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ABSTRACT

This paper presents a fast algorithm for joint estimation of the az-
imuth and elevation angles, and frequencies of the incoming sig-
nals using a hierarchical space-time decomposition (HSTD) tech-
nique. Based on the HSTD, the proposed algorithm makes use of a
sequence of one-dimensional (1-D) Unitary Estimation of Signal Pa-
rameters via Rotational Invariance Techniques (ESPRIT) algorithms
to estimate these parameters alternatively in a hierarchical tree struc-
ture. Also, in between every other 1-D Unitary ESPRIT, a temporal
filtering process or a spatial beamforming process is invoked to par-
tition the signals into finer groups to enhance the estimation accu-
racy and to alleviate the contaminated noise. Furthermore, the pair-
ing of these parameters is automatically determined. Simulation re-
sults show that the new algorithm provides satisfactory performance
but with drastically reduced computations compared with previous
works. Simulation results show that the new algorithm provides
satisfactory performance but with drastically reduced computations
compared with previous works.

Index Terms— 2-D DOA Estimation, array signal processing,
multidimensional signal processing.

1. INTRODUCTION

Joint estimation of azimuth and elevation angles, and carrier fre-
quencies of multiple sources is of importance in wireless commu-
nications. For example, these parameters can be applied to locating
the mobiles and to allocating pilot tones in space division multiple
access systems [1]. Also, a precise estimation of these parameters is
helpful in obtaining a better channel estimate and thus enhances the
system performance. Therefore, joint estimation of these parameters
has received lots of attention recently.

Various higher-dimensional subspace based algorithms such as
MUItiple Slgnal Classification (MUSIC) [2] or ESPRIT [3]-based
algorithms have been reported to jointly estimate these three pa-
rameters. The latter are in particular computationally attractive, as
they are free of higher-dimensional search on the azimuth-elevation-
frequency plane. For example, Haardt ef al. [1] addressed a 3-
D unitary-ESPRIT to estimate these three parameters by extending
the computationally efficient 1-D Unitary ESPRIT to 3-D scenar-
ios. Strobach [4] incorporated a total least squares phased averaging
method in the 3-D ESPRIT for signal subspace estimates to increase
the estimation accuracy. Despite the effectiveness of [1, 4], they
call for high computational overhead due to higher-dimensional data
stacking and eigendecomposition. On the other hand, an efficient
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ESPRIT algorithm was recently considered in [5], which, however,
needs a special antenna array geometry.

In order to yield high estimation accuracy with low computa-
tional complexity, this paper proposes an HSTD-based algorithm for
joint estimation of the azimuth and elevation angles, and frequen-
cies of the incoming signals. The essence of the proposed algo-
rithm lies in a succinct combination of the parameter estimation and
temporal filtering/spatial beamforming processes, in which the pa-
rameters are estimated alternatively in a hierarchical tree structure.
More specifically, the proposed algorithm makes use of a sequence
of 1-D Unitary ESPRIT algorithms to estimate these parameters in a
coarse-fine manner. In addition, to enhance the estimation accuracy,
in between every other 1-D ESPRIT algorithm, a temporal filtering
process or a spatial beamforming process is invoked to partition the
incoming signals into finer groups. Based on such an HSTD tech-
nique, not only the estimation accuracy is enhanced, but the pairing
of these parameters is automatically achieved without extra compu-
tations. Simulation results show that the new algorithm provides
satisfactory performance but with drastically reduced computations
compared with previous works.

2. SIGNAL MODEL

Consider a uniform rectangular array (URA) with M x N omni-
directional antennas. Assume that there are K uncorrelated narrow-
band sources {si(t)}, each of which is carried by the frequency f%,
impinging on the URA, where each antenna is followed by a tapped
delay line with L time delay elements of delay 7', as shown in Fig.1.

By sampling the output of each antenna at a rate fs = 1/7%,
the observed signal at time ¢ at the I*" delay element output of the
(m, n)*" antenna element can be expressed as

K
Tt (1) = Zsk(t)[e*j%(Algl,m)ukefj%(NQ_l,n)vk
k=1
iom( L=l ,
.e g2 ( 2 l)fka]'i'nmnl(t); (1)
where up = msinngk cosO and v, = Msinq&k sin 0y, in
c c 4

which ¢y and 0 are the elevation and azimuth angles of the kth
signal, respectively, ¢ is the wave propagation speed, and d is the
antenna spacing which is equal to half of the wavelength. 7,5, (t)
denotes the white noise with power o2 at the I*" delay element of the
(m,n)*" antenna. Note that for the employment of the Unitary ES-
PRIT, the reference point is set at the center of the URA and, without
loss of generality, M N, and L are all assumed to be even.
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3. PROPOSED FAST ALGORITHM

