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ABSTRACT

Discrete Fourier Transform (DFT) error recovery codes have 

been extended from the Galois field of numbers to the real and 

complex fields of numbers. The arithmetic in the complex 

field is much easier compared to the Galois field. But the 

computational error always exists in every calculation that is 

performed on the real and complex fields of numbers. This 

paper proposes a new algorithm for decoding DFT error 

recovery codes on the real and complex fields of numbers. It 

is shown that the proposed algorithm has lower computational 

complexity compared to the other DFT decoding algorithms. 

The proposed method is also more stable than the current 

methods of decoding DFT codes. 

1. INTRODUCTION

Error recovery techniques have been extended from the 

binary to the real and complex fields of numbers [1], [2]. Parts 

of these recovery techniques use the Discrete Fourier 

Transform (DFT) on the complex field of numbers [2]. One of 

their advantages to the binary recovery method is that they can 

be easily implemented on DSP cards. Also they perform well 

under sparse error condition. But their stability falls when 

there are a large number of consecutive errors [2]-[6]. This 

paper proposes a new algorithm for decoding DFT codes on 

the real and complex fields of number. This new method 

accelerates the decoding procedure by exploiting the 

Vandermonde properties of the recovery matrix 

decomposition. It is also shown that this method is more stable 

than the current methods for decoding DFT codes. 

This paper is organized as follows. Section 2 describes the 

DFT codes. The proposed method is described in Section 3. 

The computational complexity of the proposed algorithm is 

studied in Section 4 with the experimental results in Section 5 

2. DFT CODES

Assume that there is an information source that produces 

 for  which is denoted by the vector . The 

DFT of 
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transform matrix of size .
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Now  is oversampled to form  by padding 1mx̂ 1nŷ

mnZ  consecutive zeroes in the middle of  in a way 

that the Hermitian symmetry is preserved. The position of 

these inserted zeroes is denoted by . Because we have 

1mx̂

iz Z

consecutive zeroes starting at index  of the ,  can 

be shown by 

1nŷ iz

nmod)i(zi , Zi0 . (2)

The mod n shows that there can be circularly consecutive 

zeroes in . A more general form of the zero positions is 1nŷ

nmod)i(zi Zi0 . (3) 

In this formula,  indicates the position of the first inserted 

zero and  is the circular distance between any two 

consecutive zeroes. Equation (3) reduces to (2) if the circular 

distance is 1, 1 .

The vector  is the inverse Fourier transform of 

and it is transmitted through the channel. At the other side of 

the channel, 

1ny 1nŷ

1ny  is received which is  with 1ny L  errors. It 

is assumed that the position of the errors is known by the 

receiver. It does not affect the generality of the algorithm, 

because an error locating algorithm can be performed first on 

the received signal to find the position of the errors as it was 

studied in the previous works [1], [8]. The position of the 

errors is denoted by  for . The error samples at the 

position   in 

kl Lk0

kl 1ny  are set to zero and the error signal, e  is 

defined as follows 
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Because there are Z  padded zeroes in the positions  of iz
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1nŷ  it follows 
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Equation (6) can be written at the inserted zero positions, i.e. 
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Equation (7) is a linear equation between the lost samples and 

the values of  at the inserted zero positions. It can be 

rewritten in the matrix product form as 

ŷ
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S  contains the syndromes (value of  at the inserted zero 

positions), 

ŷ

P  denotes the lost samples, and FR is a LZ

matrix that shows the coefficient of the linear equation (7). 

Equation (11) is an overdetermined system of equations. It 

was also proved that  has full column rank RF L . So there is a 

unique least square solution that is 

SF)FF(P T
R

1
R

T
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Therefore the linear system of (11) can be solved and the 

error signal can be found and substituted in (4) to compute y.

Finally the original signal  is calculated by removing the 

inserted zeroes from  and performing an inverse DFT.  

