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ABSTRACT

In this paper, a design of orthogonal space-time block codes (OS-
TBC) is proposed for MIMO-OFDM systems operating in frequency-
selective fading channels. By stacking the repeated symbols as
entries of an OSTBC matrix, the proposed OSTBC can achieve
full diversity in frequency-selective fading channels. Moreover,
the ML decoding can be performed separately on each symbol,
i.e., single-symbol decoding. Simulation results show that for two
transmit antennas the proposed OSTBC can achieve a higher diver-
sity gain than the Alamouti code yet maintaining a single-symbol
decoding simplicity.

1. INTRODUCTION

The orthogonal space-time block code (OSTBC) design has re-
cently received recognition because the special structure of orthog-
onality achieves full-diversity in flat fading channels and simple
maximum-likelihood (ML) decoding. The first OSTBC design
was proposed by Alamouti in [1] for two transmit antennas and
was then extended by Tarokh et. al. [2] for any number of transmit
antennas. Later, a systematic construction of complex OSTBC of
rates (k+1)/(2k) for Mt = 2k−1 or Mt = 2k transmit antennas
for any positive integer k was proposed in [3].

Focusing on frequency-selective MIMO channels, the Alam-
outi code was applied to each subcarrier of OFDM for two trans-
mit antennas [4]. It can only exploit space diversity. However, the
maximum diversity gain is the product of the number of transmit
antennas Mt, the number of receive antennas Mr and the num-
ber of channel paths L [5]. To exploit the potential multipath di-
versity, a variety of coding schemes have been proposed, such as
space-time trellis coded (STTC) OFDM in [6, 7], space-frequency
coding (SFC) in [8, 9], and space-time-frequency coding (STFC)
in [10, 11]. However, most of the existing coding methods have
to sacrifice low decoding complexity in order to achieve full di-
versity. Recently, a low-complexity full-diversity STFC was con-
structed in [12], but it can only achieve the low complexity over
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the paired real symbols, i.e., single complex symbol, in the case of
two channel paths.

In this paper, a design of OSTBC is proposed for MIMO-
OFDM systems. Using a special structure of stacking and re-
peating, the proposed OSTBC can achieve the full diversity gain
MtMrL in frequency-selective fading channels. Furthermore, the
proposed codes design admits a fast ML decoding, i.e., single-
symbol decoding, for any number of transmit antennas and any
number of channel paths. The rest of the paper is organized as
follows. In Section 2, a typical MIMO-OFDM system is described
and the corresponding signal model is given. In Section 3, a design
of full-diversity OSTBC over frequency-selective fading channels
is proposed. The fast ML decoding of the proposed OSTBC is
shown and the maximum diversity gain is proved. In Section 4,
simulation results are presented and discussed.

2. CODED MIMO-OFDM SYSTEM

Focusing on MIMO-OFDM systems over quasi-static frequency-
selective Rayleigh fading channels, we provide in this section a
brief review on the STF coded signal model which covers the STC
and the SFC.

Suppose that a block of Ns information symbols which are
from discrete alphabet A such as PSK or QAM are encoded into
C via space-time-frequency (STF) coding. The STF codeword C
of size NT × Mt can be expressed as

C =

⎛
⎜⎝

C1

...
CT

⎞
⎟⎠ =

⎛
⎜⎝

c1
1 · · · c1

Mt

...
. . .

...
cT
1 · · · cT

Mt

⎞
⎟⎠ , (1)

where Cu ∈ C
N×Mt(u = 1, · · · , T ) denotes the signals trans-

mitted during the uth OFDM block. The jth column cu
j of Cu

will be fed to the N -point IFFT at the jth transmit antenna during
the uth OFDM block.

