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ABSTRACT

Resampling matrices are essential in multidimensional multirate sig-
nal processing. However, different resampling matrices may corre-
spond to the same resampling pattern. It is surely more effective to
study such distinct patterns rather than study exhaustively all the pos-
sible cases, which is infinite. Motivated by this, we study the resam-
pling patterns for a given decimation ratio in this paper. Our analysis
enumerates the number of distinct resampling patterns for any prime
decimation ratio, and provides an upper bound on the number for
any composite decimation ratio. Parametrization of these distinct
patterns is also proposed. Among these patterns, patterns which are
nonseparable are also enumerated and parameterized separately.

1. INTRODUCTION

Two essential building blocks of a multirate system are the decima-
tor for the analyzed signal and the interpolator for the synthesized
signal. For one-dimensional (1-D) signal, uniform resampling is in-
tuitively simple and hence popular. It has been thoroughly studied
in many publications such as [1]. However, they become exponen-
tially varied and complicated with the dimension when higher di-
mensional signal is considered. This born difficulty has attracted
quite a few research concentration in recent decades. Many mean-
ingful results have been presented in literature. Some are specif-
ically focused on interchangeability of decimator and interpolator
[2],[31,[4],[5]. Some have a more comprehensive scope [6],[7],[8].
According to these results, the nature of resamplers has been well
understood.

This paper also falls in this class. The resampling patterns for
different resampling matrices are investigated. Approaches to pa-
rameterize all distinct resampling patterns are provided. Since up-
sampling is just the reciprocal counterpart of downsampling, in the
following we limit our study to decimation matrices without loss of
generality. Similar to most of previous literatures, we only focus on
2-D systems, which is of most practical importance.

Fig. 1. Three possible lattices for |M|= 2

In 2-D systems, the decimator is a 2 X 2 non-singular integer
matrix, denoted as M. The decimation matrix IM keeps those sam-
ples that are on the lattice generated by M. The lattice generated
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is the set of integer vectors m such that m = Mn for some in-
teger vector n. For example, in Fig. 1 three possible lattices are
shown. They might correspond to following decimation matrices
M:(é g), M:(fl 1), M:<g ?) respectively. Be aware
that, the usage of *might’ above actually indicates that there exists
an infinite number of different decimation matrices for each lattice
in Fig. 1. In the following, we regard different decimation matrices
having the same lattice as the same downsampling pattern. It is
well-known that any two matrices of the same pattern are related by
right-multiplication of an integer unimodular matrix whose determi-
nant is £1 [1].

Considering that the integer unimodular decimation matrix is
nothing but a rearrangement of the sample points, matrices of the
same pattern may share many properties in common [1]. Explo-
ration of infinite number of decimation matrices can be reduced to
exploration of some representatives of distinct patterns. The ques-
tion is how to enumerate and parameterize all these distinct matrices
that can facilitate other related research. This work is motivated by
the lack of such enumeration in 2-D. For example, in 1-D, there ex-
ists filter bank design techniques that are general enough to span all
downsampling cases (all integers < 2). However, most 2-D filter
bank designs are done for a specific downsampling patterns. In pres-
ence of a concrete enumeration and parametrization of 2-D patterns,
determining the span of any 2-D design technique will become pos-
sible.

moo "MMo1

For a given decimation matrix M:(m10 mu

) and a given lat-

tice z(n) (n = [nl,ng]T,nl,nz are integers), the downsampled
lattice is y(n) = z(Mn). Corresponding downsampling pattern can
be obtained by repeating vectors from M [1]. An example is shown
in Figure 2. The vertices form a set, which is a downsampling pattern
as defined above. If there exist integer matrix M’ and unimodular
integer matrix V such that, M = M'V, M’ is regarded equivalent
to M, denoted as M «<» M. Decimation ratio m =[M]|. Therefore
for the example in Figure 2, m = 3.

Fig. 2. The lattice generated by a Fig. 3. The same lattice for differ-
decimation matrix M ent decimation matrices
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2. ENUMERATION AND PARAMETRIZATION OF
DOWNSAMPLING PATTERNS

According to the different types of m, the discussion has been di-
vided into two sections. One is for decimation ratio m being prime.
The other is for m being composite.

2.1. Downsampling patterns with prime decimation ratio

moo MMo1

For a given decimation matrix M= ( mio miy

) , the following equiv-
alence is always obtainable.
Lemma 1: M « (73 71’) or M « (1 O), where [M|= m is

n m
a prime number and 7 is an integer for some n.

