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ABSTRACT

Two principles to produce new possibilities for the radix-2
Discrete Cosine Transform (DCT) have been presented in
this paper. One is to employ matrix factorization through
revealing the intrinsic relationship among several existing
famous algorithms, which is regarded as an effective guide
for exploring new algorithms. The other is to make use of
the orthogonal property of the DCT matrix. As long as the
recursive kernel of an algorithm is orthogonal, there must be
a twin fast DCT algorithm of it. Matrix factorization is
applied through the research and can be used to show how

data flows and compute the computational complexity easily.

At the end of this paper, we also present a new fast
algorithm for DCT. It enjoys the parallel structure which is
simpler for programming and hardware implementation and
keeps the same numbers of the additions and multiplications
as the fastest algorithms.

1. INTRODUCTION

DCT has widely been applied in speech and image
processing [1-3] and fast DCT algorithms, which simplify
the computational structure and lower the computational
complexity, have been adopted in most image and video
coding standards and processing systems.

There are two categories for computing the fast DCT,
indirect and direct implementations.

For indirect computation, DCT is decomposed into
other fast algorithms with smaller scales, such as DFT, FHT
[4-5]. These algorithms make use of the mature model in
programming and hardware implementation, but the
arithmetic complexity is increased.

Among the direct implementations, Wang [6] and Chen
[7] firstly put forward the fast DCT algorithms whose
computational complexity is the same. Lee proposed a fast
algorithm of IDCT, but the inversion and division of the
cosine values give rise to the instability problems. The
papers [1,8-10] presented the fast algorithms of DCT later,
which are regarded as the fastest ones commonly applied.
Their computational complexity is the same, with %logz N
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additions and % Nlog, N-N+1 multiplications.

In this paper, we reveal the regularity of the existing
algorithms of fast DCT using matrix factorization, which is
also a good tool to find the computational complexity. By
comparison, we learn that the existing algorithms are
constructed by following the same idea, with which we can
contrive as many fast DCT algorithms as possible. At the
same time, the orthogonal property [11-12] can also produce
the twin fast algorithms, as long as the recursive kernel is
orthogonal. At last, we present a fast DCT algorithm which
is different from the algorithms we have seen in the
literature. Its parallel structure makes it simpler for
programming and hardware implementation.

2. THE INTRINSIC REGULARITY

We denote the input sequence of length N is x(n), ne[0,N—1]
and the output sequence is X(k), k€[0,N—1]. Thus, the
Discrete Cosine Transform (DCT) can be defined as:

X (k) = ;g(k)Nz_l x(n)cos(z(2n + 1)k /1 2N) (1)
n=0

where ¢(x)=1/y2 for k=0, and .1 for ke[l,N-1].

For most of the existing fast algorithms, the normalized
form is used for the fast algorithm derivation:

X (k)= Nz_l x(n)cos(z(2n+1)k/2N) )
n=0

The fast algorithms are all formulated in the recursive
form to reduce the repetitious operations. We expect to look
insight into the intrinsic regularity of the existing fast DCT
methods. Five main algorithms [1-2, 8-10] are listed in
Table 1 and the matrix factorization not only helps us learn
the relationship among them, but also shows the
computational complexity.

2.1. The General Formula

From recursive kernels of the five algorithms in Table 1, we
learn that the algorithms of the length of N are composed of
4 types of basic matrices: permutation matrices, integer
coefficient matrices, trigonometric coefficient matrices and
the block diagonal matrices for the N/2 recursive kernels.
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In Equation (8), we take matrix factorization of Lee’s

method with the size 4 by 4 for example.

Table 1 Fast DCT algorithms in matrix form

IAlgorithm| Recursive Regularity
H% 0 3
[1]Hou | |; K‘)H ; H‘VM{) ol 4] @
Ly ©
[2] Lee [PL,]‘:é QOL:”: 07 L‘N}[P’-Z] 4)
Ky O
1ok |y 211 e ©)
ol fe o] ™ Oy o[r i 6
[9] L&H [o Li| {0 PJ{O T,X} {0 Qi| L —1} ©
IR VA N VA 7
nojcap| | | { . CJ[O ol ] )
et e N RIEREE A
IDCT = 10 0 —See) o |1 o 0 flootio
01 0 -1 0 0 1 121]]01 00
1o-10]jloo o iSec(%”)o 0 1 -142)[0 0 01

The four matrices above from left to right are
respectively integer coefficient matrix, trigonometric
coefficient matrix, the block diagonal matrix made of two
recursive kernel matrices for the length of N/2 and
permutation matrix.

With the tool of matrix factorization, not only is the
structure of each fast algorithm clearly shown, but also we
can deduce one from another, which is critical for us to
explore new possibilities. And we will deduce Hou’s
algorithm [1] from Kok’s [8] to illustrate how the general
formula is produced.

