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ABSTRACT

Rotating machines such as diesel engines, cutting machines,
fans, etc. generate sinusoidal noise signals that may be suc-
cessfully reduced by narrowband active noise control (ANC)
systems. In this paper, performance analysis of such a typi-
cal filtered-X LMS (FXLMS) based narrowband ANC system
equipped with an online secondary path modeling subsystem
is conducted in detail. First, difference equations governing
the dynamics of the FXLMS for secondary source synthesis
and the LMS for secondary path estimation are derived in
terms of convergence of both mean and mean square. Steady-
state expressions for mean square error (MSE) as well as the
remaining noise power are then developed in closed forms.
Extensive simulations are performed to demonstrate the va-
lidity of the analytical results.

Index Terms— Narrowband active noise control, Online
secondary path modeling, Performance analysis, Convergence,
Steady-state mean square error (MSE)

1. INTRODUCTION

Rotating machines such as diesel engines, cutting machines,
fans, etc. generate noise signals that can usually be mod-
eled as sinusoidal signals in additive noise. Suppressing or
reducing the noise signals, especially their lower frequency
portion, is very important in various engineering and envi-
ronmental systems. Narrowband active noise control (ANC)
systems are designated to remove or mitigate these annoying
noise sources [1]-[7].

A large number of ANC systems have been proposed in
the literature, and some of them have been implemented in
real-life applications [3]. Usually, the finite-impulse-response
(FIR) filters adapted by a filtered-X least mean square (FXLMS)
algorithm or its variants are applied [3]. Other techniques us-
ing recursive least squares (RLS) and Kalman filtering based
algorithms have also been developed for many ANC systems
[6, 3], which generally provide better noise reduction perfor-
mance at the expense of more computational cost. In most
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ANC systems, the secondary path is assumed to be known a
prior, which is estimated in some way in advance [3]. Re-
cently, much attention has been paid to the online secondary
path modeling techniques which allow the secondary path to
be estimated in an online fashion such that the secondary path
is identified and utilized while the system is in operation [3].
The conventional narrowband ANC systems are effective
in suppressing sinusoidal noise sources in many real-life ap-
plications [3]. Fig.1 shows such a conventional ANC system
[3, 4] with online secondary modeling using auxiliary noise.
Statistical properties of this ANC system with known sec-
ondary path has been analyzed in some detail [8]. But the
same ANC system equipped with secondary path modeling
has not been investigated. Two adaptive subsystems in Fig.1,
one synthesizing the secondary source and the other estimat-
ing the secondary path, are cascaded in a way that makes it
difficult to assess the performance of the entire system.
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Fig. 1 Block diagram of a conventional narrowband ANC
system with secondary path modeling (the i-th channel).

In this paper, performance analysis of the FXLMS-based
ANC system with online secondary path modeling is per-
formed in detail. Difference equations governing the dynam-
ics of the system are developed in terms of estimation errors
between the discrete Fourier coefficients (DFCs) estimates of
the secondary source and their optimal values which assure
perfect cancellation for all the primary sinusoids being tar-
geted, and between the secondary path estimate and its ac-
tual value. The steady-state estimation mean squared errors
(MSEs) as well as the remaining noise power are also de-
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rived in closed forms. Stability of the system is also discussed
where possible. Extensive simulations are performed to illus-
trate the validity of the analytical results. The formulation of
the problem is now provided below.

The primary noise signal in Fig. 1 is given by

p(n) = Z {a; cos(w;n) + b; sin(w;n)} +v,(n) (1)

i=1

where ¢ is the number of frequency components of the sinu-
soidal signal, w; is the frequency of the i-th component, v, (n)
is a zero-mean additive white Gaussian noise with variance
012,. The signal frequencies may be identified in a regression
fashion based on a synchronization (sync) signal derived from
a non-acoustical sensor like a tachometer.

