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ABSTRACT

The problem of joint eigenstructure estimation for the non-
defective matrices is addressed. A procedure revealing the
joint eigenstructure by simultaneous diagonalization with uni-
tary and non-unitary similarity transformations alternately is
proposed to overcome the convergence difficulties of previous
methods based on simultaneous Schur form and unitary trans-
formations. It can be proved that its asymptotic convergence
rate is ultimately quadratic. Numerical experiments are con-
ducted in a multi-dimensional harmonic retrieval application
and suggest that the method presented here converges consid-
erably faster than the methods based on only unitary transfor-
mation for matrices which are not near to normality.

1. INTRODUCTION

The problem of joint eigenstructure estimation for general
non-defective matrices sharing the same set of eigenvectors
is often encountered in many signal processing applications,
e.g., 2-D DOA estimation [1], joint angle-delay estimation [2]
and multidimensional harmonic retrieval [3].

In [1], the algebraically coupled matrix pencil (ACMP)
method is proposed. It computes the Schur form of the first
matrix whose Schur vectors are used in the trangularization of
other matrices. This algorithm can’t handle the case when the
first matrix has repeated or more likely, very close eigenval-
ues. In [3], a Jacobi-type algorithm tries to find the simultane-
ous Schur form of the matrices to be estimated by orthogonal
similarity transformations. This method is extended to the
complex case in [4]. Similar with the one-matrix case [5] that
may converge only linearly or does not converge at all, this
type of scheme suffers the same convergence difficulty as will
be shown in section 4. Another algorithm [6] tries to general-
ize the classical QR-algorithm to obtain simultaneous Schur
form by the simultaneous QR-decomposition. However, un-
like its one-matrix counterpart which is easily incorporated
with acceleration strategies, this generalization losses essen-
tial properties for the one-matrix case and may result in a very
slow convergence rate (if converge).

In this paper, by noting that the matrices encountered in
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the signal processing applications, whose joint eigenstructure
is to be estimated, are non-defective, we turn to the strategy of
simultaneously diagonalizing the matrices using both unitary
and non-unitary transformations instead of the previous meth-
ods based on Schur form and unitary transformations. The
non-unitary transformations are constrained to shear transfor-
mations which are used to bring the matrices closer to be nor-
mal ones. This strategy is closely related to [7, 8] for the non-
simultaneous case of one matrix. Numerical experiments sug-
gest that the method presented here converges considerably
faster than the methods based on only unitary transformation
for matrices which are not near to normality. And we can also
prove that its asymptotic (for large SNR) convergence rate is
ultimately quadratic while the proof is not included here due
to page limitation.

2. PROBLEM FORMATION

Consider a set A = {A,|n = 1,2,--- , N} of N complex
or real M x M matrices. When the matrices in A are di-
agonalizable commuting matrices, then 4 can be simulta-
neously diagonalized. Hence, there is matrix P such that
A, = PA,P ! forn = 1,2,---,N, where A,, is a diag-
onal matrix containing the eigenvalues of A,,. A,, and their
association, i.e., which eigenvalues correspond to the same
simultaneous eigenvector are of our interest.

In practice, A is corrupted by estimation errors due to
noise and finite sample size effects. Then the off-diagonal el-
ements can only be minimized but cannot generally be driven
to zero by similarity transformation. The average eigenstruc-
ture corresponds only to an approximate simultaneous diago-
nalization. To get insight to this average eigenstructure, tak-
ing the linear terms of the eigenvalue estimation error AA,,,
see e.g2.[2], we can express the estimation error of the ith
eigenvalue of A, as A\, ;) ~ g AA,, - t;, where ¢; and
t; are the simultaneous left and right eigenvectors of error-
free A respectively. This equation shows that the dominant
term of the estimation error A\, ;) is only related to ¢;, ¢;
and AA,, itself, but not related to the eigenvector error Ag;
and At;. We are trying to minimize the off-diagonal norm
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by similarity transformation. But the approximation to the
exact minimum solution is not critical to the performance, as-
suming that the simultaneous left and right eigenvectors suffer
only small perturbations.

Hence, our task is: given noisy .4, find P, such that the
norm of the off-diagonal elements P~ AP is minimized or
approximately minimized. And it is preferred that the algo-
rithm will drive the off-diagonal elements to zero in the noise-
less case.

In this paper, we focus on the case A and its eigenvalues
are both real. Then .4 can be simultaneously diagonalized
with a real P and all the calculations are in the real domain.
The extension to the complex case is not difficult [7, 9].

