. 3) Source signal is zero mean, wide sense station-
ary colored with unknown statistics. 4) Additive noise are
spatially and temporally white, and they are statistically inde-
pendent of the source. Our objective is to estimate the chan-
nel impulse response by utilizing the second-order statistics
of the observed output data.

3. PROPOSED CHANNEL ESTIMATION METHOD

De ne the source autocorrelation matrix with block delay lag
k as

Rs[k] � E{s(i)sH(i − k)} (6)

where we assume that RX[0] is of full rank. Thus, from (2),
(4), and the assumption that the noise is independent from
the the source signal, then the autocorrelation matrix of the
received signal blocks with block delay lag k can be expressed
as

Rx[k] � E{x(i)xH(i − k)}

= H0FcpRs[k]F
H
cpH

H
0 + H1FcpRs[k]F

H
cpH

H
1

+H0FcpRs[k + 1]FH
cpH

H
1

+H1FcpRs[k − 1]FH
cpH

H
0 + Rv[k] (7)

where Rv[k] is noise autocorrelation matrix, which can be
expressed as follows:

Rv[k] =

{
σ2vIPNR k = 0
0PNR k = ±1,±2, · · ·

(8)

where σ2
v is the noise level. Next, we will exploit the struc-

tures of the autocorrelation matrices of the received signals to
estimate the channel. De ne:

Rx[k] =
k∑

j=−k

Rx[j] Rs[k] �
k∑

j=−k

Rs[j] (9)

Substitute to (7), we have

Rx[k] =
k∑

j=−k

[
H0FcpRs[j]F

H
cpH

H
0 + H1FcpRs[j]F

H
cpH

H
1

+H0FcpRs[j + 1]FH
cpH

H
1

+H1FcpRs[j − 1]FH
cpH

H
0

]
+ σ

2
vIPNR

= (H0 + H1)FcpRs[k − 1]FH
cp(H0 + H1)

H

+Φk + σ
2
vIPNR (10)

where

Φk = H0FcpRx[k + 1]FH
cpH

H
1 + H1FcpRx[−k − 1]FH

cpH
H
0

+H0FcpRs[k]F
H
cp(H0 + H1)

H

+(H0 + H1)FcpRx[−k]FH
cpH

H
0 (11)

Without lose of generality, we can assume that the source sig-
nal block are correlated only within the lag k � K, where
K = 0, 1, 2, · · · , or in other words, Rx[k] = Rx[−k] = 0, for
k > K. Under this assumption, and let k = K + 1, then we
have

ΦK+1 = 0

and (10) can be rewritten as

Rx[K + 1] = (H0 + H1)FcpRs[K]FH
cp(H0 + H1)

H

+ΦK+1 + σ
2
vIPNR

= H̃FcpRs[K]FH
cpH̃

H + σ
2
vIPNR (12)

where we de ne H̃ � H0 + H1 ∈ CPNR×PNT , which is a
block circulant matrix, and can be written as:

H̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h[0] 0 · · · 0 h[L] · · · h[1]

h[1]
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . h[L]

h[L]
. . .

. . .
. . . 0

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0

0 · · · 0 h[L] · · · h[1] h[0]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(13)

Next, we will derive the proposed blind channel estima-
tion method by exploiting the properties ofRx[K+1]. In order
to do this, we rst introduce three lemmas.

Lemma 1: Given the channel matrix h[z] is irreducible,
and H̃ de ned by (13), then H̃Fcp is of full column rank.

Proof : According to the property of block circulant the
matrix, H̃ can be written as

H̃ =
(
F
H
P ⊗ INR

)
H

(
F
H
P ⊗ INT

)
(14)

where H is the block diagonal matrix, with the block diagonal
submatrices being the frequency domain channel responses.
Given the channel matrix h[z] is irreducible, then H must be
full column rank [2]. Since both

(
FH
P ⊗ INR

)
and

(
FH
P ⊗ INT

)
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are of full rank, then H̃ must be of full column rank. The proof
ends here. �

Lemma 2: Given a[l] and â[l] (l = 0, · · · , L) are m × n

full column rank matrices, Ã and ˆ̃
A are the Tm×Tn (T � L)

block circulant matrices with the same structure of H̃, but

constructed from a[l] and â[l] respectively. If span(Ã)=span( ˆ̃A),
then there exits am× n invertible matrix Q, such that

â[l] = a[l]Q, l = 0, · · · , L (15)

Proof : Denote F � FH
T ⊗ In, which is obviously full rank.

Consequently, we have

span(H̃) = span( ˆ̃
H) ⇔ span(H̃F) = span( ˆ̃

HF) (16)

It is easy to verify that (16) is achieved if and only if there
exists a Tn× Tn invertible matrix B such that

ˆ̃
AF = ÃFB ⇔ ˆ̃

A = ÃFBF
H (17)

Since ˆ̃
A and Ã are both block circulant matrices, then FBFH

must be also a block circulant matrix, which leads to the result
that B is block diagonal. We denote the n×n block diagonal
entries of B being bt, where t = 0, · · · , T − 1, and substitute
to (16), we have

b0 = b1 = · · · = bT−1 (18)

Thus â[l] = a[l]Q, where Q = b0. �

Lemma 3: Given span(H̃Fcp)=span( ˆ̃HFcp), then their ex-
ists an invertible matrix Q such that

ĥ[l] = h[l]Q, l = 0, · · · , L (19)

Proof : Since the rst MgNT rows of Fcp is the repeating
of the last MgNT rows of FHM ⊗ INT , then

