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ABSTRACT

Orthogonal space-time block codes (OSTBC) are an efficient mean
in order to exploit the diversity offered by the wireless multiple-input
multiple-output (MIMO) channel. It was shown that the Alamouti
scheme, an OSTBC for n = 2 transmit antennas, achieves the
capacity of such MIMO channels with ng = 1 receive antenna.
However, by increasing the number of transmit antennas, the trans-
mission rate of the OSTBC is monotonically decreasing. Recently,
this rate reduction was characterized completely.

Using a recent result on the properties of Gaussian quadratic
forms, we show two key results: Assume the transmitter has not
channel state information. We show that for given rate and SNR it
is optimal to use a subset of all available antennas with equal power
allocation. Further on, we show that an OSTBC for an odd number
of transmit antennas is always outperformed by an OSTBC for either
the next lower or the next higher even number of transmit antennas.
Finally, the impact of spatial correlation with uninformed transmit-
ter is characterized. We illustrate the theoretical results by numerical
simulations. The theoretical and simulation results show the subop-
timality of the OSTBC for an odd number of antennas with respect
to the outage probability minimization.

1. INTRODUCTION

Recent information theoretic results have demonstrated that the er-
godic capacity of a transmission system improves significantly with
the use of multiple antennas (MIMO) [1, 2]. In contrast to the er-
godic capacity which is a measure for the amount of average infor-
mation that is error-free received, the outage probability is a more
subtle measure for the probability of successful transmission while
the channel is in a channel state. Since the instantaneous capacity
depends on the channel state, it is itself a random variable. The first
moment corresponds to the ergodic capacity. The cumulative distri-
bution function (cdf) is the outage probability. The outage proba-
bility gives the probability that a given transmission rate cannot be
achieved in one fading block.

Recently, the outage probability was studied for multiple an-
tenna channel and space-time codes [3, 4]. The properties of the
optimum transmission strategies change, if we replace the ergodic
capacity as objective function with the outage probability. E.g. for
no channel state information (CSI) at the transmitter, the optimum
transmission strategy is to use only a fraction of the available num-
ber of transmit antennas. Telatar has already conjectured this in [1].
In [5], a part of this conjecture is verified. Furthermore, an algorithm
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which finds the optimum number of active antennas was proposed.
In addition to this, in [5], a necessary and sufficient condition for
the optimality of single-antenna processing was derived. In [6], the
complete solution to the outage probability minimization for MISO
systems was derived.

There has been a considerable amount of work on a variety of
new codes and modulation signals, called space-time (ST) codes,
in order to approach the huge capacity of such multiple antenna
channels [1, 2]. One scheme of particular interest is the Alamouti
scheme [7] for two transmit antennas. Later on, [8, 9] proposed
more general schemes referred to as orthogonal space-time block
codes (OSTBC) with the same properties as the Alamouti scheme
like, e.g., a remarkably simple maximum-likelihood decoding al-
gorithm. Interestingly, the combination of OSTBC with a MIMO
antenna system can be represented equivalently as a single-input-
single-output (SISO) system, where the channel gain is equal to the
Frobenius norm of the actual MIMO channel. The performance of
OSTBC with respect to mutual information was analyzed (among
others) for the uncorrelated Rayleigh fading case in [10, 11] and for
the more general case with different correlation scenarios and line of
sight (LOS) components in [12].

Unfortunately, the Alamouti space-time code for two transmit
and one receive antennas is the only OSTBC, which achieves the
maximum possible mutual information of a MIMO system [1], since
we cannot construct an OSTBC with a code rate equal one for more
than two transmit antennas [8, 13]. Furthermore, by increasing the
number of transmit antennas, the code rate of the OSTBC is monoton-
ically decreasing. Recently, this rate reduction was characterized
[13, 14]. In this work, we show the optimal transmit strategy that
minimizes the outage probability for uninformed transmitter. Fur-
ther on, based on the outage performance of OSTBC we show that
an OSTBC for an odd number of transmit antennas, say k + 1 with
even k, is always outperformed by an OSTBC for an even number of
transmit antennas, either by k or k42, which has a rather interesting
impact on the design and application of OSTBC.