At the ith receive antenna, the frequency domain signals dur-
ing the uth OFDM block can be given by

Yu
i =

√
ρ

Mt

Mt∑
j=1

diag(cu
j )Hi,j + nu

i , (2)

where Hi,j ∈ C
N×1 denotes the channel frequency response from

the jth transmit antenna to the ith receive antenna, nu
i ∈ C

N×1
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denotes noise and its kth entry nu
i (k) is a circular symmetric, com-

plex Gaussian with zero mean and unit variance and assumed to be
statistically independent with respect to k, i and u. The normal-
ization factor ρ ensures that ρ is the signal-to-noise ratio (SNR) at
each receive antenna, independently of Mt.

With some matrix permutations, (2) can be rewritten as [11]

Yu
i =

√
ρ

Mt
Xuhu

i + nu
i , (3)

for u = 1, · · · , T and i = 1, · · · , Mr , where

Xu =
[

D0C
u · · · DL−1C

u
]
,

hu
i =

[
(h̃u

i,0)
T · · · (h̃u

i,L−1)
T ]T

,

where the superscript T denotes the transpose. The matrix Dl =

diag
(

1 e−j2π
τl
Ts · · · e−j2π(N−1)

τl
Ts

)
. Ts denotes the

effect duration of an OFDM block and τl is the delay of the lth
path. h̃u

i,l =
(

hu
i,1(l) · · · hu

i,Mt
(l)

)T
, for l = 0, · · · , L −

1. The entry hu
i,j(l) denotes the lth tap of the channel between

the jth transmit antenna and the ith receive antenna during the uth
block and E[|hu

i,j(l)|2] = δ2
l for any l, i, j and u. As the chan-

nel is assumed to be quasi-static, it has h1
i = · · · = hT

i . In the
following, the superscript u in hu

i will be omitted.
Stacking all the received signals in (3) into a vector for u =

1, · · · , T and i = 1, · · · , Mr , we can obtain

Y =

√
ρ

Mt
Xh + n

where

Y =
[

(Y1
1)

T · · · (YT
1 )T · · · (YT

Mr
)T

]T
, (4)

X = IMr ⊗ G,

h =
[

hT
1 · · · hT

Mr

]T
,

n =
[

(n1
1)

T · · · (nT
1 )T · · · (nT

Mr
)T

]T
, (5)

and the NT × MtL matrix G is given by

G =
[

(IT ⊗ D0)C · · · (IT ⊗ DL−1)C
]
. (6)

The symbol ⊗ represents the Kronecker product.
In the code design of C, diversity gain is always mostly con-

cerned and it can be given by [11]

r = Mr · min
∀C�=Ĉ

[
rank

(
(G− Ĝ)Q

1
2

)]

≤ MtMrL, (7)

where Q = Υ ⊗ IMt and Υ = diag( δ2
0 δ2

1 · · · δ2
L−1 ).

It shows that the diversity gain is MtMrL in frequency-selective
fading channels.

3. AN OSTBC FOR MIMO-OFDM ACHIEVING FULL
DIVERSITY AND FAST ML DECODING

In this section, we propose a design of OSTBC and show that they
can both achieve full-diversity and fast ML detection in frequency-
selective fading channels.

Let ḠMt be a Q × Mt matrix with entries of complex linear
combinations of elements from the set

{±s1,±s∗1,±s2,±s∗2, · · · ,±sNu ,±s∗Nu
}.

It is an OSTBC design if the following orthogonality holds for any
complex values of sj′ , (j

′ = 1, 2, · · · , Nu):

ḠH
Mt

ḠMt = (|s1|2 + |s2|2 + · · · + |sNu |2)IMt ,

where H denotes the conjugate transpose. The Nu information
symbols sj′ , j

′ = 1, 2, · · · , Nu coming from a signal constella-
tion will be transmitted through Mt transmit antennas in Q time
slots. The rate of the general OSTBC ḠMt is R̄OSTBC = Nu/Q.
In [3], a closed form design of complex general OSTBC of rate
R̄OSTBC = �Mt/2�+1

2·�Mt/2� is given. �x� denotes the smallest integer
larger than x.

