ASYMPTOTIC ANALYSIS OF THE GAUSSIAN BROADCAST CHANNEL WITH
PERTURBATION PREPROCESSING

M. Stojnic, H. Vikalo, and B. Hassibi

California Institute of Technology, Pasadena, CA
e-mail: mihailo,hvikalo,hassibi @systems.caltech.edu

ABSTRACT

The sum rate capacity of the multi-antenna Gaussian broad-
cast channel has recently been computed. However, the search
for computationally efficient practical schemes that achieve
it is still in progress. When the channel state information is
fully available at the transmitter, the dirty paper coding (DPC)
technique is known to achieve the maximal throughput, but
is computationally infeasible. In this paper, we analyze the
asymptotic behavior of one of its alternatives — the recently
suggested so-called vector perturbation technique. We show
that for a square channel, where the number of users is large
and equal to the number of transmit antennas, its sum rate ap-
proaches that of the DPC technique. More precisely, we show
that at both low and high signal-to-noise ratio (SNR), the
scheme under consideration is asymptotically optimal. Fur-
thermore, we obtain similar results in the case where the num-
ber of users is much larger than the number of transmit anten-
nas.

1. INTRODUCTION

The limits of performance of multi-antenna Gaussian broad-
cast channel have recently been extensively studied (see, e.g.,
[1], [2], and the references therein). It has been shown that
when the channel state information (CSI) is fully available at
the transmitter, the so-called dirty paper coding (DPC) tech-
nique achieves the capacity of multi-antenna broadcast chan-
nel [3]. However, the DPC scheme is exponentially complex
and appears to be difficult to implement in practical systems.
To this end, various heuristics with suboptimal performance
but efficient implementation have recently been proposed. In
[4], vector quantization is used in combination with powerful
coding schemes to achieve a large fraction of the promised
capacity. In [5], a technique referred to as the vector perturba-
tion technique (VPT) was proposed, and further considered in
[6]. Simulation results presented there indicate that the pro-
posed technique achieves performance close to the optimal
one.
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In this paper, we analyze the theoretical limits of the VPT
[5]. In particular, we show that when the number of users in
the broadcast system is large, the sum rate achievable by the
VPT approaches the sum rate achievable by the DPC scheme,
both in the low and the high SNR regime. While the scheme
introduced in [5] and further studied in [6] is practically fea-
sible, the worst case complexity of its implementation is still
exponential. On the other hand, our proof for lower-bounding
the asymptotical sum-rate performance of the VPT is con-
structive and based on an algorithm that is polynomial in the
number of users.

‘We assume the standard broadcast channel model,

y =Hs+ v, (1)

where H is a K x M matrix whose entries are independent,
identically distributed (i.i.d.) complex Gaussian random vari-
ables Cpr(0,1), K is the number of users, M is the number
of transmit antennas, v is a K x 1 noise vector whose entries
are independent of entries in H and i.i.d. Gaussian random
variables with zero-mean and 02 = 1 /p variance, and s is
an M x 1 vector which is transmitted over the channel. Fur-
thermore, we impose the constraint E||s||> = 1; hence, the
receivers do not need to know instantiations of the channel.
(The case ||s||?> = 1, considered in [5], can be treated simi-
larly and leads to similar results.)

Since we focus on analyzing the asymptotic performance
of the vector perturbation technique, we start by reviewing it
in the next section.

2. THE VECTOR-PERTURBATION TECHNIQUE

Following [5], we consider the scenario where the number
of antennas on transmitter is equal to the number of users,
i.e., K = M. [Later in the paper we will consider the vector
perturbation technique for X' > M and generalize our results
to that case.] Furthermore, we assume that the entries of the
K x 1 symbols vector u intended for the users are the points
in a QAM constellation.

The vector perturbation technique [5] relates the transmit-
ted vector s to the information vector u as follows,

< H-'(u+7l)
VEIH (u+ )
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where 7 is an a priori determined positive constant, and where
1 is the solution to the following optimization problem

1= argming e g1 zayezm [[H (a+mD)[° (3)

Note that R(1) and Z (1) denote the real and the imaginary part
of the vector 1, respectively. The main idea behind (3) is to
eliminate (or to minimize) the power penalty which happens
in tlle case if the so-called zero-forcing (ZF) scheme (obtained
for1 = 0in (2)) is applied.