3. SHEAR-ROTATION ALGORITHM

The initial given matrices to be simultaneously diagonalized
are denoted as A®) = {A®|n = 1,... | N}, we form the
sequence A% k = 1,2,..., by applying shear and unitary
similarity transformation alternately,

AR+ — k) Hgk)=1 (k) g(k) r7(k) (1)

where $*) and the real unitary or orthogonal matrix U ) are
identity matrix except for the elements

Sy Sty coshy®)  sinhy®*) -
sk gk sinhy®  cosh y(®)
Uz-glpc) Upgf;) [ cos@®  sing®) )
Uk gl | T —sing®  cosg®

It is easily to verify that the elements of S ()= and §*) are
equal except for the elements at (p, ¢) and (g, p), where p, ¢
with p < ¢ are determined by % according to the choice of
pivots order as discussed at the end of this section

[s®=1, = —sinh y®
[s®-1),, = —sinh y®

Each transformation affects only the pth and gth row and
column of A%*). And we put

A'F) = g(k)=1 g(k) g(k)
AR — g(RT p(k) (k)

k) _
_Sz(w) -

4)
k
—53 ) —

— A(k+1)

In the remainder of this section, we will focus on the kth it-
eration and omit the superscript (k). After the shear transfor-
mation, the elements of the nth matrix of A’, i.e. A’n, are

Uy pj = COSMY - Ay, pj — SN Y - ap g

aiqu = —sinhy - app; +coshy - ap g5

U ip = COShY - Gy ip + SN Y - Gy g “
aiw»q =sinhy - anip + coshy - an iq

aibqu = Qn,pq + W"’ a‘;b,qp = Qn,qp — Wn

a;LaPP = Qnpp t Va, a;b,qq = Qn,qq — Va

where i, j # p, g, and

1
V,, = sinh?y - d,, + 5 sinh2y - &,

=
|

1
=3 sinh 2y - d,, + sinh?y - &, (6)

dn = Qppp = Gnqqs  &n = Gnpg — ngp

by the unitary transformation, we have

Uy pj = COSO - ;lpj —sin6-ay, ,;

Uy g; = 800 -ay, o +cosl-ay, .

py ip = COSO - ay, . —sind -aj, ;
Uy iq = SN0 - ay, 0 4 cos B - ay, @
Oy pg = /npq + Qn, a;;(f;; =gy +Qn

Uypp = Onpp + P g = O gq — Pn

again i, j # p, ¢, and

1
P, = —sin?0-d, + ismw.gg
1
Qn = 5sin20 - dj, +sin0 -, ®)
d,, = a;%pp - a;,qq’ &= _a;qu - a;upq

In order to show how to choose y and 6. We first denote
A, as the sum of a diagonal matrix D,, and a nondiagonal
matrix E,, with zero diagonal

A,=D,+E,, diag{E,}=0 9)

and we put

E=[E E; Ey | (10)

For the one matrix case where N = 1, at each step, y and
0 are chosen to minimize (or approximately) the Frobenius
norm ||A|| 7 and ||EY || ¢ respectively [7] and it is proven that
the ultimate convergence rate is quadratic. The underlying
principle of this algorithm is: using shear transformation to
transform A; into a matrix A} with a smaller Frobenius norm
in order to reduce the departure from normality (see [7], p.211
for details), while the Givens rotation tries to diagonalize A'1
into AY by minimizing the target off-diagonal norm ||EY| ¢
with ||A | 7 equal to ||A] || .

When N > 2, We hope to preserve the property that
the asymptotic convergence rate is ultimately quadratic. To
achieve this, while the proof is not given here due to page
limitation, we first find A, such that

ah,qq‘— max |@n,pp — nqql (11)

|@h7pp nEN

and use A}, to determine y, i.€., find y to (approximately) min-
imize ||A},|| 7. While for 6,

|E"|3 = Z B % (12)
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is used as the cost function to be minimized.
Now we discuss the choice of y and € in detail. For the
shear transformation, after choosing h, we follow [8],

[|A%]1% = (cosh2y — 1)G}, — 2sinh 2y - K, 13)
+ sinh? 2y - ( bt fh) + sinh 4y - {pdp + ||Ah||%

where

Gh= [ahp +ahg +ahp+an, (4
J#p,q

Kn =Y [anpjanq; — an.jpanjq) (15)
J#P.q

differentiating (13) with respect to y

9
8—||A§l||% = 2sinh 2y - G}, — 4cosh2y - K,
Y

(16)
+ 2sinh4y - (d7 + £7) + 4 cosh 4y - &ud),
take a linear approximation to the zeros of (16), i.e.,
sinh 4y ~ 2sinh 2y ~ 4 sinh y (17)
cosh 4y ~ cosh 2y ~ cosh y
we get,
Kh - ghdh
tanhy = ——5—— 18
YTa@E e+ an (18)
For the unitary transformation, we have
IE"|% = |E'|| 7+
N
1 (19)
> [2 sin? 26 - (d? — €?) — sm 460 - ¢ d,
n=1

the first and second derivative of (19) with respect to 6 are

N

O = D [ind0 - (& — €2) ~ 2c0840 - €4
n=1
(20)
02 N
@IIE”H% =Y [4cos40- (d} — &7) + 8sin46 - &,d, |
n=1
(21)

The minimum of (19) is obtained when the first derivative
equals zero and the second derivative is greater than zero

250 1) o)
Zn 1(d/2 6;?)

tan40 =

cos 40 - Z (d? —

Similar with lemma 2.1 of [10], by the observation that (19)
is /2 periodic in 6, we can constrain 6 € [—7/4,7/4). Ttis

£?) + 2sin46 - Zg d, >0 (23)

easily shown that the two solutions of (22) has opposite value
of (21), the one makes (21) positive, thus satisfies (23) is our
expected solution.