Based on the general OSTBC design, for example, in [3], we
develop an OSTBC tailored for MIMO-OFDM system. It is struc-
tured as the following QN × Mt matrix:

C =
√

γGMt ⊗ 1Γ×1, (8)

where the scalar
√

γ ensures that the OSTBC obeys the energy
constraint, i.e., ||C||2F = QNMt, and 1Γ×1 is a length-Γ column
vector with all 1’s entries. The matrix GMt of size NQ

Γ
× Mt has

the same structure as the general OSTBC matrix ḠMt but an in-
formation symbol, sj′ , in ḠMt is replaced by a vector of symbols,

Sj′ , where Sj′ = [ sj′(1) · · · sj′(
N
Γ

) ]T ∈ AN
Γ ×1, j′ =

1, · · · , Nu. A is the discrete alphabet such as PSK or QAM con-
stellations normalized into the unity power. Γ = 2�log2 L′� for
1 ≤ L′ ≤ L. Clearly, Γ ≥ L′ and N

Γ
is a positive integer. The

orthogonality of (8) can be verified by

CHC = γΓ

⎛
⎝ Nu∑

j′=1

N/Γ∑
n=1

|sj′ (n)|2
⎞
⎠ IMt ,

where IMt denotes the identity matrix of size Mt × Mt.
An example of the proposed OSTBC for two transmit antennas

is given by the following 2N × 2 matrix as

C =

(
S1 S2

−S∗
2 S∗

1

)
⊗ 1Γ×1.

Compared with the general STFC form (1), the proposed OSTBC
for two transmit antennas can be described as follows: in the first
OFDM block, S1⊗1Γ×1 and S2⊗1Γ×1 are sent from the first and
the second transmit antenna, respectively; in the second OFDM
block, −S∗

2 ⊗1Γ×1 and S∗
1 ⊗1Γ×1 are sent from the two transmit

antennas, respectively.
Here, we would like to give the following theorem.
Theorem 1: Suppose that an MIMO-OFDM system with Mt

transmit antennas and Mr receive antennas has N OFDM tones
and that the MIMO channels are spatially uncorrelated and each
channel experiences the frequency-selective fading characterized
by L independent paths, in which the maximum path delay is less
than the length of the cyclic prefix of OFDM and the path gains
are constant over T OFDM blocks. The STBC as described in (8),
for any 1 ≤ L′ ≤ L,

1. achieve a symbol transmission rate as 1
Γ

of that of general

OSTBC, where Γ = 2�log2 L′�;

2. have a fast ML decoding algorithm with single-symbol de-
coding; and

3. can achieve a diversity gain MtMrL
′. If L′ = L, then the

full-diversity can be achieved.
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Proof of Theorem 1.1
Using (1), we can observe that the total number of information

symbols embedded in one codeword of (8) transmitted through N
subcarriers in Mt transmit antennas during T (T = Q) OFDM
blocks is Ns = NuN/Γ. Thus the symbol rate of the proposed
OSTBC in (8) is

R =
N/Γ · Nu

NQ
=

1

Γ

Nu

Q
=

1

Γ
R̄OSTBC.

Proof of Theorem 1.2
Combining (8) with (2), the received signals at the ith receive