Lemma 1 provides normalization to arbitrary decimation ma-
trix. This can be geometrically justified as follows. As we ex-
plained above, the pattern is generated by repeating the parallelo-
gram formed by vectors in the decimation matrix. Conversely for

this generated lattice, the forming vectors can be chosen as needed.

Here since m is prime, they can always be chosen to be { [73] , [ﬂ }

or{ o] ]

For example, as in Fig. 2, we have the decimation matrix M
=[Mo, MI]ZG _21> . From this lattice we can also get another two
vectors my, and m}. If we choose the vectors as above, we obtain
M'=[Mjg, M’l]:<8 1) The old and the new decimation matrices

are related by V <_2

the new parallelogram generated by M. Note that half of the dashed
lines is overlapped by the original lines generated by M. Although
the parallelograms are different, the resampled points are the same,
namely the pattern is the same.

Lemma 2: ( 1 0)(_}(1 0>and (m m+n>(_)(m n)

m+n m n m 0 1 01

The corresponding unimodular matrices for the above equiva-
lences are trivially V:G ?) and V= <(1) %) .

This lemma further reduce our choice of n in lemma 1. It is
sufficient to require integer n being within [0,m — 1] in order to
represent all downsampling patterns. Up to this stage, the number of
patterns is reduced to 2m.

Lemma 3: For a given n € [1,2---m — 1] there always exists

1 (1)) =M'. In Figure 3, the dashed lines denote

10 m n'

nm) 7o 1

Proof: In a Galois field GF(m), every element, except zero, has an
inverse. Hence, if b € GF(m)(b # 0), then its inverse is defined
as b~ ! and bb~! = 1 [9]. All integers that are less than a prime
number m form such a Galois field, and every integer n < m has
corresponding inverse n’ satisfying n - n’ = 1 ( mod m).

For matrices in Lemma 3, they are related by

() = (5 0) (5 20
nm)  \0 1 n m )’
Since n’ is the inverse of n as defined above, 1’72/" is an integer.
Hence the unimodular matrix in the right hand side is also an integer
matrix. This justifies the equivalence in this lemma.

Lemma 3 rules out the remaining redundancy in the decimation

10
" m) can be

n’ such that

matrices. According to it, matrices in the form of (

adopted into matrices in the form of <TS 711) or vice versa, except

the case with n = 0. Therefore up to this step, the number of rep-
resentative matrices is reduced to m + 1. In a fashion of disproving

the contradictory (similar to Lemma 5), it may be shown that these
m + 1 matrices are indeed distinct. Naturally the following theorem
is obtained.

Theorem 1: For a decimation matrix with a prime determinant
of m, there only exist m + 1 possible different downsampling pat-
terns. The corresponding decimation matrices can be parameterized
as (1 ) € [0,m = 1yand (7 9).

Hence the downsampling patterns in Fig. 1 are the only 3 pos-
sible lattices for decimation ratio m = 2 and the quincunx matrix is
the only non-separable one (whose representative matrix as in The-
orem 1 is not diagonal).

Remark: As a matter of fact, Theorem 1 can be also interpreted
in the following way. First, connect samples with paralleling straight
lines. Decimation is performed by retaining only 1 line of samples
out of consecutive m lines and discarding the others. For different
patterns, these lines incline in different possible angles. Note that
this explanation is only valid for prime decimation ratio.

2.2. Downsampling patterns with composite decimation ratio

When the decimation ratio is composite, though the above conclu-
sion is no longer valid, a similar approach can be followed. The
following lemma is necessary to relate this problem to the problem
having been solved.

Lemma 4: Given an inte%er matrix A, it can be factorized into
integer matrices as A = [['_, A;, if and only if d = [[}_, d;,
where d = det(A) and d; = det(A,;).

Proof: (<) If there exists a factorization A = Hle A, equation
d = Hle d; can be easily obtained by taking the determinant of
both sides.

(=) As we already know, any D x D integer matrix M can be
factorized as M = UAYV [1],[10], where U and V are integer

unimodular matrices and A is a diagonal integer matrix. For our

case, A is expressible as A:()E)1 ;)2). Since A1 and \s are also

integers, A can be further decomposed as

A=TT (5 9) I (6 4)

€S JjES2

where A1(2) = [[;cs,(s,) di and S1 U S2 = {1,2,--- k}. Matrices
A; are readily obtained. |

Remark: Note that A\; must be chosen in such a way that it is
a factor of A2 [1],[10]. Therefore, if the determinant of decimation
matrix M is d = a?b, A7 = a and A2 = ab. Obviously, this
factorization sometimes is not unique. For example, when d = 4,
botha = 2,0 = 1landa = 1,b = 4 are legal. Buta = 1,b = 6
is uniquely legal when d = 6. Obviously, we can obtain factor
matrices A; with determinants as prime numbers by choosing all d;
to be prime.