The signals received by the k*" user are of the form

ui+7ii

VEIL (u + )2

where L is a lower-triangular matrix in the LQ)-decomposition
of H,i.e., H = LQ, and @ is a unitary matrix. Decoding of
these signals is simple, and the only processing required from

the receivers is scaling by \/E| |H=1(u + 71)]]2 [5].

3. CASEK =M

In this section, we analyze the VPT for K = M. Before

proceeding any further, we slightly modify the perturbation

technique as follows. Let D be a diagonal matrix such that
D =diag(Ly}’ L5, .. L), (5)

where (3 is any integer such that 5 > 0. Instead of transmit-
ting s as given by (2), we define s to be

_ H'D(u+l)
VEIHD(u+ )|

(6)

Consequently, the signal received at the i*" user becomes

_ 148 u; + 7l

" VEIL- D+ D)2

yi +v, 1<i< K. (7)

We refer to this scheme as the diagonal vector perturbation
technique (DVPT). From (7) it follows that the sum-rate of
the DVPT can then be computed as a summation of the sum-
rates of K decoupled channels,

pllui + 7l )

K
R —ES 1o (1 + 1200 .
perr =B ot D s

i=1

®)

We are interested in bounding the value of Rpy pr; to this
end, it will be useful to first derive a few inequalities.

Although the use of the VPT on broadcast channels per-

forms well in practice, it requires solving (3), which is NP-

hard. Use of the sphere decoding (or any other) algorithm

may often be infeasible. Therefore, we employ a heuristic

nulling and canceling [8] technique to solve (3). To this end,
let us denote B = L~'D. Clearly, B;; = Lg ;- Generate
10 = 107 + j1%¢ according to the nulling and canceling pro-
cedure as follows,

R(ul)

llbr _ _

R

I(ul)

llbc _ _

pe = -2

o~ - By R(uz) + R(B2a (w1 + Tlﬁb))J

2 BQ’QT

e — |- By.2T(ug) +I(Baa(u1 + Tllf’))J

2 BzygT

o BreacRGuio) + YIS R(Bici(us + 7))
K,KT

e _ o BraZ(ui) + 3005 T(Bueiui + 71}))
K,KT

Since for any two real numbers a and b holds that [a—b| % ]|* <
b2, we obtain

|u; + 7'lﬁb|2 < 272331-. 9)

Careful examination of the previous procedure reveals that
any time we obtain [!’" = 0, we can change it to either [!*" =
1 or I'" = —1 and still preserve the validity of (9). Thus
in addition to (9), we can also establish a lower bound on
|u; + 711|? depending on the sign of u; or I%?,

Jui + 70?2 | = [R(wi)| = JIZ(ui)| + 7(1+ j)]* =

| — max;|R(u;)| — jmax;|Z(u;)| +7(1 4+ ) =¢. (10)

We may now begin our derivation of a bound on Rpy pr. To

facilitate fluent presentation, we first treat the low SNR case,
and then generalize the results to any SNR.

3.1. Low SNR regime (p — 0)

For p — 0, we have

ui+TZi 2
F— sl ?_y

E||L='D(u+ 71)||2
S BL P g + 71| ?
E||B(u + 71)||?

K
B tog(1+ L7
=1

= K+p +O(p?).

Using (10) to lower bound the numerator and (9) to upper
bound the denominator of the fraction in the expression above,
and using the fact that L7, are i.i.d. random variables with
X%(K—iﬂ) distribution, we have
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CZZ 1E(L2 )1+5 2
o K B(L2,) O(p7).
1 ﬁ
gy SES TR 1) 2k 1) o
27 221.:11—[ LK +1-9)+2(k—-1))

COE (K +1—i)HP

Rpvpr > K +p

>K+p O(p?)
272K (2K +1-i)+2(8-1))8
(11)
Therefore, we can write
. Rpvpr ¢(1+5)
1 —— > 14+2p—=——. 12
Koso S '027'2(2 +5) (12)
Let w be the width of a QAM constellation,i.e. let w =

2 max, max{max;|R(u;)|, max;|Z(u;)|}. Clearly, { > 2(7—
)2, Then for 7 >> %, and for § — oo, K > (3, we can write

Rpvpr

limg o0 > 1+ 2p. 13)

The results stated in (11), (12), and (13), imply that the sum-
rate of the diagonal vector perturbation technique scales lin-
early with the number of users. In fact, this result may be
established directly from (11). However, in order to tighten
the coefficients in front of p, we derived (13) as well.

