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ABSTRACT

Multicarrier systems are seriously affected by time-varying
frequency-selective channels. Recently, windowing and deci-
sion-feedback equalization (DFE) have separately been proven
to boost the performance of minimum mean-squared error
(MMSE) block equalization, while maintaining a very low com-
plexity by capitalizing on a band LDL factorization. This paper
jointly considers receiver windowing and DFE, as well as the
impact on the performance of a pilot-based frequency-domain
channel estimation technique that relies on a basis expansion
model (BEM) approach. We show that the combination of win-
dowing and DFE still allows the use of a low-complexity band
LDL factorization. Therefore, we can further improve the BER
of OFDM systems affected by severe Doppler spread, while
preserving linear complexity in the number of subcarriers.

1. INTRODUCTION

Multicarrier systems equipped with a cyclic prefix are particu-
larly attractive due to the simple equalization that is induced by
converting a time-invariant (TI) frequency-selective channel in a
set of parallel (orthogonal) frequency-flat channels [1]. How-
ever, the widespread use of OFDM in several communication
standards (e.g., DVB-T, 802.11a, 802.16, etc.) and the increas-
ing request for mobile communication capabilities have pushed
researchers to design OFDM equalizers capable to mitigate the
effects of significant Doppler spread, which destroys the subcar-
rier orthogonality and introduces intercarrier interference (ICI)
[2]-[8].

In this framework, an MMSE windowed block linear equal-
izer (W-BLE) and an MMSE block decision-feedback equalizer
(BDFE) have been recently proposed in [9]. Exploiting the ob-
servation that ICI generated by time-varying (TV) channels is
mainly induced by adjacent subcarriers [4], the band LDL fac-
torization approach proposed in [7] is exploited in [9] to show
that W-BLE and BDFE exhibit very good trade-offs between
performance and complexity with respect to other proposed solu-
tions [4]-[6]. Another possibility is a maximum-likelihood
Viterbi approach [8], which however is characterized by a much
greater complexity, especially for large constellation sizes. Aim
of this paper is to further improve the performance of the banded
equalizers in [9] by showing how to incorporate the receiver
windowing philosophy into the banded BDFE design, while
preserving linear complexity in the number of subcarriers.

Training-based channel estimation techniques are generally
preferred in rapidly time-varying environments. Pilot-aided
channel estimation techniques for block transmissions over dou-
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bly-selective channels have been widely analyzed in [3] [5] [10]
[11], where the common idea is to parsimoniously model the
time-varying channel by a limited number of parameters that
capture the time-variation of the channel within a single data
block. Assuming a classical frequency-domain equally-spaced
zero-guarded channel sounding technique [12], we show that the
parsimonious representation of the channel by means of a basis
expansion model (BEM) [13], can also take advantage of win-
dowed bases, and enables accurate channel estimation with fairly
high Doppler spread, without significantly affecting the perform-
ance of the proposed windowed equalizer.

2. OFDM SYSTEM MODEL

We consider an OFDM system with N subcarriers. We assume
time and frequency synchronization, and a cyclic prefix length
L greater than the maximum delay spread of the channel. By
applying an Nx1 time-domain window w at the receiver be-
fore the FFT, the OFDM input-output relation for the generic
OFDM block can be expressed by [6] [9]

zy =Aya+n, =CyAa+n,, 1

where z,, is the Nx1 received vector, A, =FA HF” is the
NxN frequency-domain windowed channel matrix, with
Ay, =diag(w), H the NxN time-domain channel matrix, F
the NxN unitary FFT matrix, a the Nx1 OFDM block that
contains the frequency-domain data, n,=FA,v is the win-
dowed noise, with v the receiver AWGN vector in the time
domain, A=FHF” is the frequency-domain unwindowed
channel matrix, and C,, =FA,F” is the circulant matrix repre-
senting the windowing operation in the frequency domain.

Due to the TV nature of the channel, A in (1) is not diago-
nal, but is nearly banded [2], and each diagonal is associated
with a discrete Doppler frequency that introduces ICI. Hence,
A can be approximated by the band matrix B, thereby neglect-
ing the ICI that comes from faraway subcarriers. We denote with
QO the number of subdiagonals and superdiagonals retained from
A, so that the total bandwidth of B is 20 +1. The parameter
QO <can be chosen according to the rule of thumb
QZ(fD/AJ+l [6], where f, is the maximum Doppler fre-
quency and A, is the subcarrier spacing. This leads to very
small values of Q,e.g., 1<Q<5.

