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ABSTRACT

The problem of maximizing the spectral ef ciency of an OFDMA
broadcast channel is considered under the practical restriction of sin-
gle antenna terminals. Given a total transmit power constraint and
(possibly) different per-user quality of service (QoS) requirements, a
subcarrier assignment and joint power and rate allocation algorithm
is proposed to maximize a weighted sum of the users’ rates (assum-
ing continuous values for the rates). The proposed solution, which
turns out to be a simple rate water lling, is very exible since it
can accommodate different scheduling criteria by tuning the users’
weights involved in the maximization procedure. The output of the
algorithm is quantized so as to restrict the rates to be practical values
of squared QAMmodulations. For small-sized systems, the compar-
ison of the proposed algorithm with the optimal but impractical brute
force search is possible and the results show excellent performance
at a much lower complexity load.

Index Terms— Adaptive loading, broadcast channels, orthogo-
nal frequency division multiple-access (OFDMA), MIMO systems

1. INTRODUCTION

Among the different issues that must be considered in the downlink
channel of future wireless cellular networks, one challenging pro-
blem is the ef cient use of the network resources (power, bandwidth,
antennas) to achieve higher spectral ef ciencies while guaranteeing
a target quality of service (QoS), possibly differentiated, to the users
of the cell. When channel state information is available at the base
station (BS), the resource allocation (RA) policy can be adapted to
match the instantaneous network conditions hence achieving higher
spectral ef ciencies than in the static allocation case.

In the medium to long-term horizon, ongoing standards such
as IEEE 802.11 and IEEE 802.16 but also current proposals for
3GPP LTE are likely to provide a solution to that problem within
the MIMO framework in conjunction with a multicarrier approach
based on OFDM, OFDMA. OFDMA is an appealing modulation
and multiple-access technique due to its ef cient implementation
and capability for dealing with frequency-selective channels. Since
the bandwidth is discretized, the RA algorithm reduces to assign-
ing users to subcarriers with some power and rate. In each of the
parallel vector channels, MIMO techniques can be used to mitigate
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multi-user interference and/or boost the achievable rates by means
of spatial multiplexing. In a realistic scenario (the current and near-
future situation), however, the BS is equipped with more than one
antenna, whereas most of the user terminals remain as simple as po-
ssible and use one antenna only.

Linear beamformers [1] can be used in this setting, but their
performance becomes unacceptable when the channel matrix is ill-
conditioned. In this situation, the required transmit power for a given
set of QoS constraints becomes extremely large and hence they can-
not be satis ed. On the other hand, some of the existing highly ef -
cient non-linear precoders such as vector-perturbation precoding [2]
or lattice-reduction methods [3] either require sophisticated receivers
or their performance cannot be analytically predicted, or both. Zero-
forcing Tomlinson-Harashima precoding (ZF-THP) [4][5], a one-
dimensional implementation of the dirty-paper coding concept [6]
for the broadcast channel, is a non-linear precoding technique that
encompasses the best of both (linear and non-linear) worlds: rst,
its performance can be explicitly predicted; second, it retains the
signi cant superior performance of non-linear precoding with very
simple receivers. This work focuses on the dithered version of ZF-
THP, whose main advantage is an accurate prediction of the actual
transmit power.

In this paper, we address the problem of maximizing a weighted
sum of the users’s rates (WSRmax problem), given a total transmit
power constraint and (possibly) differentiated QoS requirements, for
an OFDMA downlink (broadcast) channel with dithered ZF-THP.
The QoS requirements are in the form of a maximum symbol error
rate (SER), and can vary for each user. The WSRmax problem is
of practical interest from a network operator’s point of view since it
can be directly applied to the output of any scheduler that computes
the weighting factors according to a QoS criterion; examples being
the stabilization of the transmission queues or the proportional fair
scheduler. Hence, once the users’ priorities are given, the RA algo-
rithm tries to get the best out of the current network state.

This paper is organized as follows. In Section 2 we describe
the system model and state the WSRmax problem. Section 3 then
reviews dithered ZF-THP, the transmit precoding technique chosen
to multiplex users in space. In Section 4, an algorithmic solution to
theWSRmax problem is proposed. The performance of the proposed
algorithm is compared to a brute force search in Section 5. Finally,
Section 6 concludes the paper.

