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ABSTRACT

We address estimation for the multivariate Poisson distribu-
tion with second order correlation structure. Existing esti-
mators such as maximum likelihood estimators are too com-
putationally expensive whereas the moment estimator has
low efficiency. The proposed estimator uses on the concept
of composite likelihood and is, in terms of computational
complexity and efficiency, in between a simple moment es-
timator and the complex maximum likelihood approach.

1. INTRODUCTION

Many problems in signal processing deal with discrete-val-
ued data as for images, categorical data, bio-signal analysis
or data networking. While univariate discrete distributions
are well known and frequently used, specially the Poisson
distribution is popular because of simplicity, multivariate
extensions can be rarely seen in the literature. The most
common approximations for the multivariate Poisson are
the independent model, where the joint density is the prod-
uct of independent marginal densities, and the multivariate
normal approximation. When the mean is low compared to
the dimension and significant correlation is present both ap-
proximations can be far from optimal.

Recently a paper [1] was published addressing maximum
likelihood estimation for multivariate Poisson distributions
and [2] for bayesian estimation which allow for second-
order correlation. The disadvantage of those algorithms is
that the computational complexity makes it difficult to esti-
mate the parameters of high dimensional Poisson distribu-
tions e.g. 8. To overcome this problem a simple moment es-
timator could be used, but it has low efficiency if the corre-

structure of a multivariate Poisson distribution derived from
a multivariate reduction scheme. Section 3 gives the Cramer-
Rao bound and both the moment estimator and the compo-
site likelihood estimator, which are compared by simula-
tions in Section 4.

2. THE MULTIVARIATE POISSON DISTRIBUTION

Using the model described in [5] to derive the multivariate
Poisson distribution, a vector X = (X7, ... ,Xm)T, where
()T denotes transpose, is defined by the linear equation

X =AY 6]

where A = [I,,,, A5] with I, being the identity matrix of di-
mension m and Az a [m x gm(m — 1)] matrix composed
of all possible unique column vectors having two elements
being one and the rest zero. For example, for a trivariate

Poisson process A is
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A=10 1 0 1 0 1
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T
The vector Y = (Yl, cey Ym+%m(m71)> consists of uni-

variate Poisson distributed random elements Y; with param-
eter \; where Y; is independent of Y for 1 < 4,5 < m +
im(m — 1) and i # j. Because a sum of independent Pois-
son distributed random variables results in a Poisson dis-
tributed random variable the model in eq. (1) describes X

as a multivariate Poisson distributed vector with parameter

T
A= (/\1, RN )\m+%m(m71)) and probability mass func-

lation between the marginals is non-zero [3]. The proposed ton .

estimator is based on the concept of composite likelihood m+ym(m—1)

estimation by Lindsay [4], using a pairwise log-likelihood Jx(x[A) =exp | - Z Ak @
approximation. The method is a compromise between the k=1

moment estimator and maximum likelihood estimators in m )\xi,a;y Lim(m-1) \Yi-m
terms of computational complexity and efficiency. X Z e Z <H l) H ! :
The paper is organized as follows: Section 2 recalls the yecx) \i=1 (xl -4 y)' i Yeme
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where a; is the ith row vector of the matrix A, and C(x) is
the region of all possible events y = (y1, . . . ,y%m(mfl))T
for the random variables Y, 11,...,Y,, +Lm(m—1) under a
given realization x, i.e.

m

C(x) = ﬂ {a;y <=} .

i=1
It should be noted that by the given description of A we
restrict ourself to a second-order description between the
marginals in X with only positive correlation.

3. ESTIMATORS

Let x(k) = (z1(k),...,zm (k)" k = 1,..., N, be in-
dependent observations of the multivariate Poisson process
X.

3.1. Moment Estimator

The moment estimator AM for \;, i = m + 1,...,m +
$m(m— 1), is the sample covariance between the two mar-
ginal processes X, (n) and X, (n) with 1 < u,v < m and
u # v where 7 is the number of the unique column of A
where for rows u and v the elements in A are both 1.

The remaining parameters \; for ¢ = 1,...,m are easily
estimated using the sample mean X of X and the equation:

A Mt
=X 4 :

1 M

/\f”\n/[ )\m+ m(m 1)

In this equation, we have to subtract the correlation terms

because the sample mean is a biased estimator for Ay, ..., A,,.

3.2. Composite Likelihood Estimator

The pairwise composite likelihood estimator is defined in
[6, 7] where it was used for estimating the parameters of a
mixed Poisson distribution and a multivariate survival model.
Defining the bivariate marginal log-likelihood function be-
tween the random elements X,,, and X, [y, (A) as

N
Lo(N) = 1 108 Fx, (mu(n), 2 (WA) . B)
n=1

where

Fxox, (@u(n), my(n)|X) = ervtAvtouXsta, As=A

min(z, (n),z,(n))

_ u(n) Yuv
o Z (A Fa;As — N ) '
— (Zu(n) = Yuo)!
()\ +a;As — A ) o (n)=Yuo AJwe
(Tu(1) = Yuo)! Yuo!