The secondary source generated by the synthesis subsys-
tem is expressed by

q q

boln) = 3 wi(m) =3 {aun)a, (n) + bilm)s, (n) } @)
Za;(n) = cos(win), xp,(n) =sin(w;n) 3)

The FXLMS algorithm for DFC estimates is given by

biln+1) =

ai(n) + pe(m)za,(n) @)
bi(n) + pie(n)in,(n)  (9)

#a,(n) = S(z,n)2q,(n) = Gi(n)xg, (n) + Bi(n)xm (n) (1)
&, (n) = S(z,n)zp,(n) = —Bi(n)2a,(n) + G5(n)zs, (n) (8)
M-1 N—1
S(z) = sjz77, S(z,n) = Z 3;(n)z7J )
Jj=0 j=0
M-1 . M-1
Gi(n) = 5j(n) cos(jw;), Bi(n) =) §;(n)sin(jw;)(10)
j=0 §=0

and p; is a step size parameter for the i-th channel. S(z)
is the true secondary path, S(z,n) is an estimate of S(z) at
time instant n, which is obtained online by the LMS-based
secondary path estimation subsystem. The parameters M and
M are the system orders of the true and estimated secondary
paths, respectively, and d; (n) is an auxiliary white noise with
zero mean and variance crfh. The LMS algorithm for the sec-
ondary path estimation is given by

Sm(n+1) = 5pn(n) + ptsmeo(n)di(n —m)

eo(n) = e(n) —ya(n), ya(n) = 5(z,n)di(n)

(11
(12)

where 5, 15 a step size parameter for the m-th coefficient.

2. PERFORMANCE ANALYSIS

Using (2) and (7)-(10) in e(n) yields

q

e(n) = 3 {la = (oas(n) = Bibi(m)lwa(m)  (13)
b = (B (m) + by, (m) |
M-1
up(m)+ Y sjdi(n = j)
j=0

where a;(n—j) ~ a;(n), b;(n—j) ~ by(n)forj =1,2,---
M — 1 are used to facilitate and simplify the analysis that fol-
lows. Based on extensive numerical simulations it is revealed
that the above does not affect the accuracy of analysis signif-
icantly even for relatively fast adaptation (see simulation re-
sults in Section 3). Obviously, from (13), the optimum DFCs
that assure a perfect cancellation of all the sinusoids satisfy

a a Jé; T
i,0pt _ i TP i
[ bi,opt } N [ Bi Q; } { b; ] (14)
M—1 M—1
o = Z Sj COS(jwi), ﬂz = Z Sj Sin(jwi) (15)
=0 j=0
Define the estimation errors of DFCs as
€a;(N) = @i opt — Gi(n), &b, (1) = biopt — I;z(n) (16)
Eventually, the error signal reduces to
q
e(n) = Y _{[aica, (n) — Bicy, (n))za, (n) (17

B M—-1
HBiga, (n) + aigy, ()], ()} + vp(n) + Y s5di(n — j)
=0

A. Convergence in the mean sense

Using the above error signal expression in the FXLMS recur-
sions (4), (5) and the LMS update (11), and taking ensemble
average (F[-]) yields

Bleac(n-+ 1) as)
— {1- JnntanBlan(a] + BB | Bleu, ()]

~ g (@Bl ()] — Elaw(m)) ) Eles, ()
Bles, (n+ 1) (19)

_ {1 - LB + ﬂkm(nm} Elen, (n)]

— g1 (0 E[Bu ()] + Elow(1)]0) Blea ()]
E[Es,m(n + 1)] = (1- :us.,mo'gl)E[ES,m(n)} (20)
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where X R
M—1 M—-1

Elak(n)] = *ZE[&J (n)] cos(jw) +Zsj cos(jw)(21)
=0 =0

and E[((n)] can be calculated similarly. The estimation er-
ror of the secondary path is defined by Ele; ,(n)] = E[(n)
—8m). Clearly, in the mean sense convergence of the LMS
is independent of the FXLMS and is guaranteed as long as
0< psm <2/ 031. The cosine and sine DFC errors will con-

verge independently if S(z,n) becomes very close to its true
value. A stability bound for p;; may be obtained by letting the
absolute eigenvalues of (18) and (19) equal to unity, as

,Uk,bound(n) = (22)

1 {anBlén(m)] + BeElB ()]}

{onBlan) + BBl ]} +{—anBlo ) + Bla()e )

which is the same as the so-called —90° condition [9]. In the
above derivations, x4, (n) and xy,(n) are treated as pseudo-
random noises [1, 7].