2. SYSTEMMODEL AND PROBLEM STATEMENT

We consider a BS equipped with nT antennas and total transmit
power PT serving K users at a given time slot. At the BS, the
bandwidth is partitioned into Nc subcarriers via OFDM. We do not
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restrict K to any value, and, in general, it will be greater than nT .
However, for the sake of facilitating the signal detection at the user
terminals, only a maximum of L = min{nT , K} users will be as-
signed to the same subcarrier. Variables in subindexes will index
users, while variables inside brackets will index subcarriers. Let
U [n] = {k1, . . . , kL}, be the ordered set of users to which the BS
will transmit on subcarrier n. After OFDM modulation and demod-
ulation, the signal model for that subcarrier is

y[n] = H[n]x[n] +w[n], (1)

where y[n] = [yk1 [n] . . . ykL [n]]
T ∈ C

L×1 is the received signal
at the mobile terminals,H[n] = [hk1 [n] . . .hkL [n]]

T ∈ C
L×nT is

the channel matrix, hki [n] ∈ C
nT ×1 is the channel vector of the i-th

user allocated in subcarrier n, x[n] ∈ C
nT ×1 is the transmitted vec-

tor, and w[n] ∈ C
L×1 is the noise vector, with uncorrelated entries

drawn CN (0, σ2ki
), 1 ≤ i ≤ L. The vector x[n] bears the infor-

mation symbols {sk1 [n], sk2 [n], . . . , skL [n]}, each one uniformly
drawn from a squareMki [n]-QAM constellation thus yielding a rate
of Rki [n] = log2(Mki [n]) [bit/ ch.use] for user ki at subcarrier
n. The transmission of ski [n] consumes a power pki [n], such that
E{‖x[n]‖2} = ∑L

i=1 pki [n].
If k ∈ U [n], the k-th user terminal estimates the symbol sk[n]

from its output yk[n], incurring in a SER denoted by SERk[n]which
is decreasing in pk[n] and increasing inRk[n], and whose expression
depends on the precoding technique. We denote by SER0k the target
QoS for user k. Since the SER of non-linear precoders depends on
the user encoding order within the subcarrier, we considered ordered
sets to describe the subcarrier assignment.

The WSRmax problem is the maximization of a weighted sum
of the users’ rates satisfying the QoS and transmit power constraints,
for some non-negative weights {μk}Kk=1 given by the scheduler.

maximize
{pk[n],Rk[n],U[n]}

K∑
k=1

μk
∑

n:k∈U[n]
Rk[n] (2)

subject to SERk[n] ≤ SER0k, ∀n : k ∈ U [n]
pk[n], 0 ≤ Rk[n] ≤ Rmax, ∀n : k ∈ U [n]
K∑
k=1

∑
n:k∈Uk[n]

pk[n] ≤ PT

Practical systems employ square QAM modulations of rate R ∈
R = {0, 2, 4, . . . , Rmax}withRmax an even integer (R = 0mean-
ing no transmission. We denote byRk =

∑
n:k∈U[n]Rk[n] the total

rate of user k. The maximization in (2) is with respect to the power
allocation, the bit loading, and the ordered subcarrier assignment.
Out of these, obtaining the optimal subcarrier assignment is a com-
binatorial problem whose solution follows from a prohibitive com-
plete search among all the possible assignments. Instead, in Section
4 we propose a heuristic but tractable method for building the sets
{U [n]}Nc

n=1 whose performance is analyzed in Section 5.

3. DITHERED ZF-THP

In this Section we derive the expression of SERk[n] as a function
of pk[n] and Rk[n] of dithered ZF-THP. Without loss of generality,
we focus on one speci c subcarrier for which U [n] = {1, 2, . . . , L}.
The subcarrier index will be dropped for the sake of clarity.