For Hou’s algorithm, DCATN=[PH1]»[HN]-[PH2] and D(/;'\TN is
the normalized form of DCT matrix with size N by N.

[#,] is the recursive kernel (3). [p,,] is a bit reversal
matrix and [p;,] is to split the input data sequence into 2

parts: the numbers in the even and ordinal positions of the
original sequence and those in the odd and reverse ordinal
positions. (Set the first position as 0.)

The recursive kernel of Kok’s algorithm is DCATN itself
and we can rewrite Equation (5) as Equation (9) and (10):

A

DTN =[Py HPin | Ky HP2 ] {Pr2] ©
e 20 2 | 2 2l
2 (10)

Define [HN} = [PHlil‘KN'PH{l] .

(11)

Then we have
ity 2L 1S s s mene

(12)

We can demonstrate that:

LR R
A Y O A
Hence [1,]- | ,:’,,H’? ,fj{é A I

From the example above, we can summarize the general
formula for constructing new fast DCT algorithms below.

DCTy 0
The recursive kernel iS:[DCTM:[A]-[ ? }[3] (16)

0 DCTy
2

Define the new recursive kernel [new,] with the length of V:
[vewy ] =[s7]-[pery ][]

Multiply the matrix [s™'], on the left of [pcT,] and [77],

y on

the right, then we have:

s 0 Newy 0 T o
SRR N L A RE (L)
2
This method can produce as many fast DCT algorithms as
possible.

2.2. Computational Complexity

From the viewpoint of matrix factorization, it is easy to
show how data flows and compute the complexity. Take
Hou’s algorithm for example.

The recursive kernel is Formula (3):

Hy 0
P roolfr 1
Mo kyll o Hy |0 oylT -1
2
Suppose that Hy requires My multiplications and Ay
2 2 2

additions for transformation, we can then find the numbers
of the operations:
1) Multiplications:

The 2™ matrix requires 20, and the 3™ requires &

2

SIER

multiplications because of diagonal trigonometric
coefficients, so the number of multiplications for H, is

N . N .
My + 5, which follows a,, =2m, + s with Mm,=4.
2 2
By mathematical induction, we have m, :%logzN .
i1) Additions:
The first matrix requires %71 additions, because k,, is

a lower triangular matrix and enjoys the recursive property.
The second matrix requires 24y additions and the last
2

matrix requires N additions. So 4, :2AN,,+%71 , with 4,=9.

By mathematical induction, we get 4, :%logz N-N+1 .
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The intrinsic regularity provides the new possibilities
for fast DCT algorithms. However, the best one always
achieves the lowest computational complexity and the
simplest structure for programming and hardware
implementation, which is the guide for us to design the new
algorithms.

However, not all the methods built in this way require
the same numbers of additions and multiplications. As long
as the new matrix appended to the recursive kernel of DCT
is permutation matrix, which follows that it does not bring
in any more additions or multiplications, the new algorithms
achieved in this way can keep the same computational
complexity as the original one.

3. THE ORTHOGONAL PROPERTY

DCT matrix enjoys the property of orthogonality, which
follows that the inverse of the matrix equals to its transpose.
We can make use of this property to explore more new
possibilities of fast DCT algorithms. According to the
structure deduced with matrix factorization, we learn that
once the recursive kernel is orthogonal, there must be a twin
fast DCT algorithm of it.

Suppose the matrix factorization form of the recursive
kernel of a fast DCT algorithm is:

}[CHD]- (18)

By applying the transforms of inverse and transpose to
the both sides of Equation (18), we have:

~I*T
Ky 0

K]c (19)
2

(Ky ] <[] (BT

As the matrix of Ky is orthogonal, we have [k, | - [KN]_PT .

Thus, we find the twin fast DCT algorithm of the original
Ky ©

one as [« N1=[A]‘*T-[Bll*r{ I
N
2

{1 o1 (20)

We take Lee’s algorithm as an example. From Equation (4),
the matrix factorization form of Lee’s recursive kernel is:

A
} IDCTy 0
2

NERLH @D

0 IDCTy
2

[IDACTN} =[r ] {1 0

0 0

A
and IpCT, =[X}IDCTy , Where

- W@ #=0) (22)

% (n=12,...N-1)

(n is the parameter representing the column.)

So the twin fast DCT algorithm of Lee’s is (23)
" T |1 0 IDéTi 0 Xlz 0 T —1%2
~ _ . ) 2 2 . .
IDCTy = [PLJ L Q[W} N 0 x,2 [PL;] [X,v]
0 IDCTy 5

The matrix [g, |, whose size is 4 by 4, is:

Loec
ZSeC16 0 0 0
1geedm
[ ] . 0 F5¢CTe 0 0 (24)
ol = o 0o LT o
zsecﬁ
1ennlm
0 0 0 2sec]6_
T
2c0516 0 0 0
" 3z
[ ],17_ 0 2cosl6 0 0 (25)
S I 0 2es3% 0
COSE
T
0 0 0 2cos16_

[0,] subjects Lee’s algorithm to the stability problems with

the inversion or division of cosine coefficients. However, in
the twin algorithm of Lee’s, there are no such problems.

