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ABSTRACT

This paper presents a method for on-line simulation of 2D
resonators with reduced direction-dependent frequency error.
The use of a compact implicit nite difference (FD) technique
is proposed to reduce the dispersion error remarkably. In par-
ticular, a computationally ef cient method that allows solving
2D implicit problems with a set of three-diagonal equations,
namely the alternating direction implicit is discussed. Ef -
cient equation factorisation together with optimally matched
free parameters allows more accurate simulation for wider
frequency ranges. With the use of this technique, the disper-
sion error is limited to 1.1%within the bandwidth up to half of
the Nyquist frequency. The compact implicit scheme is com-
pared to compact explicit FD schemes in terms of numerical
dispersion error, membrane impulse response, and computa-
tional cost.

Index Terms— Acoustic propagation, acoustic signal pro-
cessing, nite difference methods, FDTD methods, waveg-
uides

1. INTRODUCTION

Simulation of vibrating systems such as membranes and plates
requires numerically solving the two-dimensional wave equa-
tion, for which nite difference methods can be used [1].
These methods are also suited for three-dimensional room
auralisation purposes [2]. In reality, the sound wave propa-
gation speed in such resonators is independent of propagation
direction. An unwanted side effect of using numerical nite
difference (FD) schemes is that they introduce a direction-
dependent dispersion error. In the original rectangular two-
dimensional digital waveguide mesh (DWG), which is math-
ematically equivalent to a compact explicit FD scheme, this
error is particularly severe in axial directions [3]. In order to
make the error of the rectangular mesh homogeneous in all
directions, interpolation techniques have been introduced [4],
which make the dispersion error nearly direction-independent
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[5]. However, a signi cant frequency-dependent dispersion
error remains. In order to compensate for the directionally in-
dependent dispersion error, Savioja and Välimäki introduced
a frequency warping technique [6], with which the remaining
maximum dispersion error of the interpolated digital waveg-
uide mesh (IDWM) is reduced to 1.2% [5]. However, the
main disadvantage of the frequency warping technique is that
pre- and post-processing has to be executed off-line, which
makes this method unsuitable for on-line applications. An on-
line frequency warping technique has been treated in [7] for a
triangular mesh, but this approach brings about the necessity
of increasing the sampling frequency and low-pass ltering of
the output signal. Another approach relies on adding a reac-
tive load to each grid point [8].
The aim of this paper is to propose the use of an FD

method with signi cantly reduced frequency error without
much increase in computational cost, which would be suitable
for on-line simulations. Consequently, such an FD method
would be applicable to interactive applications.

2. COMPACT IMPLICIT FINITE DIFFERENCE
SCHEMES

Many higher-order accuracy FD schemes are dif cult to de-
sign mainly due to ensuring stability near boundaries and low
operation count. In particular, ‘higher-order large star sys-
tems’ rely on looking at neighbouring nodes more distant from
an update point; therefore these systems are inconvenient due
to complicated update formulae near boundaries [9].
In order to reduce the numerical error, the use of a com-

pact implicit method is proposed, as it achieves the highest
order of accuracy on the smallest mesh system [9]. The com-
pact implicit approximation to the wave equation relies on
updating the node data based on both the neighbouring points
in time and space domain, as shown in Figure 1(c). This
approach is similar to space interpolation in the interpolated
digital waveguide mesh, but in this case all the nearest neigh-
bours in time domain are also included in the update formula.
Consequently, a higher accuracy can be achieved for a wider
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(c) Compact implicit FD stencil

Fig. 1. The mesh structure for: (a) a standard rectilinear scheme, (b) an interpolated rectilinear scheme and (c) a compact implicit nite
difference scheme. Black dots denote the mesh nodes taken into account in update formulae.

frequency range, relative to sampling frequency. For rectilin-
ear meshes, a general equation for the compact implicit FD
scheme approximating the wave equation can be formulated
as follows [10]

[1 + a(δ2
x + δ2

y) + a2δ2
xδ2

y]δ2
t un

l,m = λ2[(δ2
x + δ2

y)