Consider the transmission of {s1, . . . , sL} through the channel
(1). After QR decomposition of the channel matrix,H = GQ with

G lower triangular and Q unitary, we linearly precode the vector x
as x = QHx′. Hence, the per-user input-output expressions are

yk = gkkx
′
k +

∑
j<k

gkjx
′
j + wk, (3)

where the notation gij = [G]i,j has been used. In dithered ZF-THP
the components x′

k are chosen according to the expression

x′
k = (sk − αk

∑
j<k

gkj
gkk

x′
j − uk) mod ρk, 1 ≤ k ≤ L, (4)

where x mod ρk is the unique representation of each component of
x inside the fundamental interval [−ρk/2, ρk/2). The symbol sk
belongs to an Mk-QAM square constellation with symbol spacing
2dk =

√
3pk/2Mk and ρk = 2

√
Mkdk in order to t the entire

constellation inside. The dither [6] uk is a random variable, a priori
known by the BS and the k-th user terminal, drawn uniform inside
the fundamental region [−ρk/2, ρk/2) + j[−ρk/2, ρk/2). It pro-
vides x′

k with a uniform statistic regardless of the values of the pre-
canceled symbols and, hence, its power is accurately E{|x′

k|2} =
pk. Existing works in the literature [4][5] not considering dithering
rely on the fact that x′

k tends asymptotically (as k′ goes large) to
a uniform distribution, and that the actual power E{|x′

k|2} without
dither is bounded within two bounds that meet whenMk is large [7].
However, practical systems with sharp transmit power constraints
cannot rely on asymptotical results and hence dithering is necessary
in order to predict the actual power budget consumption.

The receiver, which is assumed to have full channel knowledge,
computes the symbol estimate ŝk = (αkyk/gkk + uk) mod ρk,
which can be shown to be equal in distribution [8, Lemma 1] to

ŝk = (sk + zk) mod ρk, (5)

where zk equals (1 − αk)uk + αkwk/gkk in distribution. Then,
the parameter αk can be optimized to minimize the power σ2zk

=

E{|zk|2} of the equivalent noise. Its optimal value is α�k = pk(pk+
σ2k/|gkk|2)−1 which yields an equivalent noise power of

σ2zk
=

pk
pk + σ2k/|gkk|2

σ2k/|gkk|2 < σ2k/|gkk|2. (6)

After a worst-case Gaussian approximation of zk, the SER achieved
by dithered ZF-THP is

SERk = 1− (1− 2Q(
√
2dk/σzk))

2 ≈ 4Q(
√
2dk/σzk)

= 4Q
(√

3(ckpk + 1)2−Rk

)
, (7)

where Q(x)�
∫ +∞
x

1√
2π

e−t
2/2dt is the Q-function, the equivalent

squared channel is ck = |gkk|2/σ2k, andMk = 2Rk has been used.
Since ck depends on gkk via QR decomposition ofH, which is sen-
sitive to the ordering of its rows, the subcarrier assignment of Section
4 will have to deal not only with the mapping of users to subcarriers
but also with the ordering of users within a subcarrier.

4. PROPOSED RESOURCE ALLOCATION ALGORITHM

The proposed RA algorithm is structured in three stages. First, the
heuristic subcarrier assignment (construction of the sets U [n]); se-
cond, the solution of the WSRmax problem with respect to {pk[n]}
and {Rk[n]} assuming that {Rk[n]} are continuous variables; third,
the quantization of the RA so as to constrain {Rk[n]} to take on even
integer values yielding proper square QAM constellations.

III  78



4.1. Subcarrier assignment algorithm

In order to take advantage of the multiuser gain when K � nT ,
we propose to select the users of subcarrier n based on the channel
energiesEk[n] = ‖hk[n]‖2 and user priorities. This way, users with
small priorities will not be (on average) assigned more subcarriers
than others with larger μ’s and hence the power will be ef ciently
used. The description of the algorithm is as follows.

Algorithm Subcarrier assignment
1. Compute the channel energies {Ek[n]}, ∀k, n.
2. for n ← 1 to Nc

3. Select the L users with highest product μkEk[n].
4. Form the ordered set U [n] = {k1, . . . , kL} such that

Ek1 [n] ≥ Ek2 [n] ≥ . . . ≥ EkL [n].
5. Form the channel matrixH[n]with proper row ordering,

do QR decomposition and compute ck[n], k ∈ U [n].
Usually (ifH[n] is i.i.d. complex Gaussian and the user ordering is
random) E{|gkk[n]|2} is highly decreasing in k [9]: users allocated
rst experience (on average) much better channel conditions. Since
we impose fairness in step 3 by taking into account the user prio-
rities to perform subcarrier-wise user selection, in step 4 we use an
ordering based on decreasing energies so that those users with larger
energies can bene t from better channel conditions.