2. SYSTEM MODEL

We consider a system with nr transmit and nr receive antennas.
Our system model is defined by

Y =G, P?H+N |, 1)

where G, is the (' X nr) transmit matrix, ¥ = [Yq,---

7ynR}
is the (T' x ng) receive matrix, H = [h1,...

shnp] is the (np x
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ng) channel matrix, P = diag(p) is the power allocation matrix
and N = [n1,...,n,y] is the complex (T X nr) white Gaussian
noise (AWGN) matrix, where an entry {n;} of N (1 < i < ng)
denotes the complex noise at the ¢th receiver for a given time ¢ (1 <
t < T). The real and imaginary parts of n.; are independent and
N(0,n7/(2SNR)) distributed.

The channel matrix H for the case in which we have correlated
transmit and correlated receive antennas is modeled as

1 1
H=R; W-R2 @)

with transmit correlation matrix R = UrAr U¥ and receive cor-
relation matrix Rp = URARUEI [15]. Ur and U R are the ma-
trices with the eigenvectors of R and Rg respectively, and A,
AR are diagonal matrices with the eigenvalues of the matrix Rt
and Rg, respectively. The random matrix W has zero-mean iid
complex Gaussian entries, i.e. W ~ CN(0, I'). We order the eigen-
values of the transmit covariance matrix P in descending order, i.e.
p1 > p2 > ... > Dng, as well as the eigenvalues of the channel
correlation matrices R and Rg, i.e. X{ > )\QT > .. > )\ET and
M >N > >0

2.1. Code construction and rate reduction

A space time block code is defined by its transmit matrix G, given
as

q
G, = ZAJ‘RG(S]’) +iB;Tm(s;). Q)

Jj=1

The symbols {s;}7_, are elements of the vector s = [s1,..., sq]T
with s1,...,84 € C, where C C C denotes a complex modulation
signal set with unit average power, e.g. M-PSK. The A;, B;, 1 <
j < qareT" X nr matrices that satisfy the following properties:

c,ci=1,0c,cf =-CCy. 4

In addition they satisfy the following property A; By = B;CAjH

The code rate r. of a space-time code is defined as r. = q/T.
For an OSTBC with nt transmit antennas it was shown recently [14]
that the maximum achievable rate is given by

|25 +1

QLnT;lJ

(&)

re(nr) =

It is important to note, that r.(k + 1) = r.(k + 2) with k even.
Furthermore, it holds that lim 7.(nr) = 1/2.

np— 00
After matched filtering with A H¥ and iBE H*, respec-
tively, the effective signal model induced by OSTBC is

y=|P"?Hl||rs +n (6)

with additive Gaussian noise 72 with i.i.d. entries.

2.2. Properties of Gaussian quadratic forms

We present the theorems from [6] for completeness. Consider the
quadratic form Q. = 3_1, Ai|z:|* where the real and imaginary
part of z; are i.i.d. normal distributed variables and \; are eigenval-
ues of some covariance matrix R. R is positive semidefinite, imply-
ing As > 0,1 <4 < n.Note that E(Qn) = tr(R) =3 ), A =
1. Furthermore, let x 42 a random variable that is x2 distributed with
d degrees of freedom. The main theorem proved in [6] is

Theorem 2.1

inf(q,>0/5(Qn)=1) P(@n < z) =
P{ixa2 <z}, Vze[z(d),z(d-1),d=1,2,...,n—1
P{ixn2 <=z}, Vo€ 0,z(n—-1)],
where 2(0) = oo by definition.
In addition to this, the following corollaries are interesting

Corollary 2.1 Ifz > 2, and A majorizes N, then

P {Z APzl < :r} <P {Z APzl < x} :
i=1 =1

and conversely, if this inequality holds for all positive integers n and
for any AV that majorizes X, then x > 2.

