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ABSTRACT
In this paper, the principle of nding the optimized coef cient set
of integer fast Fourier transform (IntFFT) is introduced. IntFFT has
been regarded as an approximation of original FFT since it utilizes
lifting scheme (LS) and decomposes the complex multiplication of
twiddle factor into three lifting steps. Based on the observation of
the quantization loss model of lifting operations, we can select an
optimized coef cient set and achieve better signal-to-quantization-
noise ratio (SQNR). A mixed-radix 128-point FFT is used to
compare the SQNR performance between IntFFT and other FFT
implementations. A xed-point simulation environment with the
presence of additive white Gaussian noise (AWGN) channel is also
constructed for comparison purposes.

Index Terms— Fast Fourier Transform, Integer FFT, Quantiza-
tion Loss Analysis

I. INTRODUCTION

The fast Fourier transform (FFT) plays a signi cant role in
orthogonal frequency division multiplexing (OFDM) systems
such as wireless LAN (802.11 a/g), multi-band OFDM (MB-
OFDM), digital audio broadcasting (DAB) and digital video
broadcasting (DVB-T, DVB-H). Considering the actual hardware
implementation, the accuracy of FFT/IFFT module is an important
design factor of system performance. In practice, xed-point
arithmetic is used to implement FFT in hardware because it is not
possible to keep in nite resolution of coef cients and operations.
All coef cients and input signals have to be presented with
nite number of bits in binary format depending on the tradeoff

between the hardware cost (memory usage) and the accuracy of
output signals. Besides the direct implementation of the complex
multiplier, the numerical decomposition [1], coordinate digital
computer (CORDIC) algorithm and IntFFT [2] are also utilized
for the design of FFT architecture and have different advantages.
For example, the numerical decomposition consists of only three
multiplications and three additions with one additional coef cient
look-up table. CORDIC algorithm rewrites the conventional
complex multiplication with a series of angle rotations. It is
particularly useful when no multiplier unit is available. During
the past decade, lifting factorization has been developed as a
useful tool for the construction of wavelets [3]. In [2], the idea
of lifting scheme is further applied to compute the non-trivial
complex multiplication where the original operation is expressed
as three lifting steps. Therefore, it is interesting to analyze the
performance comparison between these four implementations of
complex multiplier in terms of SQNR.

This work is supported by Texas Instruments Inc.

The rest of this paper is organized as follows. In section II,
different implementations of complex multiplier are reviewed. In
section III, the quantization loss of LS-based complex multiplier
and numerical decomposition are derived. The selection criteria
of optimized lifting coef cient set and its advantages are also
presented. In section IV, the xed-point simulation of all complex
multipliers is illustrated. Finally we conclude this work in section V.

II. PRELIMINARY WORK

Given an input sequence x(n), the N-point discrete Fourier
transform (DFT) is de ned as

X(k) =

N−1∑
n=0

x(n) · Wnk
N , k = 0, 1, ..., N − 1. (1)

where n is the time index, k is the frequency index, and the twiddle
factor Wnk

N is de ned as

Wnk
N = exp(

−2jπnk

N
) = cos(

2πnk

N
) − j · sin(2πnk

N
). (2)

In order to reduce the arithmetic complexity as well as hardware
cost, the main idea of all FFT algorithms is to extract as many
twiddle factors as possible. Several FFT algorithms have been
proposed including radix-2 [4], radix-4 [5], radix-22 [6], and split
radix [7] FFT. Regardless of which FFT algorithm is adopted,
the complex multiplier can be realized by different approaches.
Numerical decomposition rewrites the complex multiplication using
three real multiplications and three additions. Let t = c + js
be a complex number with magnitude one (i.e. |t| = 1), and
x = xr + jxi. Then the real part and the imaginary part can be
written as Eq. (3) and Eq. (4) respectively. Both c + s and c − s
are assumed to be pre-calculated.

cxr − sxi = xr(c − s) + s(xr − xi) (3)

cxi + sxr = xi(c+ s) + s(xr − xi). (4)

The CORDIC algorithm is a hardware friendly method to calcu-
late trigonometric functions. Its basic idea is to calculate the angle
rotation as a series of smaller incremental rotations. Therefore, the
desired rotation angle, Θ, is decomposed into a set of pre-de ned
elementary angles as:

Θ =

Nc−1∑
n=0

μnan + ε, (5)

where Nc is the number of elementary angles, μi ∈ {1,−1} is
used to indicate the direction of angle rotations, ai is the ith
elementary angle, and ε is the difference between the real angle
and the approximated angle. The CORDIC algorithm has been
extended and utilized for FFT implementations to perform complex
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Fig. 1. Represent original twiddle factors as three lifting steps.

multiplications with only additions and shifts. By calculating the
product of all cosine values in advance, each iteration only involves
one addition and one subtraction. In other words, the complex
multiplication is represented as

y = [xr xi]

Nc∏
n

[
cos an sin an

− sin an cos an

]

= (

Nc∏
n

cos an)

︸ ︷︷ ︸
pre−calculated

[xr xi]

Nc∏
n

[
1 tan an

− tan an 1

]
.