antenna during T (T = Q) OFDM blocks can be given by
⎡
⎢⎣

Y1
i

...
YT

i

⎤
⎥⎦ =

√
ρ

Mt
Φ

⎡
⎢⎣

Hi,1

...
Hi,Mt

⎤
⎥⎦ +

⎡
⎢⎣

n1
i

...
nT

i

⎤
⎥⎦

where Φ ∈ C
NQ×NMt has the same form as the general OSTBC

Ḡ ∈ C
Q×Mt but with the N × N block matrix entries Λj′ =√

γdiag(Sj′ ⊗1Γ×1) instead of the scalar entry sj′ in Ḡ, for j′ =

1, · · · , Nu. Let H =
[

HT
1,1 · · · HT

Mr ,Mt

]T
. With the

notations (4) and (5), we can have

Y =

√
ρ

Mt
Φ′H + n,

where Φ′ = IMr ⊗ Φ. Note

(Φ′)
H
Φ′ = γIMrMt ⊗ diag

⎛
⎝ Nu∑

j′=1

|Sj′ |2 ⊗ 1Γ×1

⎞
⎠

the ML decoding can be reduced to

Ŝ = arg min
s∈A

⎧⎨
⎩

Nu∑
j′=1

N/Γ∑
n=1

fj′,n(sj′(n))

⎫⎬
⎭ ,

where fj′,n is a quadratic form of sj′(n). It can be seen that the
ML detection can be done separately on each sj′(n). This leads to
the fast ML decoding.

Proof of Theorem 1.3
From (7) it is known that the achievable diversity gain of the

proposed OSTBC depends on the minimum rank of (G − Ĝ)Q
1
2

for any two different codewords C and Ĉ given by (8), where G

(and Ĝ accordingly) is defined in (6).
For any C̆ = C − Ĉ �= 0, there exists at least one nonzero

s̆j′(n0) = sj′(n0)− ŝj′(n0) in C̆ for 1 ≤ n0 ≤ N
Γ

and 1 ≤ j′ ≤
Nu. Let σ(n0) denote the smallest row index of sj′(n0) in C. Let

bm,u = (u − 1)N + σ(n0) + (m − 1)ν,
m = 1, · · · , Γ; u = 1, · · · , T,

where ν is the separation factor representing the distance between
any two repeated symbols during one OFDM block. For the pro-
posed OSTBC in (8), it has ν = 1 and σ(n0) = (n0 − 1)Γ + 1,
for 1 ≤ n0 ≤ N

Γ
. Further define a set

I =
{

b1,1, · · · , b1,T , · · · , bΓ,1, · · · , bΓ,T

}
.

For 1 ≤ L′ ≤ L and Γ = 2�log2 L′�, let

G′ =
[

(IT ⊗ D0)C · · · (IT ⊗ DL′−1)C
]
, (9)

which are in fact the first MtL
′ columns of the matrix G as shown

in (6). Then we construct a matrix B ∈ C
TΓ×MtL′

by extracting
the I(p)th row of G′ ∈ C

TN×MtL′
as the pth row of B for all p,

1 ≤ p ≤ TΓ. In fact, B is a sub-matrix of G′ after some rows
permutation. Consequently, the TΓ × MtL

′ matrix B̆ = B − B̂
can be given by

B̆ =
√

γ(V ⊗ IT )
(
IL′ ⊗ Ḡ) , (10)

where Ḡ is the OSTBC matrix of size T × Mt with variables
s̆1(n0), s̆2(n0), · · · , s̆Nu(n0) and the (m, l)th entry of the Γ ×
L′ (Γ ≥ L′) matrix V is [V]m,l = ξ(bm,1−1)τl , m = 0, 1, · · · , Γ

and l = 0, 1, · · · , L′ − 1. ξ = e−j2π/Ts . It can be proved that
rank(V) = L′. Using (10) we can have

Q
H
2 B̆HB̆Q

1
2 = γ(Υ

H
2 VHVΥ

1
2 ) ⊗ (ḠHḠ). (11)

Its rank is L′Mt. Thus (B − B̂)Q
1
2 ∈ C

TΓ×MtL′
is of full

rank. Considering that B − B̂ is a sub-matrix of G′ − Ĝ′ with
some selected rows, (G′ − Ĝ′)Q

1
2 ∈ C

TN×MtL′
is also of full

rank. Recall (9), the matrix G′ is a sub-matrix of G with the
first ML′ columns of G. Then the minimum rank of (G′ −
Ĝ′)Q

1
2 ∈ C

TN×MtL is ML′. Therefore, from (7) we obtain that
the proposed OSTBC achieves the diversity gain MtMrL

′ over
frequency-selective fading channels. If L′ is chosen to be equal to
L, the OSTBC achieves the full-diversity MtMrL.