We summarize our results in the following theorem.

Theorem 1 Consider communication in low SNR regime (p —
0) over a square Gaussian broadcast channel using the diago-
nal vector perturbation technique with parameters 3 > 1 and
T > w, where w is the width of a QAM constellation. Then

. Rpvpr w. o1+
1 ————>1+4+2p(1 — —)"——.
dm 220 - 50 5
Proof: Follows from the discussion above. [ |

Corollary 1 Let all assumptions of Theorem 1 hold. Further-
more, let T > w, f — oo, and % > 1. Then

lim Mzum

K—oo

3.2. General SNR

For simplicity, in this subsection we fix § = 0. Similar to
the procedure in Section 3.1, we use (10) to lower bound the
numerator and (9) to upper bound the denominator of the frac-
tion in the expression given in (8),

pllui + 7l;||? )
E||L='D(u + 71)|)?

¢
2K

K

Rpvpr = EZlog(l + 12,
=1

K-1 2 K-1

L
2
) = Elog” (1+ pgge L2

i=1

Applying the arithmetic-geometric mean inequality, it can eas-
ily be shown that

K-1 K-1

H1+p 2) > (145 §K<HL

Then, we have

K-1

2K

K-1
Rpyvpr > (K —-1)

z:l
5 (s 5T ;gg;*» - 1). -

Using the fact that L ; are i.i.d. random variables with X3 s ;1)
distributions, and the Stirling’s formula to approximate the
factorial, we obtain

U 2K =i+ 1) = )

212K
2
)= (- ttog (1435

W2
7)) (s

Rpvpr > (K—l)log(1+

2p((K — 1)I7T
272K

> (K — 1)1og(1 420 -
(&

> (K—1)log(1+

It is worth pointing out that for p — co we can also upper
bound the value of Rpy pr. Instead of (14), using Jensen’s
and the arithmetic-geometric mean inequalities we can write

K K -
x 1Lz Liz i1 |[ui + le‘||2)

(Zf(l s + 71i]|2)%
MELE2L) < g )

) + O(logK).

Rpypr < Elog (p

KHzl

< tog(p KK

2p

<K log( (16)

The results from this subsection are summarized in the
following theorem.

Theorem 2 Consider communication over square Gaussian
broadcast channel using the diagonal vector perturbation tech-
nique with parameters 3 = 0 and 7 > %, where w is the
width of a QAM constellation. Then

Rpvpr

lim > 1.
K=o Klog(l +2e(1 - ;—7)2)
Proof: Follows from (15). [ |

Corollary 2 Let assumptions of Theorem 2 hold. Also let
p — o0o. Then
Rpvpr
K—oo Klogp
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Theorems 1 and 2 imply that when the diagonal vector
perturbation technique (with appropriate parameters) is em-
ployed for communication over Gaussian broadcast channel,
the sum-rate scales linearly with the number of users. Further-
more, in high SNR regime the scaling law is not only liner in
the number of users, but also optimal, i.e. equal to that of the
capacity achieving DPC technique.

4. CASEK > M

In this section, we study the asymptotic behavior of the VPT

and DVPT schemes for X' > M. We should point out that

this regime (in particular, the case IOA%K > const., K — 00)

was considered in [9], where it was shown that, in limit, the
maximum throughput may be achieved with only partial CSI
at the transmitter. The VPT and DVPT, on the other hand, re-
quire full CSI; however, since we have shown that these sim-
ple schemes asymptotically achieve the maximum throughput
when the number of transmit antennas and users is the same,
it is of interest to extend these results to K > M case as well.