(6)

From the viewpoint of hardware design, the advantage of CORDIC
FFT is that only additions and shifts are required. It also leads
to smaller hardware cost for ASIC designs because no general
multiplier is needed. However, it inevitably degrades the output
accuracy since it is an approximation of the original complex
multiplication due to the presence of angle difference, ε.

IntFFT [2] is an integer-to-integer mapping transform in which
the wavelet transform concept of lifting scheme is utilized to FFT
algorithms. If we represent the complex multiplication of twiddle
factors in a matrix form as:

tx = (cxr − sxi) + j(cxi + sxr)

=
[
1 j
] [c −s
s c

] [
xr
xi

]
=
[
1 j
]
R

[
xr
xi

]
(7)

Furthermore, the R matrix shown in Eq. (7) can be decomposed
into three lifting steps [3].

R =

[
c −s
s c

]
=

[
1 c−1

s

0 1

] [
1 0
s 1

] [
1 c−1

s

0 1

]
(8)

In this equation, s and c represent sin θ and cos θ respectively,
where θ is the angle of twiddle factor as de ned in Eq. (2). As a
result, the original complex multiplications of multiplying twiddle
factors can be represented in lifting scheme form as shown in Fig.
1. Notice that when the angle of the twiddle factor, θn, is small, the
value of lifting coef cients in the above decomposition may become
very large. Different decompositions of lifting scheme are derived
to avoid this problem [2]. As listed in table I, four possible different
types of lifting decompositions can be used interchangeably.

Table I. Four equivalent decompositions of lifting scheme.
Type (a) Type (b) Type (c) Type (d)

P Pa =
c−s
s

Pb =
c+1
s

Pc =
s−1
c

Pd =
s+1
c

Q Qa = s Qb = −s Qc = c Qd = −c

x +

- x +

x +

+

+

e0

e1

e2

c-s

c+s

s
xr

xi

yr

yi

Fig. 2. The quantization loss model of the numerical decomposi-
tion.

III. OPTIMIZED SET OF LIFTING COEFFICIENTS

III-A. Quantization Loss Model

The additive noise model of quantization loss is widely adopted
to measure the effect of the xed length operations in digital signal
processing systems [5]. The quantized product can be expressed
as the sum of unquantized product and an uniformly-distributed
additive quantization noise, e. For the numerical decomposition
as expressed in Eq. (3) and Eq. (4), the equivalent quantization
loss model is depicted in Fig. 2. Without loss of generality, we
assume there is no loss from the pre-calculated coef cients, c+ s
and c − s. All the quantization noise sources, ei, are statistically
independent and have the same variance δ2. De ne Y = Yr + jYi
as the original output and Q(Y ) as the quantized output, the mean
square error (MSE) of numerical decomposition is expressed as in
Eq. (9). Similarly, the MSE of direct implementation can also be
simply derived as 4σ2.

EN [|Q(Y ) − Y |2] = E[|(e0 + e1) + j(e2 + e1)|2]
= E[e20] + 2E[e21] + E[e22] = 4σ2 (9)

The equivalent quantization loss model of LS-based complex
multiplier is illustrated in Fig. 3. The lifting coef cients P [n] and
Q[n] are generated from corresponding twiddle factors, where both
P [n] and Q[n] are real-valued discrete functions, and n is the
index of twiddle factors. Again, we assume all the noise sources
are independent and uniformly distributed with variance σ2. The
overall variance of the quantization loss is a function of P [n] and
can be expressed as Eq. (10) [8]. As we can see, the MSE of LS-
based complex multiplier depends on the selected P [n] coef cients.
Recall from section II that four equivalent decompositions of lifting
scheme can be used alternatively. It is possible to reduce the
quantization loss by choosing proper P [n] coef cients.

