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ABSTRACT

In this paper, we discuss the relations among the random process,
the Wigner distribution function, the ambiguity function, and the
fractional Fourier transform (FRFT). We find many interesting
properties. For example, if we do the FRFT for a stationary
process, although the result in no longer stationary, the ampli-
tude of its covariance function is still independent of time.
Moreover, for the FRFT of a stationary random process, the
ambiguity function will be a radiant line passing through (0, 0)
and the Wigner distribution function will be invariant along a
certain direction. We also define the fractional stationary random
process and find that a non-stationary random process can be
expressed a summation of fractional stationary random processes.
The proposed theorems will be useful for filter design, noise
synthesis and analysis, system modeling, and communication.

1. INTRODUCTION

The Wigner distribution function (WDF) [2] is defined as:

Wlto)=127- [ gle+7/2)g"(t-7/2)-e 7 -dr. (1)
The ambiguity function (AF) is defined as

A,n0)=1127- [ gle+c/2)g (t=2/2)-¢ " wdr. ()
The WDF and the AF are alike. They have the relation as

4, 0.7)=IFT, L, {FT_, [, (t.0)]- @
The fractional Fourier transform (FRFT) is defined as [4]:

_ 442 cota—jut J 2 cot
Ga (u) :W.E;ezu cota—ju CSCa+2 cota g(t)dt. (4)

It is a generalization of the Fourier transform (FT). (When a =
2, the FRFT becomes the FT). When =0, it becomes the iden-
tity operation. The FRFT can be applied for filter design, pattern
recognition, optics analysis, communication, watermark, etc.
The relations between the FRFT and the WDF / AF have
been derived in [1][3].
W, (u,v)= W, (cos a—vsin @, usin @ +vcos ). (5)

Ag, (77, )= A, (ncosa +rsina,~nsina +rcosa). (6)

where Wy(u, v) and Wg(u, v) are the WDFs of g(¢) and G(u),
and A,(n, 7) and A7, 7) are the AFs of g(¢) and G(u). Thus
the FRFT corresponds to the counterclockwise rotation in the
WDF plane and the clockwise rotation in the AF plane.

In this paper, we discuss the relation between the FRFT and

We often use the covariance function Ry (u, 7) and the
power spectral density (PSD) Sy(u, ) to express the statistical
properties of a random process [5]:

R, (u,‘r):Rg(u,r):E[g(u+r/2)g*(u—r/2)J. (7

Sg, (u, a))zSg (u, 0)= J:Rg (u,z)e ™% dr ®)

where E means the “expected value”. We set Rgo(u, 7) = Ry(u, 7)
and Sgo(u, 7) = S,(u, 7) to compare the result in Sec. 2. Note that,
when o = 0, the FRFT becomes the identity operation, i.e., .

&(n) = Go(w).
When the random process is stationary, i.e., the statistical prop-
erties do not change with u, we can simplify (7) and (8) as:

R, ()= R, (c)= Elgw+7/2)g" u=7/2)| forany 1, 9)
Se,(@)=S,(0)= [ R, (c)e™"dr. (10)

2. THE FRACTIONAL FOURIER TRANSFORM
FOR A STATIONARY RANDOM PROCESS

Suppose that g(7) is a stationary random process and G(u) is the
FRFT of g(f). Then the covariance function of G,(u) is:

Ro, (0,7)=E|G, (u+7/2) Gl (u—7/2)| (apply (4)

J v T ( =
_ 1+COt2 a egcota[(quE)Zf(ufE)Z} f fe](mzjtcsca
4z’ % -0

lut J(2_ 2
][" 2]’10500[ E(t —ti )cota

‘e e E[g(t)g*(tl )]dtdtl. (11)
Note that E[g(£)g*(¢)] = R,(¢ — #1). Then we set
L=t+1, t=t—1t, (12)

and (11) can be rewritten as:

T
1 . . —j-tcsca
RG‘Z (u,r)z : e]urcota f fe Juty csca , 72
27lsin o] w oo
Le/2BZR (b3 )dty dity /2. (13)