)

“
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’ )‘m.Jr%m(mfl)) s
and ¢ is the number of the unique column of A where for
rows u and v the elements in A are both 1. The composite
log-likelihood function [(A) is further defined as the sum of
all bivariate log-likelihood functions as

Z Z wuv' uu (5)

u=1 v=u+1

using the subset of A, Ag = ()\erh e

where w,,, is a constant weight for [, (A). For simplicity
it is common to set wy, = 1 for 1 < u < v < m. The
composite score function can be easily derived as the sum
of bivariate score functions

m—1 m

u=1 v=u+1

Similarly, the Hessian matrix can be found as
A%l(N)
8A8AT

B m 6 luu )
B Z 2 v AT

u=1 v=u+1

HQA) =

By setting
Ol(X)

OA =0 @

)\:XCL

~CL
the optimal composite likelihood estimate A~ for A can be
found. To solve eq. (7) an iterative scheme has to be used.
3.3. Cramer-Rao Bound

The Fisher information matrix Z(\) for one sample can be
calculated as

) = E[(alogfx(xp\)) (3]0ng(X|A))T

oA oA

where E[] denotes the expected value. The Cramer-Rao

bound UCRB s, is [8]

diag {I()\)_l}
Eaps = — ®

T
2 2
= g < e, 0 N
( CRB,A7 ") CRB,AM;,,L(MU)

where diag[B] returns the main diagonal of matrix B. By
using the recurrence relation for the multivariate Poisson
distribution [9]

rifx(x|A) = Aifx(x —e|A) +

im(m—1)

Z ik Amkfx (X — a‘kl)‘) ;

k=1
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and the first order derivative of (2) with respect to A, the
score function can be found as

dlog fx (x|\)
o

im(m—1)
noly o A fx O~ agA)
)\z =1 )‘ZfX(X|>‘)
= fori=1,...,m
fx(x—al_,A) _q
fx(x[A)
fori:erl,...,er%m(mfl)

where e; is the ¢th row unit vector, alc the kth column vector

of the matrix A5 and a;y, its element in row ¢ and column k.
It should be noted that for m = 2 the composite likelihood
estimator is efficient and therefore reaches the Cramer-Rao
bound.

3.4. Computational Complexity

The least computationally complex estimator mentioned here
is by far the moment estimator. The composite likelihood
estimator is more expensive but less than the maximum like-
lihood estimator. This can be seen by comparing the score
functions. The pairwise composite likelihood concept is
based on a bivariate probability mass function therefore it
requires only a single summation eq. (4) plus two addi-
tional to calculate the composite log-likelihood in eq. (5).
On the other hand the maximum likelihood estimator uses
the multivariate probability mass function in eq. (2) which
involves %m(m — 1) nested summations, making the esti-
mation process computational expensive unless the number
of counts in the observation x (k) are mostly zero.

4. SIMULATIONS

As a global measure of performance we use the sum of the
mean squared errors of the parameters

(i -x)

to compare the moment and the composite likelihood es-
timator. We always calculate X5 g from 1000 Monte-
Carlo realizations. This is compared to the Cramer-Rao
bound as follows

m+3m(m—1)

SusgE= Y

i=1

Ee{M,CL}

m+3m(m—1)

_ 2
YcrB = E TG REA, -
=1

oln p.; Was evaluated empirically from (8) using 10000 Mon-
te-Carlo realizations.

Data are generated according to the model in eq. (1). To cal-
culate the composite likelihood estimate a large scale New-
ton method has been used by solving eq. (7) using the func-
tion fmincon in MATLAB. We used 10~3 and the maxi-
mum of the sample mean as lower and upper bound for the
constraint optimisation. For initialization purposes the mo-
ment estimates have been used.

In Fig. (1) the two methods are compared for different val-
ues of the dimension m where A\; = ... = )\m+%m(m_1) =
0.5 and N = 500. As can be seen, the composite likelihood
estimator is, in efficiency, between the maximum likelihood
and moment estimators except for m = 2 where it is effi-
cient in the statistical sense. The measure >Xcrp could be
calculated only up to m = 6 because of the computational
burden.

In Fig. (2), Fig. (3) and Fig. (4) we have displayed X y/sE. £
for m = 4 and different cases of A versus N. Fig. (2) shows
againthecase Ay = ... = A,y 1,,(,, 1) = 0.5, Fig. (3) the
case where the marginals are highly correlated with A\; =
. =Ap =02and A\ = ... = )\m+%m(m_1) =2
while Fig. (4) shows the opposite where the marginals are
weakly correlated with Ay = ... = A\, = 2and A\, 41 =
s = A lm(m—1) = 0.2.

In Fig. (5) the results are shown again as relative efficiency
between the moment estimator and the composite likelihood
estimator.

As can be seen the composite likelihood estimator outper-
forms the moment estimator in every case shown here. The
smallest gap appears when the marginals are weakly cor-
related which is natural because the moment estimator is
efficient in the case of independent marginals.
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Fig. 1.y =...=X 1, 1) = 0.5 with N = 500.

S. CONCLUSION

We have shown that using the concept of composite likeli-
hood to estimate the parameters of a multivariate Poisson
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distribution is more efficient than using the moment esti-
mator and is also less computational expensive than using
maximum likelihood methods. This makes it preferable in
cases where accuracy is needed but maximum likelihood es-
timation is too complex.
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Fig. 5. Relative efficiency between Ymse,cr and Xprsg, p for the
cases of Fig. (2), Fig. (3) and Fig. (4).

Future studies will concentrate on choosing the optimum
weights w,,,, to increase the efficiency of the composite like-
lihood estimator.
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