4.2. Continuous power and rate allocation

When the SER constraints in (2) are rephrased using expression (7),
we obtain after some algebra the following set of simpler equations

log2(ck[n]pk[n] + 1)− Rk[n]− γ(SER0k) ≥ 0, ∀n : k ∈ U [n],

where γ(SER0k)�log2
((Q−1(SER0k/4)

)2
/3

)
is a constant, andQ−1

is the inverse Q-function. Then, the WSRmax problem becomes

maximize
{pk[n],Rk[n]}

K∑
k=1

μk
∑

n:k∈U[n]
Rk[n] (8)

subject to log2(ck[n]pk[n] + 1)− Rk[n]− γ(SER0k)≥0 (9)
pk[n] ≥ 0, 0 ≤ Rk[n] ≤ Rmax (10)
K∑
k=1

∑
n:k∈U[n]

pk[n] ≤ PT (11)

The constraints (9)(10) apply for n : k ∈ U [n] (otherwise pk[n] =
Rk[n] = 0). The upper bound in (10) accounts for the maximum
modulation order allowed in the system. On the other hand, (9) only
has to be considered in caseRk[n] > 0, otherwise setting pk[n] = 0.
If we de ne the sets Sk of cardinality sk, 1 ≤ k ≤ K, as

Sk = {n : k ∈ U [n] , Rk[n] > 0}, sk = |Sk|, (12)

optimization over the sets {Sk} into (8) is also necessary in order not
to allocate any power in case of zero rate. Again, to avoid combina-
toric search we resort to a heuristic construction of {Sk} embedded
into the algorithm. For some xed {Sk}, the problem at hand is con-
vex. By computing the KKT conditions of (8) it can be veri ed that
the optimal rate and power of user k at some subcarrier n ∈ Sk has
the clipped rate water lling structure (see [10] for the details)

Rk[n] = min
{
log2

(μk
θ

ck[n]
)
− γ(SER0k), Rmax

}
(13)

pk[n] = (2Rk[n]+γ(SER
0
k) − 1)/ck[n], (14)

where θ has to be chosen to satisfy the power constraint (11) with
equality. If we de ne Ck as the set of clipped subcarriers of user k,

Ck = {n ∈ Sk : Rk[n] = Rmax} ⊆ Sk, ck = |Ck|, (15)

the parameter θ can be explicitly computed as

θ=

∑K
k=1 μk(sk − ck)

PT +
K∑
k=1

( ∑
n∈Sk

c−1k [n]− 2Rmax+γ(SER
0
k
)
∑
n∈Ck

c−1k [n]
) , (16)

and the allocation algorithm is as follows.

Algorithm Joint power and rate allocation
1. Set Sk = {n : k ∈ U [n]}, Ck = ∅, sk = |Sk|, ck = 0 ∀k.
2. Compute the waterlevel θ (16).
3. repeat
4. Compute the rate allocation (13) for n ∈ Sk \ Ck, ∀k.
5. for all (k, n) such that Rk[n] equals Rmax

6. Update Ck = Ck ∪ n, ck = ck + 1 and go to 4.
7. if Rk[n] < 0 for some n ∈ Sk, 1 ≤ k ≤ K
8. Set (k′, n′) = argmin

k,n
Rk[n].

9. Update Sk′ = Sk′ \ n′, sk′ = sk′ − 1.
10. Set Rk′ [n

′] = pk′ [n
′] = 0 and Ck = ∅, ck = 0 ∀k.

11. until Rk[n] > 0 ∀n ∈ Sk, 1 ≤ k ≤ K.
12. Compute the power allocation (14) ∀n ∈ Sk, ∀k.

This algorithm ends up with an optimal rate and power allocation
for the nal {Sk}, but we cannot guarantee that these sets are the
optimal ones.