From the fact that

Ecota[ I8 —;]tz T
f e s/ dt, = 4zltan a|5(t3 - j (14)
e cosa

equation (13) can be simplified as

the WDF for the case where g(7) is a random process. We also elureota _j Sin‘:;’w T
use the result to define the “fractional stationary process”. RGH (”’ 7) = |cos 0(| € Rg cosa | (15)
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After further simplifying (15), we obtain the following theorem:
[Theorem 1]: If G(u) is the FRFT of a stationary random proc-
ess g(?), then the covariance functions of G,(u) and g(¢) have the
following relation:
T
] : (16)

RG (LI,Z')Z e—/u‘rtanaR
o 4
|COS 0[| cosax

Note that

(a) The amplitude of Rs,(u, 7) is independent of u. It is only
dependent on 7. Thus G () is nearly to be stationary.

(b) Moreover, in the case where g(7) is real, since Ry (7) is also
real, we can conclude that

arglRGa (u,r)J:—urtana. 17)

In this case, we can use the phase of Rg,(u, 7) to estimate the
parameter « of the FRFT.
(c) When a =0, (16) becomes Ry(7).
[Theorem 2] If G,(u) is the FRFT of a stationary random proc-
ess g(7), then the power spectral densities of G () and g(¢) have
the following relation:

SGa(u,a)):Sg(wcosa+usina). (18)

It can be proven from (8), (16), and the scaling and modulation
properties of the FT. Thus Sg.(#, ®) is a scaling and shifting
version of Sy(u, @) and the amount of shifting grows with u.

3. FRACTIONAL STATIONARITY

Then we define the “fractional stationary” random process.
For a random process, if the statistical property of G (u) (the
FRFT with order « for g(7)) is independent of u:

E[Ga (uy + g)GZ ( _g)} = E{Ga (uy + %)G; (uy — g)}

= RGa (T)
we call it the a order fractional stationary random process.
Note that the original stationary random process is the zero order
fractional random process. The FRFT of order « for a stationary
random process is an -« order fractional stationary random proc-
ess. In fact,

[Theorem 3]: The FRFT with parameter £ for an ¢ order sta-
tionary random process is an (o—f) order fractional stationary
random process.

We have known that the wave propagation in the optical
system consisting of lenses [6] and in the graded-index fiber [7]
can be expressed by the FRFT. Even if in the free space, when
there is some impurities or the density of gaseous matter is not
uniform, the free space will become a non-uniform medium and
we may use the FRFT together with scaling and chirp multiplica-
tion to express it. A stationary random process will become a
fractional stationary random process after propagating through
these types of medium. Due to these reasons, in nature less of the
random process is pure stationary. Instead, we may express them
as the fractional stationary random process or a summation of
fractional stationary random processes, see section 5.

for any u; and u,, (19)

4. WDF AND AF FOR STATIONARY AND FRAC-
TIONAL STATIONARY RANDOM PROCESSES

Suppose that g(7) is a random process. Its WDF is [9][10][11]

Ew, (. m)]:i [ Elgle+r/2)g" (e /2)} e -dr 0)

1 _ 1
= OORg(t,r)-e 1T dr :ESg(t,r)-

If g(?) is a stationary process, i.e., the random process whose
statistical properties do not change with time, then (9) become
E[Wg(t,a))J:Sg(a))/27z. (21)
In other words, the WDF of a stationary process is independent
of ¢ and the slicing of the WDF along @-axis is just the power
spectral density of the stationary process.
Moreover, the AF of g(7) is

E[Ag (7],2’)]21/272'- ECE[g(H-T/2).g*(,,r/2)],e—jﬂi L dt

=1/2r- EORg(t,r)e*j'” -dt . (22)

In the case where g(7) is stationary,

E[Ag (77,1)]: 1/27- f; R, (z)e™ /™ dt = 5(77)Rg(r) .(23)

That is, A,(n, 7) = 0 when 77 # 0. The AF of a stationary proc-
ess is a line along 7-axis.

Moreover, from (21) and (23), we obtain that
[Theorem 4]: If G(u) The FRFT of a stationary random process
g(?), then its WDF and AF are

E[Wca (u, V)J:Sg(u sina+vcosa)/ 2, (24)
ElAGa (77, T)J = 5(7]0050{ + rsina)Rg (— nsina + rcosa) . (25

They can be proven from (5) and (6) or from substituting (16)
and (18) into (20) and (22).