The proposed algorithm begins with the estimation of the frequen-
cies of the incoming signals, as in general we have more temporal
data to render a precise frequency estimate. To achieve this, we first
construct X 7 (t) by stacking . (t) as

Xp(t) = X703 (01X (@), Xy ()] @)
where x5, (t) = [Tmn1(t), s Zmnr ()], m=1,...,M,n =
1,...,N. Based on (1), it can be readily shown that

Xp(t) = > se(t)gr(vi @ up)’ + Ny(t) ©)

—jemiFlpr, M-
b

-2 ET IR T T gy =27
, Vi=le N’;l”k;~~,ej2"¥“k}T,and®de-
note the Kronecker product [6]. N f(¢) is constructed by {nmni(t)}
in the same way as X ¢ (¢) from {@mn:(¢)} given in (2).

We then consider the fiequency covariance matrix of Xy (t),
Ry 2 i E[X s ()X (t)], with ()" being the Hermitian oper-
atin. Based on (3), Ry can be shown as

where g, = [e
. M—-1
27

e ,6J 2

uk]T —j2m

R; = GAG" 4421 @)

where we have the fact that (v ® uk)T(Vk ®ug)* = MN [6],
and that the noise 7, (t) is white and independent with the im-
ping signals. G = [g1,...,gk] is the frequency signature matrix
and A = E[S(t)S¥(t)], in which S(t) = diag{s:1(t),..., sx(t)}.
Note that Ry and G share the same column space and thus the 1-D
Unitary ESPRIT can be employed to estimate the frequencies.
However, the Unitary ESPRIT can not well resolve closely spaced

parameters [ 7], as the related signature matrix tends to be ill-conditioned.

To overcome this setback, we employ the HSTD technique [8, 9] to
partition the signals into smaller groups based on the resolvable car-
rier frequencies estimated above before proceeding to estimate v and
v. To achieve this, suppose that after carrying out the 1-D Unitary
ESPRIT with respect to R s, we obtain a set of frequency estimates,
say, { fi,.., fq}, where ¢ is the number of resolvable frequencies,
we construct a set of temporal projection matrices Py, given by
Py =

i I-Gi(GG) "G/ ®)
fori = 1,...,q, where G; = [&1,...,8i—1,8i+1,---,8q¢]. We
then use these projection matrices to obtain a set of filtered data ma-
trices Xy, (t) = Py, Xf(t),7 = 1,--- , g, which, based on the data

model in (3), can be re-written as

Xy (1) 2> si(0)8is(viy @ uiy)T + P Ng(t)  (6)
j=1

where 7; is the number of signals in the i*" group, g; ; = P, gi.;.
Note that the incoming sources except those in the 5*" group will be
approximately annihilated by such a temporal filtering process. and
that the filtered data matrix only contains signals whose frequencies
are close to f; but with diverse (u,v)’s.

Next, in order to estimate u by using the 1-D Unitary ESPRIT
with the filtered data matrix, we partition Xy, (¢) into a set of L x M
sub-block matrices and then rebuild them into X, (t) as

X, (t) = [Xp (01 M) Xy (0, (N—1)M A1 - NM)T]

(N

1
7 Uk

Based on (7), it can be readily shown that X, (¢) renders

T

X (8) 2 05 (i (Viy @ 8iy) T + Ny (1) ®)

j=1

where N, (¢) is constructed by P s, N £(¢) in the same way as X, (¢)
from Xy, (¢) in (7), whose covariance matrix is given by

E[N,, ()N (1)) = 071 ©
where o; = ===, which implies that the noise components in
here 07 = £=Zt1 which implies that the noi p i

N, (t) remains white and that the noise power is reduced after the
temporal filtering process.

Next, we compute the covariance matrices of X,,;, Ry = ﬁ
E[X., (t)X¥ (t)]. Based on (8), it can be shown that
R,, = UA U + 07 1 (10)

where we have used the fact that (v;; ® ;)7 (vi; ® ;)" =
LN.U; = [u;,1, ..., Wi,r,] is the signature matrix of u; ; and A; =
E[S;SF], in which S; = diag{si(t), ..., sir (t)}. Carrying out
the 1-D unitary ESPRIT, we can get a set of estimates of u, say,
Ui g, 1 =1,2,...,q, 7 = 1,2,..., p;, where p; is the number of u’s
resolvable in the i*" group. Thereafter, we use these estimates to
construct a set of spatial projection matrices given by

Py, =1-0.,(000.,) 0 (11
fori = 17 .. .7q,j = 17 c ey Py and I_Ji,j = [fli,l fli,j71 fli,ijl
... U3,p,]. Pre-multiplying data X, (t) by P, ; yields a set of finer

group of data as

Zi,j

Xy (02D 5050 05,0(Vigt © Bigt)” + P, N, ; (1) (12)
=1

where z; ; is the number of signals in the 4" subgroup of the "
group and U; ;1 = Py, ;u; ;. Note that the incoming sources,
except those in the (7, )" groups, will be approximately eliminated
by Pu, ;-