In the windowed case, the band approximation is expressed
by A,, =B, . Hence, the window design should be tailored
to make the channel matrix “more banded,” so that
Ay —By |l < ||A—B]J. In this view, we consider the mini-
mum band approximation error (MBAE) sum-of-exponentials
(SOE) window [9], which is expressed by

ICASSP 2006



0
wl, = D b,exp(j27qn/ N), )
9=-0

where the coefficients {b,} are designed in order to minimize
[|Ay —By || . (Note that this criterion is similar to the max Av-
erage-SINR criterion of [6].) Thanks to the SOE constraint, the
covariance matrix of the windowed noise ny, is banded with
total bandwidth 4Q +1. This leads to linear MMSE equalization
algorithms characterized by a very low complexity [9], which is
linear in the number of subcarriers.

Due to the band approximation of the channel Ay, =B,,
the ICI has a finite support. Consequently, it is possible to de-
sign the transmitted vector a by partitioning training and data in
such a way that they will emerge from the channel (almost) or-
thogonal. Specifically, as proposed in [10] for time-domain
training, and in [11] for the frequency-domain counterpart, we
can design the transmitted vector as

3 = [OIXU sl 0I><2U dIT 0I><2U s2 01><2U dg : sL+I 0I><Zb d{ﬂ 0]><U]T 2 (3)

where s, represents the /th pilot tone, and d, isa DX1 column
vector containing the /th portion of the data. The parameter U
represents the maximum value of Q that preserves at the re-
ceiver the orthogonality between data and pilots, in the banded
channel. Thus, the choice of U at the transmitter can be done
according to the maximum Doppler spread allowed at the re-
ceiver. It is interesting to observe that the transmitted vector in
(3) contains equispaced pilots, which is an optimal choice also in
channels that are not doubly-selective [12]. Specifically, for
U =0, the pilot placement of (3) reduces to the optimal pilot
placement for OFDM in TI frequency-selective channels [14].

3. PILOT-AIDED CHANNEL ESTIMATION

The basic idea is to express each time-varying channel tap as a
linear combination of deterministic time-varying functions de-
fined over a limited time span. Hence, the time variability of
each channel tap is captured by its linear combination coeffi-
cients. This approach is known in the literature as the BEM, and
further details can be found in [13].

The evolution of each channel tap in the time domain dur-
ing the considered OFDM block is stored diagonally in the ma-
trix H or equivalently in the windowed channel matrix
H,, =A,H . More precisely, the /th tap evolution is contained
in the vector h, = Ay [A[0,/1,A[1,1],...,A[N —1]]", where h[n,]
represents the /th discrete-time channel path at time » . The
BEM expresses each channel tap vector h, as

——‘l; [aoagl’ ’gﬁ][n/,oanlvla---:n;vﬁ]r > (4)

where & represents the (p+1)th deterministic base of size
Nx1, which is the same for all taps and all OFDM blocks, 7, ,
is the (p +1) th stochastic parameter for the (/+1) th tap during
the considered OFDM block, and P +1 is the number of basis
functions. Because of the BEM assumption, the possibly win-
dowed channel matrix H,, can be expressed as

L L P
H,, =3 diagh)Z, =3 > 7, diag(§,)Z, (5)
1=0 1=0 p=0

where Z, isthe NXN circulant shift matrix with ones in the /th
lower diagonal (i.e., [Z ] =1) and zero elsewhere. Thus,

A, =FHF" = zzn,pxn ZZ% L, =T(M®I,),(6)

1=0 p=0 1=0 p=0

1 dn,(n=1) poan

where X =Fdiag(§, YF? is a circulant matrix with circulant
vector NV ’F¢,, which represents the discrete spectrum of the
(p+1) th basis function, D, =FZ F” =diag(f,) is a diagonal
matrix containing the /th discrete frequency vector f,, expressed
by [,] —exp(]Zﬂ'l(n D/N), I, ,=X,D, =Fdiag,)Z, F",

n=[;,....,n. 1" contains the (P+1)(L+l) BEM parameters
and T'=[[y,,...T 50l 50 Lol 5] By (D),
the received vector becomes

z, =I'M®I,)a+n, =T ®am+n,, (7)

(P+1)(L+1)
which can be rewritten as
= ‘P@ﬂ +a,, . (3)

where ¥* =T(I;,, ., ®a) is the data-dependent matrix that
couples the channel parameters with the received vector. What-
ever is the choice for the deterministic basis {§,}, and assuming
that the transmitted vector a can be partitioned as the sum of a
known training vector s and an unknown data vector d, that is
EZ[OIXU sl 01><4U+D s2 01><4U+D 0]><4U+D SL+1 0]><3U+D]T and (See
(3)) d=a-s, the received vector becomes