(@ans Rg(’l.') (b)G Sg(w)
1 {—\ 4
. :
0
-0.5 -2
-2 0 2 -2 0 2

() ElWg (t, ®)] (d) E[Ag(n,7)]

2 2

-2 0 2 -2 0 2

() E[Ac (M-®)]

o

-2 0

2 0 2
The WDF and the AF for a stationary random signal

whose covariance function is Ry(7) = rect(7/2). In (e)(f), we
do the FRFT with o = 7/6 for the stationary random signal
and find its WDF and AF.

Fig. 1
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In Fig. 1, we show an example to plot the WDF and the AF
for a stationary random process whose covariance function is

Ry(7) = rect(7/2) (26)

where rect(#/2B) = 1 if t < |B| and rect(#/2B) = 0 if |¢| > B.
Its power spectral density is:

Se(®) = 2sinc(2w) = sin(2 zw)/ @. 27
Moreover, from Theorem 4 and the fact that the « order frac-
tional stationary random process can be viewed as the FRFT
with parameter -« for a stationary random process, we can con-
clude that
[Theorem 5]: If g(¢) is an « order fractional stationary random
process, then
(a) Its WDF E[W (¢, )] is invariant along the direction of

d; = (cosa, sina). (28)
That is, We(t1, @) = Wy(t, o) if (1, @) = (¢, @) + k(cosa, sina).
(b) Its AF E[A(t, )] is zero except for the case where

(t, w) = c-d, where d; = (sing, cosq) 29)
Note that d; rotates with « in the counterclockwise direction and
d, rotates with ¢ in the clockwise direction. d; and d, are sym-
metry respect to the line of 1 = @

(@) EMWg(t, o)], o = w6 (b) E[Ag(n, o), o = 76

-2 0 2

Fig. 2 The WDF and the AF for a fractional stationary random

process of order . Its fractional covariance function is
Rg(7) =rect(7/2) and o= #/6 in (a)(b), @ = 7/3 in (c)(d).

In Fig. 2, we show the WDF and the AF for the fractional sta-
tionary random process of order & where
R (r)=rect(z/2). (Rg (r) is defined in (19)),  (30)
Then we discuss the case where A(7) is a summation of frac-
tional stationary random processes:

h(t)=g,(1)+ g, (1) + g5 (1) + - +g, (1) (31

where g,(¢) is an a(n) order stationary random process. Suppose
that g,(f)’s are mutually independent:
Elg, t+7/2)g.(t-/2)]=0 32)
for all ’s and 7’s ifm#n,

then we can prove that

E[h(t +z'/2)h*(t—r/2)] = iE[gn(tH/z) gi(t—1/2)

n=1

k
=Y RG, im (t,7). (33)
n=1

In other words, if we calculate its WDF and AF, we obtain

Ew,(1,0)= L f R,(t,7) €77 -dr
7Z' 00
fz G, lT ef“” dr—ZE[W ta))] (34)
Slmllarly,
k
E[4,(n.7)]= X E14, (1.7)]. (35)
n=l1

[Theorem 6]: If g,(7)’s are mutually independent fractional sta-
tionary random processes, then the WDF and the AF of g(7) +
(1) + g3(t) + ..... + gi(¢) are just the summations of the WDFs

and the AFs of g,(7)’s.
@ [E[W(1, o)l

(b) E{44(17, 7]

-2 0 2 -1 0 1
Fig. 3 The WDF and the AF of A(7), where A(f) is a summation of
two fractional stationary random processes.

We give an example in Fig. 3, where A(f) = g((¢)+g,(f) and g(?)
and g,(f) are —0.17 and 0.457 order fractional stationary random
processes with R;(7) = rect(7/2). Note that, E[W,(t, w)] =
E[Wy(t, @) + E[Wp(t, @] and E[4,(1, 9] = E[4(n, D] +
E[Agz( 1, 7)], as the descrlpuon in Theorem 6.

5. DECOMPOSITION FOR NON-STATIONARY
RANDOM PROCESS

Theorems 5 and 6 lead to the following theorem:

[Theorem 7]: Any non-stationary random process can be ex-
pressed as a summation of mutually independent fractional sta-
tionary random processes.