B. Convergence in the mean square sense
Putting (16) into (4) and squaring both sides, one gets

Eleg, (n+1)] = Eleg, (n)] (23)
— p 2 1,200\ 42
2 Ble, (Memn ()], +HE B, ()],
After some technical manipulations, one gets
Ii(n) = 74, (n) (24)

%{akE [61(n)] + BE[Br(n)]}Ele2, (n)]
%{—ﬁkE [65(n)] + arE[Br ()]} Elea, (n)] Eles, (n)]
where

Yar (’I’L) =

[ (n)]
+E[Br(n)|Elax(n — m)] sin(mwy)
+E[Bx(n)| E[Br(n — m)] cos(mwy,) }
x Z Z 87,55203,0(m + j1 — ja)] (25)

where §(-) is a Dirac delta function. It has been found that the
evaluation of (25) affects the analysis accuracy considerably.
This is due to the fact that the correlation between e,, (n)

and Z?ﬁgl sjdi(n — j)Zaq, (n), seemingly negligible, is sur-
prisingly significant such that neglecting this results in large
discrepancy between analysis and simulations.
Next, after some lengthy manipulations, one gets
M—1 1 1
Ki(n) = o2+ Y sod, + S Blai(n)] + S BB (n)] 26)
j=0

+ 2Bl Bl(anea, (n) — Bheu, ()’

B Y Bl — Aen(m)?

i=1,i£k
(omitted due to space limitation)

where E[a3 (n)], E[62(n)], Elax(n)6k(n)] may be properly
evaluated (details omitted). Following along the same lines,
similar difference equations can be derived for E[ef, (n)]. The
difference equations for the secondary path estimation errors
are derived as follows

E[Eg,m(n + 1)] = {1 - 2N37m0'§1 + 3U§1 Mg,m}E[Si,m(n)]
M—1
bl S B+ 20t
Jj=0,j#m

5 D oA(0 + BB, ()] + Bl ()},

27)

Now, the mean and the mean square senses convergences as
well as the steady-state properties of the system may be eval-
uated by solving the difference equations (18)-(20), (23) and
(27) simultaneously, even though they are highly nonlinear.
Stability bounds tighter than (23) for the step size parame-
ters can also be determined numerically by grid search. But
closed-form expressions are infeasible due to nonlinearity.

C. Steady-state MSE expressions

When the system reaches its steady state, all the mean es-
timation errors will converge to zeros, as can be proved and
deduced from (18)-(20). We have shown that E[e2 (1)][n—o0
is identical to E[e}, (1)]]n— 0 (proof omitted). Now, let

Eleg, (m)]ln—o0 = Ji(00), Ele3 1 (n)]|n—o0 = J.m (00) (28)

The steady-state MSEs and the remaining noise power are
eventually derived as follows

Jk(oo) =  MUENk (29)
tsm(1+ 03 ¢s) (02 +€)
Jom (0) SR—— £ (30)
M-—1
Ele*(0)] = &t+op+ Y sioy, (31)
j=0

where
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M-—1 ¢ 0_2
e = Ri(oo Up+ Z 5394,) ( i:‘pﬁi) (32)
M-—1
{@(ap + Z s505,) + (af + By + %@%)}E b
- 2007 + BY) Tl + )
¢ = A/B (33)
M-1
A = Zﬂk aj + B)Ri(o0 Up"'zsgch
k=1
XZ“’“ o +ﬁk)+ ¢50p Jp+ Z SJUdl)ZNk
k=1
B - 1_%¢Sagzuk—%guk<ai+ﬂ£)
M-1
¢é(0p + Z SJUdl)Z:uk
j=0
M—1
¢ = Froym (34)

p=

1—p — 2(1 — Ms,ngl)

It may be concluded that 1) the MSEs of DFCs and sec-
ondary path, (29) and (30), are both approximately propor-
tional to their step size parameters if the adaptation is suffi-
ciently slow, but these MSEs are related to each other in a
very complicated way through variables ¢ and ¢4 which are
determined by the step sizes, the signal parameters and the
secondary path, and 2) the remaining noise power consists of
three parts; remaining frequency components due to the mis-
adjustment of the two subsystems, the variance of additive
noise v, (n), and the power contributed by the auxiliary noise
dl (n) .

3. SIMULATIONS
Extensive simulations are performed to demonstrate and show
the validity of the derived difference equations and steady-
state MSE expressions. Very good agreements are observed
between analytical results and simulations. A representative
comparison between theory and simulation is given in Fig.2.

4. CONCLUSIONS
In this paper, the conventional FXLMS-based narrowband ANC
system with LMS online secondary path modeling has been
investigated in detail. Simulations are conducted to show the
validity of the analytical findings that significantly enhance
our understanding of the system’s behavior.
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Fig. 2 Comparisons between theory and simulations (signal
frequency: 0.107, 0.207, 0.30m; a = [2.01.00.5]7, b =
[—1.0 — 0.5 0.1]T; uniform step sizes: p; = 0.005, fi5,m =
0.002; 0, = 0.10, 04, = 0.50; M = M =11, 100 runs).
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