4 :‘I’(E)n""/_\wg'i'ﬂw» &)
where A, d="%n. Now we introduce the (2U +1)(L+1)xN
matrix Py obtained by selecting from I, only those rows that
correspond to the pilot symbols, i.e., the rows with indices from
AU +D+1)I+1 to AU +D+1DI+2U+1, for /=0,...,L. We
obtain

z; =Pz, =On+PAd+ Py, (10)

where @ =P,¥® is a (2U +1)(L +1)x (P +1)(L +1) matrix. We
observe that if A, is exactly banded with Q<U, P;A,d in
(10) is equal to zero, and hence the interference produced by the
data is eliminated. However, in general A,, is not exactly
banded, and hence we consider i=PA,d=P,¥%n in (10) as
an interference term. Consequently, we can estimate the BEM
parameters in the least squares (LS) sense or in the linear MMSE
(LMMSE) sense, as expressed by 1, =®'z, and

ﬁLMMSE = (d)H (R; +R,, )_1 D+ R;; )_ld)H (R; +R,, )_1 zg, (11)

respectively, where the superscript © denotes pseudoinverse,
R, =P.E{n,ni}P/ =0P,C,,CIP) is the covariance matrix
of the selected windowed noise, R; =P, ‘I’“’)R“‘I’@H P/ is the
covariance matrix of the 1nterference R, =E {fm"} is the co-
variance matrix of the (P+1)(L +1) channel parameters, com-
posed by square submatrices of size P+1, expressed by
R,, =Emn,"}=E'E(hh]}E" . After estimating the BEM
parameter Vector n, e.g., by (11), we can recover the channel
matrix A, by (6). Depending on the chosen basis matrix =, the
channel matrix A,, obtained by (6) could be non-banded but
nearly banded. In this case, we select only the 20 +1 main di-
agonals of A, , thus obtaining B,

4. BANDED MMSE-BDFE WITH WINDOWING

In [9], we presented two low-complexity equalizers that exploit
the band approximation and the band LDL factorization algo-
rithm of [7]. The first one is a banded W-BLE with MBAE-SOE
windowing. The second one is a banded BDFE with rectangular
windowing. Both of them outperform the banded BLE with rec-
tangular windowing of [7], without significant complexity over-
head. In this section, we marry banded BDFE and MBAE-SOE
windowing.
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4.1. Equalizer Design

We assume that the equalizer neglects the frequency guard bands
at the edges of the channel bandwidth, since these bands could
be affected by adjacent channel interference. Hence, we denote
with N, = N-2U the number of active subcarriers, which con-
tain both data and pilots. We also assume that the matrix A, is
the N, XN, middle block of A, C,, is the N, x N middle
block of C,, , and that vectors a and z,, are the N, x1 middle
blocks of a and z,, , respectively.

With reference to Fig. 1, we design the feedforward filter
F. and the feedback filter F, adopting the MMSE approach
[15] [16]. This approach minimizes the quantity MSE =tr(R,,) ,
where R =FE{xy”}, e=a—a,and a=F,z, —F,a. We also
impose the constraint that F; is strictly upper triangular, so that
the feedback process can be performed by successive cancella-
tion [16]. By the assumption of correct past decisions a=a , the
error vector can be expressed by e=F.z,, —(F; +1, )a. By the
orthogonality principle, it holds R,, =0, which leads to [16]

F.=(F, +I, )R, R, —=(F,+I, )AL (A AL +7'C,CY) " (12)

where y=07/0} is assumed known to the receiver. We now
apply A, =B,, , thereby obtaining

F. =(F; +1, )G, = (F, + 1, )By (B, By +77'C,,C{)™. (13)
This result points out that the feedforward filter is the cascade of
the banded W-BLE G, =B} (BB} +y'C,Cil)" and an
upper triangular matrix Fy +1, with unit diagonal. To design
F; , we observe that

R, =(F, +I, )R, -R, R, R_F, +1, )", (14)
and, by the matrix inversion lemma, we obtain
R, =0 (F,+1, )7 'L, +AL(C,Ci) Ay (F, +1, )" . (15)
We now make the approximation

AT (CRCR) Ay = A (CC) Ay (16)

where A,, =FH,F" isthe NxN, middle block of A,, and
F isthe N, x N middle block of F , thus obtaining
R, =02 (F, +1, )7 T, +Al(C Ciy Ay (Fy +1, )" . (17)
Since C,, is circulant,
AG(CyCy) " Ay = (FHTAGF")(FAGAF)(FA, HE™)

— EI;IIII;IEH _ EI;I”F”FI;IE” — /}111} . (18)
where A is the Nx N, middle block of the unwindowed chan-
nel matrix A . Consequently, Eq. (17) reduces to

R, = O-: (Fg + INA )(7_IINA + I}III})_I(FB + INA )H . (19

Henceforth, we can exploit the computational advantages given
by the LDL factorization algorithm in [7] by making the band
approximation A”A=B"B, where B is the NxN, middle
block of B, and B is the banded version of A . Consequently,
since Eq. (19) becomes