4.3. Quantization of the resource allocation

Given a set R of feasible values for the rates, denote by Rq
k[n] =

q(Rk[n],R) the projection ofRk[n] ontoR by the nearest neighbor
criterion (a regular slicer) and by pqk[n] the updated power allocation
(according to (14]) but set pqk[n] = 0 if Rq

k[n] = 0). Denote by
P =

∑K
k=1

∑
n:k∈U[n] p

q
k[n] the total transmit power of the quan-

tized rate allocation. For a given value of rateR ∈ R of the k-th user
at the n-th subcarrier, de ne Δ+k [n] as the extra power required to
increaseR in 2 bits per symbol (calculated using (14) and set to+∞
in case R = Rmax), and de ne Δ−

k [n] as the extra power obtained
when R is decreased in 2 bits per symbol (set to 0 in case R = 0).

Algorithm Rate and power quantization
1. if P < PT
2. repeat (k′, n′) = arg min

k,n : P+Δ+
k
[n]≤PT

Δ+k [n]/μk

3. Set Rq
k′ [n

′] = Rq
k′ [n

′] + 2, P = P +Δ+k′ [n
′], and

update (pqk′ [n
′],Δ+k′ [n

′],Δ−
k′ [n

′]).
4. until P +Δk[n] > PT ∀n, k.
5. else
6. repeat (k′, n′) = arg max

k,n : Δ−
k
[n]>0

Δ−
k [n]/μk

7. Set Rq
k′ [n

′] = Rq
k′ [n

′]− 2, P = P −Δ−
k′ [n

′], and
update (pqk′ [n

′],Δ+k′ [n
′],Δ−

k′ [n
′]).

8. until P ≤ PT

If there is spare power after quantization, the rates of users with
large priorities or small power demands to increase their rate are
increased. If we need to cut down power instead, we decrease the
rates of those users with lowest priorities or very large power returns
if their rate is reduced.
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Fig. 1. Total spectral ef ciency C [bit/s/Hz] as a function of PT /Nc

[dB] forK = 2 users, and Nc = 1 (red), 2 (blue), 3 (green), and 63
(black) subcarriers. Dashed lines represent exhaustive search, while
solid lines represent the proposed algorithm.

5. PERFORMANCE EVALUATION

The performance of the proposed RA algorithm has been evaluated
in terms of (1) total spectral ef ciency C = (

∑
k Rk)/Nc (where

{Rk} are the solution of the WSRmax problem with μk = 1/K) in
Figure 1; and (2) achievable spectral ef ciency region, the achieved
points (R1, R2, . . . , RK)/Nc for different user priorities, in Figure
2. A fair benchmarking of the proposed algorithm has been pro-
vided through the comparison with a brute force algorithm selecting
the subcarrier assignment, rate and power allocation maximizing the
WSRmax objective value after an exhaustive search.

For the simulations, 103 Montecarlo runs were averaged. In
each of them, the channels were i.i.d. randomly generated according
to a zero-mean circularly symmetric complex Gaussian distribution
of unit power, and nT = 2. The noise powers σ2k = 1, and the SER
constraints SER0k = 10−3 ∀k. The set of feasible rate values was
R = {0, 2, 4, 6, 8} [bit/symbol].

With respect to the C curve showed in Figure 1, the proposed al-
gorithm and the brute force benchmark behave indistinguishably for
moderate to large values of PT ; for large values of PT the difference
is less than 0.25 dB at PT /Nc = 30 dB. On the other hand, we can
observe in Figure 2 that the difference of the spectral ef ciency re-
gion achieved by the proposed algorithm and the exhaustive search is
negligible when the priorities are highly unbalanced. When the prio-
rities are similar, the relative difference between both regions tends
to decrease as Nc increases.

6. CONCLUSIONS

We have proposed an algorithm for weighted sum rate maximiza-
tion based on subcarrier assignment, and power and rate loading
across subcarriers for an OFDMA downlink channel with dithered
ZF-THP non-linear precoders and single-antenna users. The algo-
rithm, whose structure is based on a clipped rate water lling solu-
tion, is able to perform close to the optimal exhaustive search allo-
cation at a complexity load several orders of magnitude below.
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Fig. 2. Achievable spectral ef ciency region [bit/s/Hz] for PT /Nc =
20 [dB], K = 2 users, and Nc = 1 (circles), 2 (squares), 3 (trian-
gles), and 63 (no marker) subcarriers. Dash-dot lines represent ex-
haustive search, while solid lines represent the proposed algorithm.
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