Note that the incoming signals in the (i, )" subgroup, which
possess close u components (close to u;,;), will have diverse v’s. As
such, the v components for the signals in each subgroup can be well
resolved. To estimate v, we partition and re-stack the filtered matrix
Xul j (t) by

X, () = [vec(Xui’j(t)(:,l:L)T)E~~~E~~~E

vee(Xu, , (1)(:, (N = 1)L +1: NL)T }T(B)

where vec(-) denotes vector stacking operation [6]. Based on (13),
it can be shown that X, , (¢) renders

Zi,5

X, (1) 2D 5050tV (igr @ Biga)” + Nu, ()

=1

(14)

where N, ; (t) is obtained from P, ; N, , (¢) in the same way as

Xy, ; (1) from Xy, ; (t) in (13). Next, we determine the covariance

. A
matrix of X, ,, Ru, ; = 57 E[Xu, (t)Xfm ()] Based on (14),
it can be shown that

R, , = Vi A,V 4+ 071 (15)

Vi,j
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2 (L—g+1)(M—p;+1 .
where 02 = U=tHIMpit) 52 v, — [y, v, s

the signature matrix of viji, and A;; = E[S;;SF], in which
Si; = diag{sij1(t), ., 8ij,z ,;(t)}. Along the same line as
above, the 1-D Unitary ESPRIT can be applied to estimate v.

Note that the f’s and u’s estimated above are rather rough when
these parameters are closely spaced. Consequently, we can get a
more precise estimate of f’s and w’s by carrying out the 1-D Uni-
tary ESPRIT again based on the finer groups of data. For this, we
construct another set of spatial projection matrices given by

Py, =1-Vi; (Vi Vi)'V, (16)

where vi,j,l = [Vij1 -
multiply X
=P,

Vi g1

Vigi—1Vijit+1 - Vij,z; ], and then pre-
; (t) by the projection matrix P v, ;.1 torender Xy, ()
X, ; (t), which will annihilate the i 1mp1ng1ng signals those
do not belong to the (i, §,1)*"
matrix can be expressed as

subgroup. Based on (13), the new data

Xo,  (8) 2 8050tV (Wi g0 @ 8iga)' + N, (6) (17

where v, j; = Py, Vi, and Nl-’li,j,i(t) =Py, ; Nu, (t). Fora
more accurate estimation of f, we partition X,  , (¢) into M N x L
sub-block matrices and stack them as

Xuy®) = Jvee (Ko, (OG1:L)7 i
S
vee (Xu,,, (8)(:s (M = 1)L +1: ML)) ]
= 50O (Viga ® Biga)” + Nu,;,(8) (18)
where Ny, ;,(t) is obtained from N, ,,(t) in the same way as
) from X, ;1 (t) in (18). Next, we partition the data matrix

;4. (t) into N M "% L sub-block matrices and stack them as

[ X, G150

Xy, (0 (N =)L +1:NL) |

Xfi,j,z(t)

14

$i1()8ij1(Viga @ Tign)’ + Ny, (t) (19)

Note that g; ;; in (19) does not possess Vandermonde struc-
ture. To overcome this setback, we utilize the fact that g; ;,; (T, j, ®
¥:,5.1)T belongs to the subspace spanned by the normalized eigen-
vector ey, ., associate with the largest eigenvalue of covariance ma-
v EXy,;, (0)XE | (8)]. There-
fore, (I — efm’le?iijl)Pf,l.,gwyl(uw,l ® VZ,M) = 0. g;,;, be-
longs to the subspace spanned by the Denote 2y, ., = I — (I —
ef, €5, )P and Giji = [Gi gi ], itcan be shown that

trix Ry, ;,, where Ry, ., =

Gi;1(G/,Gi ) G, (20)

[—] _
=fign T

Note that G, ;,; retains the Vandermonde structure and shares the
same column space as By, ; ,, so the 1-D Unitary F-ESPRIT can
be utilized and we can get more precise estimates of f’s. Similarly,
working with X, il results in more precise estimates of u; j,;’s.

To sum up, the overall steps of the proposed tree-structured 1-D
Unitary ESPRIT based algorithm can be summarized as follows:
Step 1: (Rough F requency Estlmatlon) Estimate the covariance
matrix Ry = o vec S5 Xy (ts)XF (ts), where S is the number
of snapshots, and then invoke the 1-D Unitary ESPRIT to yield a set
of group frequency estimates {fl, . fq}, where ¢ is the number of
resolvable frequencies.