It is easy to combine the shear and unitary transformation
into one transformation matrix as [7]. Thus the additional
computation due to the unitary transformation mainly occurs
at the calculation of # which only involves limited elements.

The pivots (p, q) are chosen cyclically by rows, i.e., in
the order (1,2)(1,3)...(1,N), (2,3)...(2,N), ..., (N =1, N).
And one cycle constitutes a sweep.

4. SIMULATION

We conduct our simulation in the scenario of multidimensional har-
monic retrieval application based on multidimensional ESPRIT al-
gorithm. The data model of [3] (p.162, eq.1) is applied where the
signal s; is assumed to be white Gaussian process and uncorrelated
with each other. A 2-D uniform rectangular array (URA) with 6 X 6
elements is used. Four harmonic components are set as: p; =
7[0.20,0.23]7, u, = 7[0.22,0.20]7, psy = 7[0.24,0.26]", p, =
7[0.26,0.23]7. The number of snapshots is 512. SNR is defined as
per source per element. 2000 trials are conducted. Signal subspace
estimation follows the real processing of [3]. To avoid frequency
warping due to Cayley transformation, invariance equation is solved
in the complex domain (except 1" algorithm [11]) by transforming
the estimated real signal subspace back to complex domain. In the
joint eigenstructure estimation procedure, we will face two complex
matrices which can be diagonalized with a real matrix P. Thus, the
problem is equivalent to simultaneously diagonalizing four real ma-
trices with a real P.

The plots show the RMSE (with ¢ normalized by 7) vs. SNR
for the harmonic estimates of various methods at different itera-
tion counts. The resulting RMS errors of dimension 1 and 2 are
depicted in Fig. 1 and 2 respectively. It is shown that the shear-
rotation algorithm converges to reliable estimates within 16 itera-
tions while the SSD [3] and simultaneous QR algorithm still have
large RMS errors even at 100 and 500 iterations respectively. Un-
like the one-dimensional case which the triangularization and diag-
onalization based method reach the same estimates if P is not con-
strained to be real, the ultimate performance of SSD with exhausted
iterations (if converge) may be different with shear-rotation algo-
rithm. The performance difference depends on each particular pa-
rameter and both algorithms have better and worse estimates than
the other. Shear-rotation algorithm is consistent with the 7" algo-
rithm [11] when the latter works ( 1" algorithm may fail when p is
relatively close to 7 and cannot be extended to cases more than
two dimensions ), thus allowed a closed form performance analysis
[2][12] while SSD eludes such an analysis.

Numerous experiments are conducted while only one case is
demonstrated here. It is shown that the convergence difficulty is
severe for methods based on unitary transformation when the har-
monic components are relatively close. This corresponds to a larger
departure from normality of the matrices to be estimated. In a more
extreme case, 20 harmonic components are equally spaced as pt; =
7[0,0)%, py = 7[0.02,0.02]7, -+, pyy = 7[0.38,0.38]7. For
20 x 20 URA, 256 snapshots and infinite SNR, the shear-rotation
algorithm will converge at around 80 iterations. While for SSD con-
vergence is not observed even at 1 million iterations leaving the har-
monics un-resolved .
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Fig. 1. Performance comparison for dimension 1. ( T alg.: T al-
gorithm; sim-QR-500: simultaneous QR at 500 iterations; sh-rt16:
shear-rotation at 16 iterations; SSD-100: SSD at 100 iterations;
SSD-ult: ultimate performance of SSD )

5. CONCLUSION

‘We have proposed a simultaneous diagonalization algorithm for non-
defective matrices sharing same set of eigenvectors to overcome the
convergence difficulties of previous joint eigenstructure estimation
methods based on simultaneous Schur form and unitary transfor-
mations. The advantage of this algorithm is its good convergence
property while computations per iteration is comparable with uni-
tary transformation based methods. And the performance is con-
sistent with theoretical analysis. It can be proved that its asymp-
totic convergence rate is ultimately quadratic. The global conver-
gence is convinced empirically, but we have not been able to give a
proof. Numerical experiments in a multi-dimensional harmonic re-
trieval application validate that the method presented here converges
considerably faster than the methods based on only unitary transfor-
mation for matrices which are not near to normality.
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