4. SIMULATION RESULTS

A 2 × 1 system with 64 OFDM tones is simulated. The band-
width is 20 MHz and the cyclic prefix of the OFDM is fixed to 16.
A two-ray channel model is considered with equal power and the
second path delay is 0.5 µs. Four coding schemes combined with
OFDM are considered at 1 bit/s/Hz. They are space-time coding
(STC) without repeating, i.e., Alamouti coded OFDM [4], STC via
repeating [8], space-frequency coding (SFC) via algebraic rotation
[9] and the proposed OSTBC in (8) with L′ = L = 2. If the
channel path delay profile is known at transmitter, then an optimal
permutation can be applied to achieve a better coding gain [9].

Table 1. Performance comparison in diversity gain and decoding
complexity at 1 bit/s/Hz.

Diversity Number of symbols
Gain jointly in decoding

STC [4] 2 1
STC [8] 4 2
SFC [9] 4 4
Proposed OSTBC 4 1

It can be seen from Fig. 1 that the STC without repeating
marked by “ ∗ ” gives the worst BER performance. This is due
to the fact that the space diversity gain 2 is achieved only [4]. To
achieve the maximum diversity gain 4 in the simulated system, the
STC was suggested to be repeated two times as shown in [8]. It can
also be observed that the STC via mapping [8], the SFC (ν = 1)
[9], and the proposed OSTBC (ν = 1) can achieve the comparable
performance with a deeper slope than the STC without repeating.
With optimum permutation (ν = 16), the SFC and the proposed
OSTBC can both achieve a better BER performance than the ones
without permutation (ν = 1).

The ML decoding complexity can be evaluated by the num-
ber of symbols involved in the detection. In Table 1, it is shown
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BPSK, STC, no repeat
QPSK, STC, repeat 2 times
BPSK, SFC, without permutation (ν=1)
BPSK, SFC, with permutation (ν

opt
=16)

QPSK, proposed STBC, without permutation, (ν=1)
QPSK, proposed STBC, with permuation, (ν

opt
=16)

Fig. 1. Performance comparison among the Alamouti coded
OFDM [4], STC via repeating [8], space-frequency coding (SFC)
via algebraic rotation [9], and the proposed STBC for 2 × 1
OFDM system in 2-ray channel model (N = 64, BW=20 MHz,
τ = [0, 0.5]µs) at 1 bit/s/Hz.

that only the Alamouti coded OFDM in [4] and the proposed OS-
TBC have single-symbol decoding complexity. But the the pro-
posed OSTBC can achieve the maximum diversity gain 4 while
the Alamouti coded OFDM can only achieve the space diversity 2.

To further investigate the BER performance comparison be-
tween the two low-complexity coded OFDM, viz. the Alamouti
coded OFDM [4] and the proposed OSTBC, we considered a 4-ray
channel model (L = 4). The path delays are [0, 0.25, 0.5, 0.75]
µs. To keep at 1 bit/s/Hz bandwidth efficiency, BPSK is used for
Alamouti coded OFDM [4] and 16QAM is for our proposed OS-
TBC in (8) with L′ = L = 4. The simulation results in Fig. 2
show that in the low SNR region less than 12 dB the rate-1 Alam-
outi coded OFDM has a better BER performance than our pro-
posed OSTBC. This is due to the fact that the Alamouti code with
BPSK has a large coding gain than our proposed OSTBC with
16QAM. But when SNR is larger than 12 dB, the proposed OS-
TBC produces a BER curve with deeper slope than the Alamouti
code. It is resulted from the multipath diversity gain exploited by
our code design.