R, =0, (F,+1, )7 T, +B"B)"(F, +1,)", (20)

tr(R,,) can be minimized by using the band LDL factorization
of M=y"'I, +B"B, expressed by M =LDL" and setting

F, =L/ -1, . @1
By (21), (13),and M =»"I, +B"”B=LDL", we obtain
F,=L"G, . 22)

We observe that the design of the feedforward and feedback

filters does not consider the presence of pilot symbols. However,
we can always reinsert the known pilot symbols when perform-
ing the successive cancellation in the feedback path. This par-
tially prevents the error propagation, because the pilots are
equispaced. Alternatively, we can design (L +1) smaller DFEs,
each one for a single portion d, of the data.

4.2. Complexity Analysis

We now compute the number of complex operations necessary
to perform the proposed banded windowed BDFE (W-BDFE).
By (21) and (22), the soft output of the W-BDFE, expressed by
a=F,z,, —F,a, can be rewritten as

a=L"Gyz, ~(L" -1, )a. (23)

The computation of G,z,, is equivalent to applying the banded
W-BLE presented in [9], which requires roughly
(80 +240Q+5)N, complex operations. The band LDL factori-
zation of M needs (8Q° +10Q+2)N, complex operations. To
perform L”Gyz, , we need 20N, complex multiplies (CM)
and 20N, complex adds (CA). To perform (L” -1 N, )a,
20N, CM and (20-1)N, CA are required. Moreover, N,
CA are necessary to perform the subtraction between L”Gz,,
and (L" -1 )a. As a result, the proposed banded W-BDFE
requires approximately (16Q° +42Q0+7)N, complex opera-
tions. Hence, the complexity of the banded W-BDFE with
MBAE-SOE windowing is nearly doubled with respect to the
banded W-BLE with MBAE-SOE windowing [9].

It is worth noting that, thanks to the banded approach, the
complexity of the proposed banded W-BDFE is linear in the
number of subcarriers. Therefore, the proposed equalizer is less
complex than other non-banded DFE schemes, e.g., the serial
DFE [4], whose complexity is O(N3) .

5. SIMULATION RESULTS

We consider an OFDM system with N =256, U=Q, 0=2
unless otherwise stated, L =4, and QPSK modulation. We as-
sume Rayleigh fading channels with uniform power delay profile
and Jakes’ Doppler spectrum with f,/A, =0.256. As far as
channel estimation is concerned, we choose P+1=20Q+1 gen-
eralized complex exponential (GCE) basis functions with over-
sampling factor K =2 [17]. The channel is estimated by using
the LMMSE criterion (11). The power ratio p =3.316 between
data and pilots has been chosen according to [18]. The SNR is
defined as the ratio between total signal power (including pilot
power) and noise power.

Fig. 2 illustrates the normalized MSE of the estimated
channel matrices H and H,;, , by using orthogonalized GCE (O-
GCE) (i.e., E is obtained by QR decomposition of GCE basis
matrix) and orthogonalized windowed GCE (OW-GCE), as basis
functions. Specifically, with O-GCE, we first estimate H and
then reconstruct H, =A,H by the MBAE-SOE window,
whereas with OW-GCE we first estimate H,, and then recon-
struct H=AjH,, . It is shown that it is better to estimate the
windowed channel rather than the unwindowed channel.

Fig. 3 compares the BER performance of the banded W-
BDFE with the banded W-BLE and the banded BDFE. It is evi-
dent that the W-BDFE outperforms the other two equalizers.
Specifically, the W-BDFE is able to reduce the error floor. This
reduction is more pronounced for high values of Q. It is also
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worth noting that the degradation produced by channel estima-
tion is quite small for both W-BLE and W-BDFE, especially at
high SNR. Because of the good channel estimation, the BER
floor is caused mainly by the band approximation. Similar con-
clusion can be drawn for different normalized Doppler spreads.

We remark that the values of Q used in the band approxi-
mations (13), (20), and (2), could also be different. However,
due to space constraints, we used the same Q for all the band
approximations. A deeper analysis of the impact of different
0 ’s could be the subject of future work.

6. CONCLUSIONS

We have shown how to incorporate a receiver windowing tech-
nique into the design of a banded BDFE to boost the BER per-
formance of OFDM systems affected by high Doppler spread,
while preserving linear complexity in the number of subcarriers.
By exploiting a BEM approach and a common frequency-
domain training, we have also illustrated that reliable channel
estimation is possible without sacrificing the BER performance.
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Fig. 1. Structure of the BDFE.
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Fig. 2. MSE of different channel estimations.
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Fig. 3. BER comparison of banded MMSE equalizers.
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