Based on this, the total number of downsampling patterns is
given as follows.

Theorem 2: For a given composite decimation ratio m, if we
assume that m = pips - - - p¢, where p; (2 = 1,---t) is prime, the
total number of downsampling patterns is at most [[{_, (p; + 1).
They can be parameterized as M=[[‘_, M;(p;), where

1 0 i 0 .
Ml(pi):(ni Pi) or (% 1) with n; =0,--- ,p; — 1

Proof: The total number is a consequence of the proposed parametriza-
tion. Therefore the parametrization is considered first. For a given
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decimation matrix M, as we demonstrated in Lemma 4 and its fol-
lowing remark, we can always factor M as

M =UMj - -M{V

with all matrices M} having prime determinants. Assume that m=
M| =p1p2 - - - p+. To make the factorization as unique as possible,
we further require p1 < p2--- < p¢. Of course, other method of
sorting p; is also applicable once it is consistent in the following.
Since M are diagonal and hence commutative, we can rearrange
them as

M = UM;j ---M{V

such that det(MY) = p;. We start from the most left item. Since
U is an integer unimodular matrix and MY is an integer matrix
with prime determinant, according to Theorem 1, UMY can be al-
ways expressed as MU; where M is identically in the form of

(731 pol) or (%1 ?) withn, = 0,--- ,p1 — 1 and Uy is also an inte-

ger unimodular matrix. Iteratively U1 M$ < M2U?2 and so forth.
Finally the decimation matrix can be written as

M=M;- - -MU;V.

It is indeed one of the patterns in the proposed parametrization.

The parametrization may repeat some patterns. That is why the
term ’at most’ is used in the theorem. Under such circumstance, the
theorem provides an upper bound of the number of downsampling
patterns.

3. EXAMPLES OF DOWNSAMPLING PATTERNS

Apart from the m = 2 example in the beginning, more examples to
illustrate Theorem 1 and Theorem 2 are given in this section.

For decimation ratio m = 3, according to Theorem 1, there ex-
ists 4 different downsampling patterns. Two nonseparable patterns
among them are shown in Fig. 4. The remark of Theorem 1 involv-
ing straight line interpretation is also reflected in this figure.

Fig. 4. Two nonseparable patterns for |[M|= 3

For decimation ratio m = 4, according to Theorem 2, since
m = 2 X 2, there should exist at most 9 different downsampling
patterns. Actually, given that both factors of m are 2, there are some
identical patterns. After ruling out the repetition, there exists 7 dif-
ferent patterns and the corresponding decimation matrices can be
parameterized by the product of 2 matrices with determinant of 2, as
shown in Table 1. Possible choices for M; and M2 as in Theorem 2
are listed in the first column and in the first row respectively. Differ-
ent circled letters are also used for indicating distinct patterns. Note
that 3 different matrices correspond to the same patterns ¢) . Four
nonseparable patterns are also depicted in Fig. 5.

Similarly, the parametrization for decimation ratio m = 6 is
given in Table 2. Since the factors are different, there are exactly
12 different patterns. Some readers may be curious about the con-
sequence of interchanging My and M2. The resulting patterns are

Table 1. Parametrization of downsampling patterns when m = 4

exactly the same as those in Table 2, yet in a different arrangement.
Recalling the proof of Theorem 2, this equivalence is, in fact, guar-

G 109 [GY)
(9 [0 9e (Yo (e
(9 [(De|Ghe|(E)e
CY Ve (90 (e

Pattern ()

Pattern ()

Fig. 5. Four nonseparable patterns for [M|= 4

anteed by the commutativity of diagonal matrices.

09) |G 169 [6Y)
) [Goe|Goe | (ide | (5))e
(9 |Goe|Goo|(Ede| (e
GGG CGYe|(EY)o

Table 2. Parametrization of downsampling patterns when m = 6

For greater decimation ratio, the previous results should be uti-
lized to avoid the repeating of patterns. For example, when m = 12,
the solutions for m = 3 and m = 4 should be used. We list the
numbers of different patterns for some decimation ratio in Table 3.
In the result, the repeating cases have been ruled out by exhaustive
checking.