+ bδ2
xδ2

y]un
l,m, (1)

where a and b are free parameters, λ is the Courant num-
ber determined by the sampling frequency, un

l,m is the update
variable, l andm denote spatial indexes, and n denotes a time
index for neighbouring points. The difference operators are
de ned by

δ2
xun

l,m = un
l+1,m − 2un

l,m + un
l−1,m, (2)

δ2
yun

l,m = un
l,m+1 − 2un

l,m + un
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δ2
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l,m = un+1

l,m − 2un
l,m + un−1

l,m . (4)

Example values of free parameters are given in Table 1. For
a = 0, an explicit scheme results. The standard rectilinear
scheme, which is equivalent to the digital waveguide mesh,
is obtained when both free parameters are set to zero, which
leads to the stencil illustrated in Figure 1(a). The stencil in
Figure 1(b) results with nonzero values of b; this can be ob-
tained by superimposing two standard rectilinear schemes,
one of which is rotated by 45 degrees [11]. A nearly frequency-
independent dispersion error can be achieved by setting b =
1

6
, which effectively gives the nearly isotropic scheme de-
scribed by Trefethen [11]. The interpolated digital waveguide
mesh developed by Savioja and Välimäki [6] uses the same
stencil, but the coef cients of their difference equation are
calculated using an optimisation method; this is effectively
equivalent to setting b = 0.1879.
With regard to the compact implicit FD scheme, adjusting

both scheme’s free parameters may minimise the problem of
the directional dependence of the numerical dispersion [12].
An interesting set of parameters has been proposed by Fair-
weather and Mitchell [13] as presented in Table 1, for which
fourth-order accuracy in both time and space domain is ob-
tained [9]. In comparison, compact explicit schemes can be

Par Standard Interpol. Interpol. Implicit
Rectilinear Rectilinear DWG Fair&Mitch

a 0 0 0 1−λ2

12

b 0 1

6
0.1879 1

6

Table 1. Free parameters for compact nite difference schemes.

at the most second-order accurate in both time and space do-
main. For example, this is the case for the interpolated digital
waveguide mesh.

3. ALTERNATING DIRECTION IMPLICIT METHOD

Multi-dimensional compact implicit methods approximating
the wave equation require solving a difference equation at the
advanced time level. To address this issue, alternating direc-
tion implicit (ADI) methods have been introduced [14], which
rely on solving a set of three-diagonal equations. The problem
of inverting a matrix is then reduced to a succession of many
one-dimensional problems by factorising the scheme [9]. A
computationally ef cient splitting has been proposed in [10]

(1 + aδ2
x)un+1∗

l,m =
λ2

a
[−1 + (a− b)δ2

y]un
l,m, (5)

(1 + aδ2
y)δ2

t un
l,m = un+1∗

l,m +
λ2

a
(1 + bδ2

y)un
l,m, (6)

where un
l,m is the update variable and un+1∗

l,m is an interme-
diate value. The implementation of an ADI method in two-
dimensional case consists of two following stages. Firstly,
the intermediate values are computed row by row in horizon-
tal direction according to equation (5). Next, the intermediate
values are used in computations in vertical direction accord-
ing to equation (6). In order to preserve the global accuracy,
the intermediate boundary values should be obtained explic-
itly from equation (6). Writing out the standard difference
operators in equations (5) and (6) yields the full difference
equations
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(a) Standard rectilinear mesh
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(b) Interpolated digital waveguide mesh
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(c) Compact implicit FD mesh

Fig. 2. Relative phase velocity plots for: (a) the standard rectilinear mesh, (b) the interpolated digital waveguide mesh, and (c) the compact
implicit FD scheme with optimum free parameters, as a function of the normalised wave numbers in x and y directions.
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where the respective coef cients are as follows

c = 2−
1

a
, d =

λ2(a− b)

a
, e = (2 +

1

a− b
),

f = 2a +
λ2b

a
, g = 2− 4a +

λ2

a
(1− 2b). (9)

For fast implementation of the matrix inversion, there ex-
ists an ef cient algorithm to inverse the three-diagonal sys-
tem of linear equations that arise in implicit nite difference
schemes, namely, the Thomas algorithm [15].