(Proof): Suppose that 4(f) is a non-stationary random process.
First, we calculate the expected value of the AF:

El4,(n.7))=1/27- J:E[h(t +7/2)-h'(t —1/2)]~ e /dr .(36)

Then we can decompose E[Ay(7, 17)] into:
E[4,(n.7)]= ZC (37)

where r= (77 + 12)1/2, O0=arg(n+j7),
C,(r)=4,(rcosa,,,rsina,,), a,=mlk,
d @ =1  when a(m-1/2)/k< < n(m+1/2)/k,
d,(0)=0 otherwise, k — . (38)
If k is very large, d,,(6) will converge to
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dm(H)%?ﬂnsinqﬁm—rcosqﬁm) when k — . (39)

Then (37) can be rewritten as

k-1

E[Ah (77, r)] ~ z R, (r)&(r] sing,, —7 cos ¢, ) (40)
m=0

where Rm(r):ZﬂrAh(rcos¢m,rsin¢m)/k. 41)

Note that, from Theorem 5, R, (r)X n-sing,, — r-cosg,) can be
viewed as the AF of an #/2 — ¢, order fractional stationary ran-
dom process. Then, together with Theorem 6, we can conclude
that A(¢) is a summation of k& mutually independent fractional
stationary random processes g,(?), gx(?), ..., g(?):

h(t)=g,(t)+ g, 1)+ g5 () +- +g, (1), (42)
ElGpy w+712)Gs 4 (—7/2)]

=2m4, (rcos¢m,rsin ¢m)/k

O =2 — wmlk. #
Although the stationary random process is popular in theory,
in nature, most of the noises are non-stationary ones. Now, from
Theorem 7, with the aids of the FRFT and the AF, we can de-
compose any non-stationary random process into a summation of
fractional stationary random processes. It will be of a great help
for signal processing, such as noise synthesis, system modeling,
filter design, and improving the quality of signal transmission.
For example, suppose that after several times of experi-
ments, we find that the transmitted signal x(¢) is interfered by a
non-stationary random process 4(¢). We also suppose that all the
noise sources are stationary and /4(7) is the mixture of them.
First, we find the mean of the ambiguity function of A(?).
Then, we can use the procedure in (36)~(42) to decompose 4(7)
into a summation of fractional stationary random processes:

h(t)= g (1) g, (0) 4+ g4, (1) 43)

where g,(7) is an ¢ order fractional stationary random process,
a,, = nmlk, as in (38). Then A(f) can be synthesized as Fig. 4,

where 71, (t) =0 [gam (t)]. (44
Note that n,,(¢)’s are stationary random processes. We use Fig. (4)
to model A(f) since

0;0!1 (0:51 - { L -[0,?"*2 a3 (ng—l ) {O;’k—l —ay [”k (t)]
F (b (0] o+ 1)+ (1))

— 0;“1 +a—ap oy —az+ Qg 0 [I’lk(l)]+

(independent of ),

O B [ (1) E TR
O+ [my ()] + OF [ (1)
=0 O+ O el oo+ O mle)]+ O [ 0]
=24 (t)+ 2, ()4 + 84, (¢)=hlr) (45)

From Fig. 4, we can estimate the locations of noise sources or
the distribution of the medium in the path of signal transmission.
It is also helpful for us to design a series of FRFT filters [§8] to
filter output the noise.

6. CONCLUSIONS

We introduced the relations among the random process, the
ambiguity function, and the fractional Fourier transform. We

find several beautiful properties. We also defined the fractional
random process. We found that any non-stationary random proc-
ess can be decomposed into a summation of fractional stationary
random processes. The proposed idea will be useful for commu-
nication, filter design, and system modeling.

ni(1) nea(®)  na(?)
FRFT
x(?) TS e A SR 1 S
(273 Qe 1~ QY (275l 278
FRFT FRFT

X(O)+h(1) <Graer=P%order=
—0 a1—oy
m(n)  m()
Fig. 4 Using the FRFT to model the non-stationary random

process h(f), where x(7) is the input signal, n,(?), ny(?), ....,
ny(?) are stationary random processes.
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