Corollary 2.2 Ifz < 1, and \Y) majorizes \?, then

P {Z A sl < m} > P {Z R E m} :

=1 =1

3. OUTAGE PERFORMANCE

OSTBC have been analyzed from an average and outage perfor-
mance point of view. Scenarios with delay constraints or where
a certain level of reliability has to be guaranteed are better cap-
tured through an outage analysis. For coded systems, the outage
probability itself serves as a lower bound on the frame error perfor-
mance [16]. The outage probability P,,: achievable with OSTBC is
defined as the probability that the mutual information is smaller than
a certain transmission rate R, i.e. with

Pout(R, nr, p, TC) = PT(I S R) ’ (7)

where [ is the mutual information corresponding to the effective
channel induced by OSTBC, given as

I

1
relog (1 + FHP”?HHFQ)
0

1 nr nR
7 log (1 N >y, |hj,z'|2> ®)
j=1  i=1

Note that the transmit and receive correlation is included in the sta-
tistics of the channel matrix H and its squared elements |k, ;|? in
(8). Using (8) in (7) results in

Pout(p, Ry, AT, A7, p) = Pr (|| PV H |62 < No (27 — 1))

()]
with the SNR p = P/No, the power allocation vector p, and the
effective rate Ry, = R/rc(nr).

3.1. Optimal power allocation

First, consider the following problem statement: The transmitter has
no CSI and the channel is spatially uncorrelated. What is the optimal
power allocation under sum transmit power constraint tr P < P?

Theorem 3.1 Let the transmitter have nr transmit antennas and
the effective transmission rate is Ry,... Then it holds:
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o The outage probability is minimized by equal power alloca-
tion over a subset of | antennas out of nr.

o The SNR range in which only one antenna is active is given
by

P 2(2% — 1)
P=Ne T C2Luw(—1,—1/2exp(—1/2) — 1°

(10)

L is the Lambert W function. Its value for the parameters
—1 and —1/2exp(—1/2) approximately is —1.756. As a

. . o R ——
result, the single-antenna region can be written as p = 21 3 5; .

In Theorem 2.1, it is shown that the minimum of the quadratic
form is achieved for all regions [z (d), z(d — 1)] by a x2 distribution
with d degrees of freedom. In our case, the range x(d) is parameter-
ized by the SNR p. The optimality of the equal power allocation for
high SNR values is proved in Corollary 2.2.

It follows that the outage probability in (9) as a function of [ is
given as'

D(inr, (2770 — 1)
F(ZTLR) ’

PDUt(R7l7p) = 1 -

3.2. Suboptimality of odd number of transmit antennas

The outage probability as a function of  in (11) is to be minimized
with respect to [. The next lemma shows an important property of
the transmit strategy that minimizes the outage probability.

Lemma 3.1 Consider even | and the three outage probability curves
Pout (R, 1, p), Pout (R, 1 + 1, p), and Pou(R,l + 2, p). Denote the
intersection points between the curves as py,i+1, pi,1+2, and pi+1,1+2.
As the rate R scales from R to R, the SNR point p scales by a factor
of

o _q
2R _ 1

p=p- : (12)

As a result, the order of the intersection points does not depend on

R.

The following theorem shows that the outage probability for an
odd number [ + 1 of transmit antennas is always greater than the
minimum of the outage probabilities for [ or [ + 2 transmit antennas.
Assume nr = 1 for simplicity. The result holds also for arbitrary
nNR.

Theorem 3.2 Fix R and p. The minimum of the outage probability
of the OSTBC

r(l, (QR/%(Z) _ 1)%)
I

min 1—
1<i<ng

min P,y (R, 1, p) = (13)
T

1<i<n
is attained for even l or nr.

Proof: Due to space limitations, we give here only the sketch of the
proof. The complete proof can be found in [17].

'We omitted the transmit and receive correlation argument for conve-
nience.