Step 2: (Temporal Filtering) Employ {f1, ..., f,} to construct the
projection matrix P, by (5) and then use Py, to obtain the filtered
data matrix Xy, (t) = Py, Xy(t), i=1,...,q
Step 3: (Rough Estimation of ) Stack the data X¢, (¢), i = 1, ..., ¢,
based on (6) and then estimate the covariance matrix f{ui = ﬁ
25:1 X, (ts) X (ts). Thereafter, use the 1-D Unitary ESPRIT to
estimate the u’s, {@1,1, . . .,1,p1 5 - -»Uq,1, - - -lq,p, }» Where p;, 1 =
1, ..., g, is the number of u’s resolvable in the i*" group.
Step 4: (Spatial Beamforming (I)) Employ {#1,1} obtained above
to construct the projection matrix P, ; by (11) and then use P“i., ;
to obtain the filtered data matrix Xul S) = Py, Xy, (t), i =
17"'7q7 .7 = 1aap’t
Step 5: (Estimation of v) Re-stack data X, ;(t) based on (13)
to form X, ; () and then use X, ; (t) to estimate the covariance
matrix R, , = <7 20, X, , (ts)X{: (ts). Thereafter, use
the 1-D Unitary ESPRIT to estimate the v’s to get {0; ;.1 }.
Step 6: (Spatial Beamforming (II)) Employ {©;,;,:} to construct
the projection matrices P, ;, as given in (16), then use P, i
to obtain filtered data matrix Xv, @) = Py Xy, (), 1 =
1,...,q,5=1,...,p5, L =1,...,2;.
Step 7: (Precise v and Frequency Estimation) Partition and re-
stack X, ;, (t5) as (18) and (19) to obtain X, ; , (ts) and Xy, ., (ts),
respectively. Estimate the covariance matrix R, Figl = snﬁ ZSS 1
X, (t)XE #,.;.1 (ts), and utilize the normalized eigenvector &, ; ,
corresponding to the largest eigenvalue and the projection matrix
Py toform Sy, ., = I — (I~ efm_lef”l)Pfl Use the 1-D
Unitary ESPRIT to obtain precise frequency estimates from Z. Fol-
lowing the above procedures based on X, ; ,(ts) renders precise
estimates of u. Note that since every subgroup in this step only
contains one signal, the pairing process is automatically achieved.
F1nally, we can obtain the estimate of elevation and azimuth angles,
d=sin"! <& u2+v2and9—tan*12

Note that the number of groups, ¢, the number of signals in
each group, p;, and the number of signals in each subgroup, z;,;
are known or have been perfectly estimated, say by the AIC or MDL
criterion addressed in [10]. Based on the above steps, the total num-
ber of real multiplications required by the proposed algorithm is then
about ALM NSK (L+M+N) if we assume that S > M,N,L >
K.

4. SIMULATIONS AND DISCUSSIONS

Some simulations are conducted in this section to assess the pro-
posed approach. Assume that there are K = 4 users, and they are
received by a6 x 6 (M = N = 6) element URA which spaced a
half wavelength apart, where each antenna is followed by a tapped
line with L = 12 delay elements and the sampling frequency is
fs = 400 MHz. The azimuth and elevation angles of the users are
[63,29,75,63]° and [23, 44, 46, 13]°, respectively, with the center
frequencies [100, 103, 103,180] MHz. S = 200 symbols are em-
ployed to estimate the temporal and spatial covariances. For each
specific SNR, 200 Monte Carlo trials are carried out. The compari-
son of the root-mean-square-error (RMSE) of frequencies, elevation
and azimuth angles based on the proposed algorithm and [1] and [4]
is shown in Figs. 2, 3 and 4, respectively, where the Cramer-Rao
lower bound (CRLB) is also provided for reference.

We can note from Figs. 2-4 that the proposed algorithm pro-
duces close performance as the algorithms in [1, 4] in all of the
estimates. Meanwhile, [1] and [4] need to stack the data to si-
multaneously estimate these parameters and thus roughly require
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(65 + 2MNL)M?>N?L? and (85 + $MNL + 34K)M*N>L?
real multiplications, respectively, which are far more computation-
ally expensive than the proposed algorithm. In contrast, the proposed
algorithm only involves 1-D unitary ESPRIT and thus the computa-
tional overhead is substantially reduced.
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Fig. 1. Uniform rectangular array with tapped delay lines

IT- 1064

Frequency

T
—©- Proposed
—+

RMSE(MHz)

Fig. 2. Comparison of frequency estimates

T
—©- Proposed
—+ 1]

—— [4]

— - CRLB

RMSE(degree)

4 6 8 10 12 14 16 18 20 22 24

RMSE(degree)

aw

L L L L L L L L L L
4 6 8 10 12 14 16 18 20 22 24
SNR

Fig. 4. Comparison of azimuth angle estimates.