H̃Fcp = H̃
′(FH

M ⊗ INT ), ˆ̃
HFcp = ˆ̃

H
′(FH

M ⊗ INT )(20)

where H̃′ is constructed by removing the rstMgNT columns
of H̃, and adding them to the last MgNT columns of the re-

sulted matrix. It can be veri ed that span(H̃Fcp)=span( ˆ̃HFcp)
if and only if there exists an invertible matrixB such that

H̃
′(FH

M ⊗ INT ) = ˆ̃
H
′(FH

M ⊗ INT )B (21)

Note that the matrices H̃′′ and ˆ̃
H′′ containing the lastMNT

rows of H̃′ and ˆ̃
H′ respectively are also block circulant, and

from (21), H̃′′(FHM⊗INT ) = ˆ̃
H′′(FHM⊗INT )B. Thus by in-

voking Lemma 2, it can be concluded that (19) is true. �
Now, recall (10), it can be veri ed that the smallest eigen-

value of matrix Rx[K + 1] is σ2v , and there are q = PNR −
MNT co-orthogonal eigenvectors corresponding to the small-
est eigenvalue. These eigenvectors are denoted by βi (i =
0, · · · , q − 1). Based on a simple mathematical derivation
used in the standard subspace method [8], we know that

βHi H̃ = 0, i = 0, · · · , q − 1 (22)

or equivalently,

H̃Hβi = 0, i = 0, · · · , q − 1 (23)

By dividing the vector βi into blocks as

βi =
[
β
T
i [M − 1], · · · , β

T
i [0]

]T
(24)

where βTi [m], (m = 0, · · · ,M − 1) are NR × 1 vectors. It is
not dif cult to verify that the circulant convolution of (22) is
equivalent to the following equation:

G̃ih = 0 i = 0, · · · , q − 1 (25)

where G̃i is the truncated block circulant matrix constructed
by βi, i.e.

G̃i =

⎡
⎢⎢⎢⎢⎢⎣

βTi [0] βTi [1] · · · βTi [L]
βTi [1] βTi [2] · · · βTi [L+ 1]
...

...
. . .

...
βTi [P − 1] βTi [P ] · · · βTi [L− 2]
βTi [P ] βTi [0] · · · βTi [L− 1]

⎤
⎥⎥⎥⎥⎥⎦

(26)

and h = [hT [0], · · · ,hT [L]]T . Therefore, h can be obtained
by the following criterion:

ĥ = arg min
‖h‖=1

q−1∑
i=0

‖G̃ih‖
2 (27)

which is equivalent to obtain the NT eigenvectors of G̃HG̃,
corresponding to the smallest eigenvalue, where

G̃ �
[
G̃
T
0 , · · · , G̃

T
q−1

]T
(28)

Since we have the constraint ‖h‖2 = 1, and invoking Lemma
3, h can be estimated up to an unitary ambiguity matrix Q.

In this section, we have proposed a closed-form solution
to blind MIMO-OFDM channel estimation problem by ex-
ploiting the inherent properties of the autocorrelation matri-
ces of the received symbol blocks with different block lags.
To achieve the the proposed estimation method, we have as-
sumed that the source correlation matrix with block lag k is 0

when k > K. In most of the situations, it is reasonable to as-
sume that the upper boundK is fairly small, because the stack
memory could not be too large. For example, in a very pop-
ular precoded OFDM system [6], every two blocks of source
symbols are grouped and precoded, i.e. K = 1. In [7], pre-
coding is processed in one OFDM block, hence K = 0. In
these cases, the computational cost of our proposed algorithm
is not high, since the correlation matrices to be calculated is
not too much. However, it is still possible that K is large. In
such case, we can propose an approximation method to avoid
the high computational cost. But due to the space limit, this
can not be discussed in this paper.
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4. SIMULATION RESULTS

We now present simulation results to illustrate the perfor-
mance of our proposed algorithm. The simulated OFDM sys-
tem is modeled containing 64 subcarriers, i.e. M = 64.
Each OFDM frame consists of 68 symbols including the CP
of length 4, i.e. Mg = 4. Every 2 blocks of source data
are grouped and precoded, using the optimized precoder pro-
posed in [6], which means K = 1. The system is equipped
with 2 transmit antennas and 2 receive antennas, and the chan-
nel model used is a 3-tap FIR lter with tap coef cients inde-
pendently chosen from a white Gaussian process. As a com-
parison, we also simulate the subspace based algorithm that
exploits the cyclostationarity of the output data, which is pro-
posed in [1].

To evaluate the channel estimation error, we employed the
normalized-root-mean-square-error (NRMSE), which is de-
ned as

NRMSE =

√√√√ 1

NRNTNM

NR∑
j=1

NT∑
i=1

NM∑
t=1

‖ Ĥ
(t)
ji −Hji ‖2

‖ Hji ‖2
(29)

where NM is the number of Monte Carlo runs for each chan-
nel realization. Ĥ(t)

ji is the estimation of channelHji from the
tth run. We simulate 30 channel realizations, each for 100
Monte Carlo runs.

Fig.2 illustrate the NRMSE as a function of SNR, where
300 symbol blocks are collected to compute the correlation
matrices. Fig.3 illustrate the NRMSE as a function of num-
ber of observation symobl blocks (NoS), under the condition
that SNR being 20 dB. This gure indicates that our proposed
method is more sensitive to the number of observation data
blocks.

5. CONCLUSION

In this paper, we present a new second order statistics based
method that admits a closed-form solution for blind MIMO-
OFDM channel estimation driven by colored source with un-
known statistics. The uniqueness of the solution is proved by
exploiting the inherent properties of the correlation matrices
of the received data block with different block lags. In face,
our method still works even if the source signals are white.
Simulation results show that our proposed algorithm achieves
better performance than the subspace method proposed in [1]
if the observation window is big enough.
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