4. ENUMERATION OF NONSEPARABLE PATTERNS

In many applications, people are willing to trade a better perfor-
mance with an increased complexity especially when the cost for
implementation is more and more inexpensive. Nonseparable filter
bank is such a case in point. Though it requires more resource in
terms of both memory and computation, the better performance over
its separable counterpart still makes it attractive to many researchers.
For this kind of filter bank, the nonseparable downsampling patterns
are essential. We further propose a specific approach to parameter-
izing all nonseparable patterns.
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m 2 (3|4 (5|6|7|8|9]10f 11| 12
f of Pat. 31411716128 | 15| 13| 18| 12| 28

Table 3. Numbers of different patterns for some decimation ratio

Lemma 5: Patterns with decimation matrices M:(1 0) or

n m
M:(’g ?) for any integer m and n = 1, --- ,m — 1 are nonsepa-
rable.
Proof: According to this lemma, we can not find an integer unimod-

ular matrix U such that (73 T{)z(% 2) - U with integers a and b

satisfying m = ab. Obviously, if such matrix exists, it can be ex-

pressed as ) .
o} §) (5 -7 )

To make U integer, the only choice is @ = m,b = 1. This choice
disables the entry 2 from integer since n € [1, m —1]. Similar proof

10) [

n mj)’

3
S

os|

goes for <
Remark: From Theorem 1 and Lemma 5, the number of distinct
nonseparable patterns for prime m is m — 1 and these patterns can
. 10
be parameterized as <n m>, n € [1,m—1].
Theorem 3: For a decimation ratio m = pip2, where prime

numbers p1 # p2 # 1, its corresponding downsampling patterns
that are nonseparable can be parameterized as

(1 0 pip2 n . _
M_<n p1p2> or ( 0 1 withn =1,---p1p2 —1 .

Proof: From Lemma 5, both M= (i p1(;2> and <p1§2 "

separable. As shown in Table 1 and Table 2, the patterns within the
first p1 rows and the first p2 columns are of the form

1 0\/1 0)_ 1 0
ni p1i ng p2)  \n1+n2p1 pip2)’

Since p; and p2 are coprime, for ny € [0,p1 — 1] and n2 € [0, p2 —
1], n1 + n2p1 € [0, p1p2 — 1]. Thus, all these p1p2 patterns may be

1 0
" p1p2>. Forn € [1, pip2 — 1], they

) are non-

parameterized in the form of <

are nonseparable.

This leaves p2 — 1 matrices in the last row of the table (except
first and last entries, which are separable) and p; — 1 matrices in
the last column (except first and last entries). Decimation matri-

. 1 ;
ces in the last column can be expressed as ( o 1?1) <%Z (1)) where

n' € [1,p1 — 1]. We now show each such matrix is equivalent to
a matrix of the form given in the theorem, or that there exists an
integer unimodular matrix U such that

1 0 p2 0\ _ (pip2 n°
() (8 31) = (0 ) w0
It follows that

: 1 n’O 1 0 P2 0 1-—n'n® —n®
U:(mopz P11P2)(n, p1>< 0 1>: pz;l/ ;? .
The task is reduced to showing that there exists such n°. Following
Bezout Identity, we can always find integers k, j for the given co-
primes p1, p2 such that pok — p1j = 1.
Following the proof of Lemma 3, we can always find an integer

n™ within [1, p1 — 1] such that % is an integer. Now choose

n® = n* + p1(n*j). It follows that % is indeed an integer.

Furtheor, since n*p2k — n*p1j = n*, this choice of n® makes sure
that 7~ = n™k is also an integer.

Similar approach may be used for the matrices in the last row. |

Remark: For composite decimation ratio, the above parametriza-
tion is complete yet redundant, which means repeating may happen.
For example, for any integer m, (not necessarily prime)

m m—1 1 0 d m 1 10
0 1 JT\m—-1m an 0 1)7\1m
As emphasized in the theorem, m is necessary to be the product of

only two distinct prime numbers. Whether this can be extended to
more generic case is of further interest.

5. CONCLUSION

In this paper, downsampling patterns for arbitrary decimation ratios
are studied. When the decimation ratio m is a prime number, there
exists m + 1 different patterns and m — 1 of them are nonsepara-
ble. Both these cases can be completely parameterized. When the
decimation ratio m is composite and can be expressed as the product
of prime numbers m = p1ps - - - pt, where prime numbers p; # 1
(i = 1,---t), there exists at most Hle(pi + 1) patterns. These
patterns can be completely parameterized. Further for ¢ = 2 with
p1 # p2, a parametrization for all nonseparable patterns has been
proposed.
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