The above example shows that the property of
orthogonality not only provides new possibilities for those
algorithms whose recursive kernels are orthogonal, but also
improves the existing algorithms.

4. ANEW ALGORITHM

In this section, we present a new fast DCT algorithm, which
is different from the algorithms we have seen in the
literature and we name it “ 2 algorithm” according to the
structure of its factor matrices.

We first define the matrix of recursive kernel New, , then

we have DCA'TN:[}}]{NewN] (26)
d New% 0 I 0 7
and [xew (1Y 7 {0 Q}[PZ] 27)

i) [B] is a permutation matrix, which makes the two halves
of the input data interlaced. For input sequence x of even
length N, #=[R]x , where x=[x,x,x,x,..xy,xy] and
X= [Xl,X%ﬂ,xz,XTNQ,M,X%XN] .

ii) [o] is a trigonometric matrix. In the DCT matrix for N-
length sequence, the size of [0] is mxum , where m=4 .

0, = diag[cos gy, |, b = %

iii) [p] is an integer coefficient matrix for additions and
subtractions of the input. FOr z=[z 2,z 2z, 201> 2=[B) 2

,m=01..M-1.

gIVe z =[z,+2zy,2, +ZN71,...,Z%7] +Z%+I,z1 —ZnsZy —zNil,‘.wz%il —Z%H] .

iv) []y is the multiplication of log, N~1 matrices, if the

length of the input sequence is N. Each factor matrix is
sparse and the nonzero elements make the matrix look like
the Greek letter 4.

Suppose: [PJJN = I:Pfl(logz N—l):|N ~-[Pz,2],v '[PM]N :
For length 2N, we have

(Pllngz N-1 )\v 0 (P}% ),V 0
[PA‘LN = Pogy v ’
loga N |5y 0 (Pa ) 0 (PA'I)\' 2N
Hoga N1 Jy |, T
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or
P) 0
() o [ @8
oz -1 ) . . .
[7] :{P,} ! :
N o N,y 0 (P )
Aoyt ) |y 0 (p)
A ) Ly
10 0 000 00
01 0 0 0O0 OO
00 .. 0 00 00
where P —loo o0 10000 (29)
Alloga N-1) | 000 0 01000
00 0 -10200
00 .0 00 " 0
0O -1 0 0 00 0 2
1000
. 01 00
Forexample.[&L:[&lL:O o
0 -10 2
10 0 00000/ [1 0000000
01 0 00000/ |01 000000
00 1 0000000100000
00 0 1 0000010202000
P,] :[P]-[P} - :
[48 2218 "L"1dg “loo0 0 0100000001 000
00 0 -10200//00000T1 00
00 -1 00020/ /000000T10
0 -1 0 00002 |00000-102

The analysis of the computational complexity is given
below.

i) Multiplications:

The operations of multiplications for the new fast DCT
algorithm are from two parts: the recursive kernel and the
matrix Q. For the N-length sequence, the number of
multiplications with the recursive kernel is M1y and that
with O is m2, . So the total number of the multiplications for
the N-length sequence is Mmy=M1y+M2, .

From (27), the number of multiplications with

Newy 0 . . I 0 .
¥ is 2m1, and that with [ } is &£ . No
0 Newy 2
2

0 Q 2
multiplication is needed for (2] .So My=Miy=2M1,+X
N b3

2

with M, =4 By mathematical induction, we have

My :%log2 N.

i) Additions:
The operations of additions are also from two parts: the

recursive kernel and [PAL. For the N-length sequence, the

number of additions from the recursive kernel is 41, and
that

from [P)JV is 42, . So the number of the additions for the

N-length sequence is Ay = Aly + 42y .
From (27), the number of additions with the second
matrix is 241, and that from [r2] is N. So 41,=241,+~ , with
2 2

41,=8 . By mathematical induction, we have 41y=Nlog, N .
From (28), the number of additions in the recursive

. N . .
kernel is 42, =242, +5 -1, with 42,=1 .By mathematical
: 2

induction, we have 42, :glogz N-N+1 .

So AJ\,=A1‘N+A2J\Y=37Nlog2 N-N+1.

Table 2 Number of operations of the proposed algorithm

N=4 | N=8 | N=16 | N=32 | N=64
Multiplication 4 12 32 80 192
Addition 9 29 81 209 513

From the deduction, we learn that the proposed algorithm
3N

multiplications and =

requires %mgz N log, N- N +1

additions for N-length sequence, which are the same as
other fastest DCT algorithms [1-2,8-10], but the new
algorithm allows simpler hardware implementation,
especially, parallel implementation.
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