1mx

1nŷ

The error in the computation of this solution is in direct 

proportion with )F( R , [11], which is the condition number 

of . References [2]-[6] have studied the effects of the 

different patterns of errors (different values of ) on the 

stability of the DFT codes. They have proved that the DFT 

codes are vulnerable to the burst of errors which is the 

consecutive form of . This case results in a large condition 

number for  which makes the computation of the solution 

for (7) very unstable. Next section proposes a fast decoding 

method which reduces this unstability problem. 
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Solving (11) by using matrix operations needs high 

computational complexity. The matrix algorithms needs about 

L3 operations [12] which is not applicable if the number of the 

lost samples is high. So there have been extensive studies to 

find better algorithms for solving (11). Some of the efficient 

algorithms like recursive extension [2] and Forney algorithm 

[7] solve (14) by introducing some auxiliary polynomials. The 

computational complexity of these algorithms is greatly 

reduced by using these auxiliary polynomials. This makes 

them efficient for decoding long DFT codes with high number 

of errors when the matrix inversion is not applicable. The next 

section proposes a matrix based method that needs lower 

computational complexity than the currently used methods. 

3. DFT DECODING USING MATRIX DECOMPOSITION

There are many different methods in the linear algebra that 

can accelerate the computation of the solution for a linear 

system of equations [12]. Most of these methods are 

developed for specially structured matrices like Toeplitz, 

Circular and Vandermonde matrices. These methods can still 

be used when the matrix of the coefficients of the linear 

system can be decomposed into the product of some structured 

matrices. Equation (10) shows the system of the linear 

equations in the case of the DFT decoding. Equations (7) and 

(10) show that  is a submatrix of , i.e.  contains the 

rows  and the columns  of the matrix . By considering 
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and substituting (14) in (10),  can be rewritten as RF
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Therefore  can be decomposed into the product of a 

Vandermonde matrix  and a diagonal matrix   as 

RF

VF DF

DVR FFF  (16) 

])[(]F[F i
lVV kk,i

 ,  , Zi0 Lk0  (17) 

) Lk0(DiagF kl
nD  ,  (18) 

LZ

1Z
l

1Z
l

1Z
l

1
l

1
l

1
l

0
l

0
l

0
l

V

1L10

1L10

1L10

F

LL

l
n

l
n

l
n

D

1L

1

0

00

00

00

F

FD is an LL  diagonal matrix that has nonzero diagonal 

entries and FV is a LZ  Vandermonde matrix. The main 

point of the above paragraph is that by substituting (16) in 

(11) it follows 

PFFS DV . (19) 

Equation (19) is a linear system of equations that is the 

product of two very structured matrices, a Vandermonde 

matrix and a diagonal matrix. If we define 

PFP D  (20) 

and substitute (20) in (19) it follows 

PFS V . (21) 

Equation (21) is a Vandermonde system of equations. There 

are some fast algorithms for solving a Vandermonde system 

[12]. These algorithms are almost extensions and 

improvements of Bjorck and Pereyra algorithm [9]. Fig. 1 

shows and implementation of the Bjorck and Pereyra 

algorithm for solving the Vandermonde system (21). 

Higham [10] has extensively analyzed the computational 

error and stability of these Vandermonde system algorithms. 

He has proved that these algorithms give surprisingly accurate 

III ­ 857



for i = 0 : L-1

iP  = iS

end

for k = 0 : L-2 

for i = L–1 : -1 : k+1 

   iP = iP  - 
kl 1iP

end
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end

for k = L-2 : -1 : 0

for i = k+1 : L-1 

   iP = iP  / (
il

-
1kil

)

end

for i = k : L-2 

   iP  = iP  - 1iP

end

Fig. 2. Number of addition and subtraction operations for 

the algorithms.

end

Fig. 1. Bjorck and Pereyra algorithm for computing the 

solution of the Vandermonde system.

results which improve the stability of the system. The 

experimental results in the next section also show that the 

stability of the proposed DFT error recovery algorithm is 

improved by using these Vandermonde system algorithms. 

After computing P  in (21) by using the algorithm of Fig. 

1, equation (20) should be solved to find P that is the vector of 

the lost samples. It should be considered that 
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Parameter  determines the first position of the inserted 

zeroes in  that is the Fourier transform of . So by 

changing 

1nŷ 1ny

 the position of the inserted zeroes in the Fourier 

domain of  is shifted. Shifting 1ny  terms in the Fourier 

domain and multiplying the time domain by  is one of 

the properties of the Fourier transform [13]. So the effect of 

this shift in the Fourier domain of  can be seen in (24) 

when the vector 

i
n

1ny

P  is multiplied by  to find P that is the 

vector of the lost samples of . Then  that is the 

Fourier transform of  should be calculated. The inserted 

zeroes at the positions z

kl
n

1ny 1nŷ

1ny

i should be removed to find .