Consider | even. Then the coding rates for I, + 1,1 4+ 2 are
given by
1 1 1 1

Tc(l)zi'i—j and Tc(l+1):7'c(l+2):§+m

By Theorem 3.1 and Corollary 2.2, we know that the SNR interval
in which the intersection points of all outage probabilities with code
rate one are, is given by

2R _1
1.25

Denote the intersection points between the outage probability curves
forlandl+1as py 41, forland l+2 as py,1+2, and for I+1 and 42
as pi+1,1+2. The intersection point pi41,+2 lies in the interval that

<p<2f-1

.
is shifted as in (12) by the corresponding rate factor %

Choose R = 1/2, then for all | > 2 we have p41,+2 < 1. Finally,
it holds that for R = 1/2 and p = 1 the difference between the
outage probability for | and | + 1 is negative, i.e. the intersection
point py 1 is at a higher SNR than pi41,142. Then by Lemma 3.1
this holds for all rates and shows the suboptimality of [+ 1 antennas.

The theorem says that an odd number of transmit antennas is
always outperformed by either the lower or higher even number of
transmit antennas. From an outage probability point of view, OS-
TBC for an odd number of transmit antennas is strict suboptimal.

The suboptimality of the odd number of transmit antennas is
explained in the following plastic way: The result in [6, Theorem 1]
shows for MISO systems that the higher the SNR the more antennas
are active in order to minimize outage probability. The impact of the
code rate 7. as a function of the number of transmit antennas is as
follows. The outage probability curve is shifted to the right the lower
the code rate is. For even [, the code rate of [ 4+ 1 and [ + 2 is equal.
Therefore, the shift due to the code rate loss for [ + 1 and [ + 2 to
the right is so large, that the diversity offered by [ 4 1 antennas does
not yet come into effect.

3.3. Impact of spatial correlation for equal power allocation

Let us assume, that the transmitter is uninformed and the channel
is spatially correlated. The transmitter does not know the channel
correlation and cannot adapt to it. Regarding robustness against the
worst case spatial correlation, it can be shown that equal power al-
location is optimal. The following result characterizes the impact of
spatial correlation on the outage probability of an OSTBC system. It
is a corollary from Theorem 2 in [6].

Corollary 3.1 For fixed transmission rate R, the outage probability
as a function of the correlation properties of the transmit antennas is
characterized by the following statements: For SNR p < p = QR;I,
the outage probability is a Schur-concave function of the channel co-
variance matrix eigenvalues \, i.e. correlation decreases the outage

probability
A =A% = Pout(p < p, RN, 1) < Powe(p < p, R, A1),

For SNR p > 7 = 22 — 1, the outage probability is a Schur-
convex function of the channel covariance matrix eigenvalues A, i.e.
correlation increases the outage probability

A=A = Pui(p <5, R A1) > Poui(p <5, R, A 1).

The corollary follows if one shifts the lower SNR by the higher
coding rate max r. = 1 to the left and if one shifts the higher SNR
by the lowest coding rate minr. = 1 to the right, i.e. p = 2> — 1.
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4. NUMERICAL SIMULATIONS

4.1. Suboptimality of odd number of transmit antennas

In figure (1), the outage probability as a function of the SNR is
shown for [ = 2, 3,4, 5, 6 active antennas and Rate R = 1. In figure

1=2

Outage Probability

4 5
SNR [dB]

Fig. 1. Outage probability of OSTBC with ng = 1 receive and
nr =2,3,4,5,6, R =1.

(1), the switching SNR points from two to three p23, from two to
four p24, from four to five pas, and from four to six pse are shown.
In order to minimize the outage probability we always choose the
lowest of the curves. That means that the higher the SNR the more
antennas are used. Up to 4.8 dB an orthogonal space-time coded
system with two antennas is optimal. Then a system with four an-
tennas is optimal in the range from 4.8 dB up to 5.4 dB. And from
5.6 dB a system with 6 antennas has minimum outage probability.
Observe in figure (1), that as indicated in the proof of Theorem 3.2,
the switching points from an even to an odd number of antennas p23
and p45 are at a higher SNR as the switching points from even to the
next even number of antennas p24 and p4e, respectively.