5. CONCLUSION

In this paper, an OSTBC design is proposed for MIMO-OFDM
systems. By replacing the scalar entry of the general OSTBC
with a vector of stacked and repeated symbols, the proposed OS-
TBC can achieve the full-diversity and the fast ML decoding in
frequency-selective fading channels.

6. REFERENCES

[1] S. M. Alamouti, “A simple transmit diversity technique for
wireless communication,” IEEE J. Select. Areas Commun.,
vol. 16, pp. 1451–1458, Oct. 1998.

[2] V. Tarokh, H. Jafarkhani, and A. R. Calderbank, “Space-time
block codes from orthogonal designs,” IEEE Trans. Inform.
Theory, vol. 45, pp. 1456–1467, July 1999.

[3] K. Lu, S. Fu, and X.-G. Xia, “Closed form designs of com-
plex orthogonal space-time block codes of rates (k+1)/(2k)

2 4 6 8 10 12 14 16 18 20
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

2x1 OFDM system, 4−ray channel model, [0 0.25 0.5 0.75] µ s, BW=20 MHz, 1 bit/s/Hz

SNR (dB)

B
E

R

BPSK, STC, no repeat
16QAM, proposed STBC, L’=4, ν=1

Fig. 2. Performance comparison between the Alamouti coded
OFDM [4] and the proposed full-diversity STBC (L′ = L) for
2 × 1 OFDM system in 4-ray channel model (L = 4, N = 64,
BW=20 MHz, τ = [0, 0.25, 0.5, 0.75]µs) at 1 bit/s/Hz.

for 2k − 1 or 2k transmit antennas,” IEEE Trans. Inform.
Theory, vol. 51, pp. 4340- 4347, Dec. 2005.

[4] K. F. Lee and D. B. Williams, “A space-time coded transmit-
ter diversity technique for frequency selecitve fading chan-
nels,” in Proc. IEEE Sensor Array and Multichannel Signal
Processing Workshop, Mar. 2000, pp. 149–152.

[5] H. Bölcskei and A. J. Paulraj, “Space-frequency coded
broadband OFDM systems,” in Proc. Wireless Commun. Net-
working Conf., Chicago, IL, Sep. 23-28, 2000, pp. 1-6.

[6] R. S. Blum, Y. Li, J. Winters, and Q. Yan, “Improved space-
time coding for MIMO-OFDM wireless communications,”
IEEE Trans. Commun.,vol. 49, pp. 1873–1878, Nov. 2001.

[7] Y. Gong and K. B. Letaief, “An efficient space-frequency
coded wideband OFDM systems for wireless communica-
tions,” in Proc. IEEE ICC, vol. 1, 2002, pp. 474-479.

[8] W. Su, Z. Safar, M. Olfat, and K. J. R. Liu, “Obtaining full-
diversity space-frequency codes from space-time codes via
mapping,” IEEE Trans. Signal Processing, vol. 51, pp. 2905-
2916, Nov. 2003.

[9] W. Su, Z. Safar, and K. J. R. Liu, “Full-rate full-diversity
space-frequency codes with optimum coding advantage,”
IEEE Trans. Inform. Theory, vol. 51, pp. 229–249, Jan. 2005.

[10] M. Fozunbal, S. W. McLaughlin, and R. W. Schafer, “On
space-time-frequency coding over MIMO-OFDM systems,”
IEEE Trans. Wireless Commun., vol. 4, pp. 320–331, Jan.
2005.

[11] W. Zhang, X.-G. Xia, and P. C. Ching, “High-rate full-
diversity space-time-frequency codes for broadband MIMO
block-fading channels,” submitted to IEEE Trans. Commun.,
Apr. 2005.

[12] D. R. V. J. Rao, V. Shashidhar, Z. A. Khan, and B. S. Rajan,
“Low-complexity, full-diversity space-time-frequency block
codes for MIMO-OFDM,” in Proc. IEEE Globecom, Dallas,
Texas, USA, Nov. 29–Dec.3, 2004. pp. 204–208.

IV  172