A generalization of the results to K > M case is rela-
tively straightforward. In particular, at any transmission in-
terval we select a subset of M users to which we transmit.
Define Hy = Hp—1)M41:6M,(k—1)M+1:k00 - Let A" be
the minimal eigenvalue of the matrix H (*k)H (k)> and let & =

arg maxke{l’Q_’_”,L%J})\kmm. Then we transmit to the users
E-DM+1,({-1)M +2,...,£M, employing the DVPT
with H¢). Let L be a lower-triangular matrix from the LQ-
decomposition H¢) = f/Q, where () is unitary. Then, instead
of (14) we can write

2

- CLE;
Rpypr = EZIOg(l + p27_2]’\/[)
=1

¢
> Miog(1 + p272ME((>\2”””)*1)>'

Further, using results from extreme value theory, it can be
: min\—1 M

shown that llmﬁﬂmE(()\E )7 — 2logE (see, e.g. [9]).

The results from this section are summarized in the following

theorem.

Theorem 3 Consider communication over tall Gaussian broad-

cast channel ( % — 00) using the diagonal vector perturba-
tion technique with parameters 3 = 0 and 7 > 5, where w
is the width of a QAM constellation. Then
R
lim DVDPT >1.
2 =0 Mlog(l + %log%)

Proof: Follows from the discussion above. [ |

In case of high SNR (p — o0) we have the following
corollary.

Corollary 3 Let assumptions of Theorem 3 hold. Also let
p — 00. Then

lim Rpypr
p—oo Mlog(plogK) —

K
M >

Previous corollary says that the sum-rate of the VPT asymp-
totically achieves the same sum-rate as the DPC.

Remark: We point out that using the same selection of
users as suggested in this section, it is easy to show that, under
the assumptions of the previous corollary, even the ZF scheme
asymptotically achieves the same sum-rate as the DPC.

5. CONCLUSION

In this work, we studied the asymptotic performance of the
achievable throughput on the Gaussian broadcast channel with
vector perturbation preprocessing. We derived explicitly the
achievable sum-rate scaling laws in the case when the pertur-
bation preprocessing is applied at the transmitter. As it turns
out, those scaling laws are matching the already known ca-
pacity achieving scheme (DPC) scaling laws in the case when
the CSI is available at the transmitter. Furthermore, unlike
the DPC, our scheme is simple and can be implemented in
polynomial time.

6. REFERENCES

[1] G. Caire and S. Shamai, “On the achievable throughput of
a multiantenna Gaussian broadcast channel,” IEEE Trans. on
Info. Theory, July, 2003.

[2] S. Wishwanath, N. Jindal, and A. Goldsmith, “Achievable rates
and sum-rate capacity of Gaussian MIMO broadcast channel,”
IEEE Trans. on Info. Theory, October 2003.

[3] H. Weingarten, Y. Steinberg, and S. Shamai, “The capacity re-
gion of the Gaussian MIMO broadcast channel,” In Proc. Conf.
Int. Sci. Syst. (CISS), Princeton, NJ, Mar, 2004.

[4] U.Erez and S. ten Brink, ”A close-to-capacity dirty paper cod-
ing scheme,” submitted to /EEE Trans. on Info. Theory, 2004.

[5] C.Peel, B. Hochwald and L. Swindlehurst, ”A vector perturba-
tion technique for near-capacity multiantenna multiuser com-
munications - Parts I, II”’ IEEE Trans. on Communications, vol.
53, No. 1 & 3, 2005.

[6] C. Windpassinger, R. F. H. Fischer, and J.B. Huber , “Lattice-
reduction-aided broadcast precoding,” IEEE Trans. on Com-
munications, December, 2004.

[7]1 U. Erez, S. Shamai, and R. Zamir, “Capacity and lattice strate-
gies for cancelling know interference,” In Proc. Int. Symp. Inf.
Theory, Applications, Honolulu, HI, Nov, 2000.

[8] G. J. Foschini, "Layered space-time architecture for wireless
communication in a fading environment when using multi-
element antennas,” Bell Labs. Tech. J., vol. 1, no. 2, 1996, pp.
41-59.

[91 M. Sharif and B. Hassibi, ”On the capacity of MIMO broad-
cast channels with partial side information,” IEEE Trans. on
Information Theory, vol. 51, no. 2, 2005.

IV - 780