4.2. Impact of spatial correlation

In figure (2), we compare an OSTBC for 6 and 10 transmit antennas
in a correlated and uncorrelated scenario for rate R = 1. As shown

o o
o ©
T

0.7r

o
o
T

utage Probability
o
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o o
vow

I —— "7:6’ correlated
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—g—n.=10, correlated

o

[ —x— n,=10, uncorrelated

o

-2 0 4 6 8

2
SNR [dB]

Fig. 2. Outage probability of OSTBC with ng = 1 receive and
nr = 6,10, R = 1 for different spatial correlations.

in Corollary 3.1, for small SNR values p < p ~ —3dB for R = 1,
spatial correlation decreases the outage probability. For high SNR
values p > p =~ 4.77dB for R = 1, spatial correlation increases the
outage probability.

(1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(9]

(10]

(11]

[12]

(13]

(14]

(15]

(16]

[17]

IV - 180

5. REFERENCES

E. Telatar, “Capacity of multi-antenna Gaussian channels,” Eu-
ropean Trans. on Telecomm. ETT, vol. 10, no. 6, pp. 585-596,
November 1999.

G.J. Foschini and M.J. Gans, “On limits of wireless communi-
cations in a fading environment when using multiple antennas,”
Wireless Personal Communications, vol. 6, no. 3, pp. 311-335,
March 1998.

R. U. Nabar, H. Bolcskei, and A. J. Paulraj, “Outage proper-
ties of space-time block codes in correlated Rayleigh or Ricean
fading environments,” [EEE ICASSP, pp. 2381-2384, May
2002.

A. Sezgin and T.J. Oechtering, “On the outage probability of
quasi-orthogonal space-time codes,” Proc. of IEEE Info. The-
ory Workshop 2004, San Antonio, TX, USA, October 2004.

E. A. Jorswieck and H. Boche, “Behavior of outage probabil-
ity in MISO systems with no channel state information at the
transmitter,” Proceedings of IEEE Information Theory Work-
shop, pp. 353-356, 2003.

H. Boche and E. Jorswieck, “Outage probability of multiple
antenna systems: Optimal transmission and impact of correla-
tion,” Proc. of International Ziirich Seminar on Communica-
tions, February 2004.

S.M. Alamouti, “A simple transmitter diversity scheme for
wireless communications,” IEEE Journal on Selected Areas in
Communications, vol. SAC-16, pp. 1451-1458, October 1998.

V. Tarokh, H. Jafarkhani, and A.R. Calderbank, “Space-time
block codes from orthogonal designs,” IEEE Trans. on Infor-
mation Theory, vol. 45, no. 5, pp. 1456-1467, July 1999.

O. Tirkkonen and A. Hottinen, “Square-matrix embeddable
space-time block codes for complex signal constellations,”
IEEE Trans. on Information Theory, vol. 48, no. 2, pp. 1122—
1126, February 2002.

S. Sandhu and A.J. Paulraj, “Space-time block codes: A ca-
pacity perspective,” IEEE Comm. Letters, vol. 4, no. 12, pp.
384 —386, December 2000.

G. Bauch and J. Hagenauer, “Smart versus dumb antennas-
capacities and FEC performance,” IEEE Comm. Letters, vol.
6, no. 2, pp. 55-57, February 2002.

R.U. Nabar, H. Bolcskei, and A.J. Paulraj, “Diversity and out-
age performance in Ricean MIMO channels,” fo appear in
IEEE Trans. Wireless Communications, 2004.

H. Wang and X.-G. Xia, “Upper bounds of rates of complex
orthogonal space-time block codes,” IEEE Trans. on Info. The-
ory, vol. 49, no. 10, pp. 2788 — 2796, October 2003.

X.B. Liang, “Orthogonal designs with maximal rates,” IEEE
Trans. on Info. Theory, vol. 49, no. 10, pp. 2468 — 2503, Octo-
ber 2003.

H. Bolcskei and A. J. Paulraj, “Performance of space-time
codes in the presence of spatial fading correlation,” in Pro-
ceedings of Asilomar Conference, 2000.

R. Knopp and P. Humblet, “On coding for block fading chan-
nels,” IEEE Trans. on Info. Theory, vol. 46, no. 1, pp. 189-205,
2000.

E. A. Jorswieck, A. Sezgin, and H. Boche, “On the outage
probability of orthogonal space-time block codes,” in prepara-
tion, 2005.