4. PERFORMANCE COMPARISON

4.1. Numerical dispersion error

As a measure of dispersion error, the numerical phase veloc-
ity relative to the correct velocity is used, as de ned in [12].
The comparison of the relative phase velocity for the standard
rectilinear scheme, the interpolated digital waveguide mesh
and the compact implicit scheme with optimised parameters is
presented in Figure 2. The standard rectilinear scheme suffers
from a directionally dependent dispersion error with a maxi-
mum of 5.5% in axial directions at half the Nyquist frequency
(which corresponds to β = 0.5). Figure 2(c) shows that the
dispersion error for the compact implicit FD scheme does not
exceed 1.1%, which is signi cantly better when compared to
the interpolated digital waveguide mesh, for which the max-
imum dispersion error amounts to 12%, as illustrated in Fig-
ure 2(b). The dispersion of the IDWM can be reduced to a
similarly small amount using off-line frequency warping tech-
niques.

4.2. Membrane response

In this section, a numerical simulation example of a rectan-
gular membrane with clamped edges is presented to compare
the performance of both the compact FD explicit and implicit
methods. The simulated membrane consists of a 15x15 mesh
structure with outer nodes assigned a constant value of zero.
The mesh was excited with an impulse ltered with a FIR ler
of a transfer function H(z) = 1 − z−2. An impulse was in-
jected in one corner node (2,2) and the receiver was located in
the opposite corner (14,14) of the membrane. The magnitude
of the impulse responses for the interpolated digital waveg-
uide mesh and the compact implicit FD scheme are compared
to theoretical modal frequencies in Figure 3(a) and (b), re-
spectively. With the interpolated digital waveguide mesh, the
numerical simulation brings about systematic shifts in modal
frequencies, particularly at high frequencies. In comparison,
the resonance frequencies resulting with the compact implicit
FD scheme using the parameters presented in Table 1 match
well with analytical values for a signi cantly wider frequency
range.

4.3. Computational cost

Table 2 shows, for each of the three schemes, the number of
arithmetic operations and memory access operations for each
junction at each time step. The necessity of storing values
from two previous time steps concerns all three algorithms,
and thus the number of memory locations is the same in that
regard. In comparison to explicit schemes, the increase in
the number of multiplications for compact implicit scheme is
offset by the lower number of memory access operations per
grid point.
In order to achieve a 1.1% maximum dispersion error up

to half Nyquist, as with the compact implicit FD mesh, the in-
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(a) Interpolated digital waveguide mesh

0 0.05 0.1 0.15 0.2 0.25
40

20

0

20

40

Normalized frequency

Im
pu

ls
e 

re
sp

on
se

 m
ag

ni
tu

de
 [d

B
]

(b) Compact implicit FD mesh

Fig. 3. Magnitude of the membrane impulse response for: (a) the
interpolated digital waveguide mesh without frequency warping, and
(b) the compact implicit FD mesh with optimum parameter choice.
Dashed lines denote the ideal mode frequencies of the membrane.

Sum/Sub Mult/Div Mem Acc
Standard Rectilinear 5 2 6
Interpolated DWM 9 3 10
Compact ADI 14 16 7

Table 2. Arithmetic operations and memory access operation
count.

terpolated digital waveguide mesh would require a three times
higher sample rate, which would result in a nine times denser
grid and a three times the number of samples to be computed.
Consequently, the number of arithmetic operations would in-
crease twenty seven times and nine times more memory loca-
tions would be needed. A more ef cient approach would be
to double the sample rate in a standard rectilinear simulation,
which would result in a four times denser grid and twice the
number of samples. Hence the numerical operations count
would increase eight times, and four times more memory lo-
cations would be necessary. Therefore, the compact implicit
FD technique proves to be ef cient in terms of computational
resources required for on-line simulations.

5. CONCLUSION

The compact implicit FD method with optimum parameter
choice allows remarkable reduction of the dispersion error.
The operation count of compact explicit FD schemes is lower,
but in order to achieve the same maximum dispersion error up
to half Nyquist, these schemes would have to be run with at
least twice the sample rate, which would make them com-
putationally more expensive. While the interpolated digital

waveguide mesh requires off-line processing to reduce the
dispersion error, the compact implicit scheme offers an ef-
cient method for on-line applications.
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