Finally another inverse DFT is needed to find the original data 

 which completes the recovery process. 

1mx̂

1mx

4. COMPUTATIONAL COMPLEXITY

This section analyses the computational complexity of the 

proposed algorithm and compares it with the recursive 

extension [2] and Forney algorithm [7] which are good 

decoding methods of the DFT codes. The computational 

complexity for the calculation of  and  is not 

considered since all of these algorithms share this 

computation. 

kl
n

kl
n

The proposed decoding algorithm by using the algorithm of 

Fig. 1 needs 3L.(L-1)/2 subtractions and L.(L-1)

multiplications and divisions for the computation of P . If 

0  then PP  and the lost samples are found. But if 

0 , then another L multiplications are needed to find the 

vector of the lost samples P from P .

The recursive extension algorithm and the Forney algorithm 

use the error locator polynomial )x(  to accelerate the 

decoding procedure. Because it was assumed that an error 

locating algorithm is performed on the received signal to find 

the position of the errors, this polynomial is already calculated 

in the error locating step. The recursive extension algorithm 

[2] needs NL multiplications and N(L-1) additions to calculate 

the Fourier of the error signal by using the recursive formula. 

Then it is substituted in (4) to find the original signal. 

According to [1], [7], the Forney algorithm needs Z.(L-1)

additions and Z.L multiplications for the calculation of the 

error evaluator )x(  polynomial and L-1 multiplications to 

compute )x(  from the error locator polynomial )x( .
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Fig. 3. Number of multiplication and division operations 

for the algorithms.
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Then by using these polynomials, another L.(Z+L-1) additions 

and L.(Z+L+1) multiplications and divisions are needed to 

find the values of the lost samples. 

Fig. 2 shows the number of addition and subtraction 

operations of these algorithms when N=200, Z=N/4=50 and 

the number of the lost samples L is increased from 1 to 50.

Fig. 3 shows the number of multiplication division operations 

in the same conditions of Fig. 1. It can be seen that the 

proposed method needs much less computations than the other 

algorithms. 

5. EXPERIMENTAL RESULTS

This section studies the stability and the accuracy of the 

proposed method compared with the recursive extension 

algorithm. Marvasti et al. [2] have compared the stability of 

the recursive extension algorithm with some other methods 

like Forney algorithm. They have shown that the recursive 

extension is better than the other algorithms in the case of the 

stability and the accuracy of the decoding procedure. 

Therefore we only compare the stability of the proposed 

method with the recursive extension method. 

A normalized random number generator with uniform 

distribution generated the signal vector . The DFT of 1mx x

was oversampled with Z consecutive zeroes to make .

The size of the original signal, m, was increased from 1 to 40

and the number of the inserted zeroes was Z=m+1 in each 

step. Then L=Z consecutive samples of  were erased. The 

proposed algorithm and the recursive extension algorithm 

were used to recover the original signal. Then the Signal to 

Noise Ratio (SNR) of the recovered signals were calculated. 

When the size of the original signal was below 20, these 

algorithms recovered the original signal with very high 

accuracy and they didn’t have significant difference in their 

SNR values. When the size of the original signal was above 

35 both algorithms failed to recover the original signal. The 

main difference of these algorithms was when the size of the 

original signal was between 20 and 35. Fig. 4 compares the 

SNR(dB) values of the recovered signal when the size of the 

original signal, m, was between 20 to 35. It should be noted 

that the SNR values in this paper are the average of the SNR 

values for 100 recovered signals. As the figure indicates, the 

proposed method recovers the original signal with up to 20 dB 

higher accuracy compared to the recursive method. This is 

mainly because the proposed algorithm is based on the fast 

and accurate Bjorck-Pereyra [9] Vandermonde system 

algorithm. Therefore the experimental result agrees with the 

theoretical result that the proposed method by using the 

Vandermonde system algorithm is more stable than the 

recursive extension algorithm. 
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