III-B. Periodicity of Lifting Coef cients

Since lifting coef cients are the functions of sinusoids, we use
the periodicity property of sinusoids to present lifting coef cients

II ­ 110



ELS [|Q(Y ) − Y |2] = E[[(1 + p[n]q[n])e1 + p[n]e2 + e3]
2 + (q[n]e1 + e2)

2] = [(
cos(ωn) − 1

sin(ωn)
)2 + 3] · σ2 = (p[n]2 + 3)σ2 (10)
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Fig. 3. The equivalent quantization loss model of LS-based complex
multiplier.
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Fig. 4. The optimized coef cient set. −a and ã indicate sign reverse
and index reverse respectively.

with a smaller set. For example, if N
8
< n < N

4
, Pd[n] and Qd[n]

can be represented by Pa[n] and Qa[n] as follows:

Pd[
N

4
− n] =

sin(− 2π
N

(N
4

− n)) + 1

cos(− 2π
N

(N
4

− n))
= Pa[n] (11)

Qd[
N

4
− n] = − cos(−2π

N
(
N

4
− n)) = Qa[n], (12)

Therefore, the polar plane can be partitioned into 8 sub-regions. Fig.
4 shows the mapping diagram of each decomposition in different
sub-regions. All the other decompositions can be represented by
Type (a). For instance, the non-trivial twiddle factors used in the
rst multiplier stage of 128-point radix-4 DIF FFT is mapped into

Type (a) as shown in table II. Combining the idea of coef cient se-
lection from section III.A, the criteria of choosing lifting coef cient
must ful ll two conditions:

1) The dynamic range of selected coef cients should be smaller
to keep lower MSE.

2) The selected coef cient set must be able to cover all other
sub-regions.

Although the selection of coef cient set is not unique, it is
convenient to choose the rst sixteen pairs of Pa and Qa as
the optimized coef cient set. The theoretical MSE performance
comparison of different schemes is shown in Fig. 5. It is obvious
that the LS-based complex multiplier with optimized coef cient set
has the smallest MSE compared to the other methods.

Table II. The mapping of non-trivial multiplications into the
optimized set.

Original Index Original Type Mapped Index Mapped Type

1 (a) 1 (a)

2 (a) 2 (a)

17 (d) 15 (a)

18 (d) 14 (a)

49 (b) 15 (a)

50 (b) 14 (a)

97 (c) 1 (a)

98 (c) 2 (a)

· · · · · · · · · · · ·

20 40 60 80 100 120
2

3

4

5

6

7

8

Index (n)

T
he

or
et

ic
al

 M
S

E
 (

σ2 )

MSE Comparison of Complex Multipliers for 128 pt FFT

Type (a)
Type (b)
Type (c)
Type (d)
Optimized Set
Direct/Numerical

Fig. 5. MSE comparison chart of different complex multiplier
implementations.

IV. SIMULATION RESULTS

IV-A. Quantitive Simulation

The theoretical performance evaluation of each FFT implemen-
tation has been given in previous works. James [9] derived the
xed-point MSE analysis of quantization loss for mixed-radix

FFT algorithms with conventional complex multipliers. Perlow and
Denk [10] proposed an error propagation model to estimate the
performance of nite wordlength FFT architecture. Park and Cho
[11] also used a propagation model to derive the error analysis
for CORDIC implementations. The comparison of a vector rotation
example has been addressed in table V of [12], which shows that the
direct implementation outperforms CORDIC algorithm. In this pa-
per, all four kinds of FFT implementations are simulated with xed-
point operations. A mixed-radix 128-point IFFT/FFT with different
decomposition schemes is implemented to quantitively compare
their SQNR performance. FxpFFT, NumFFT and CORFFT stand
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Fig. 6. SQNR comparisons of IFFT output with QPSK signal input.

IFFT
(floating-point)

AWGN 
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Fig. 7. Fixed-point simulation with AWGN channel.

for direct implementation, numerical decomposition and CORDIC
algorithm respectively. The experiment setup is as follows. First,
xed-point IFFT is performed with random QPSK signals. 1,000

trials are made for each IFFT. The wordlength of coef cients and
the number of iterations used in the CORDIC algorithm is set to 12
and 14. The wordlength of internal variables is swept from 8 bits
to 18 bits. As shown in Fig. 6, SQNR of IntFFT with optimized
coef cient set has better SQNR performance than others.

IV-B. AWGN Environment

The performance comparison is also experimented with AWGN
channel. As shown in Fig. 7, oating-point IFFT with QPSK
signals is performed as golden reference. The transformed output
is transmitted over an AWGN channel and then fed into different
xed-point FFT implementations. As seen from the simulation

results of Fig. 8, IntFFT can yield comparative performance even
when noisy channel is present.

V. CONCLUSIONS

In this work, the IntFFT with optimized coef cient set is pro-
posed and quantitively compared to other popular FFT implemen-
tations. The advantage of using the selected coef cient set are
twofold: First, it utilizes the periodicity of lifting coef cients so
as to reduce the size of coef cient ROM since only N

8
coef cients

are enough to represent all twiddle factors. Second, it also leads
to better accuracy because the MSE with optimized coef cient
set is lower. Based on the quantitive simulation results of Fig. 6,
IntFFT with optimized coef cient set has better SQNR performance
compared to other implementations. Besides, the simulation results
show that the SQNR of CORDIC-based FFT is lower than the
others when the number of iterations is set to the same as the
wordlength of coef cients.
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