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ABSTRACT 

The goal of this paper is to give a survey of spectrum shaping 
codes used for digital recording systems. This class of codes 
belongs to the broader class of modulation codes, which are 
widely used in recording systems for adjusting the source 
characteristics to the characteristics of the recording channel. 
Shannon noiseless capacities of recording channels will be 
considered, as well as the spectra of maxentropic sequences of 
M-ary recording constraints. In addition, some practical 
encoding and decoding schemes will be discussed. 

1. INTRODUCTION 

The spectrum shaping codes are widely used in recording 
systems [1]-[3]. Their role is to transform a source sequence into 
a channel sequence whose spectral characteristics correspond to 
the spectral characteristics of the channel. The simplest spectrum 
shaping codes are dc-free codes that suppress dc frequency 
component. In optical recording systems these codes are used to 
circumvent the interference between the recorded signal and the 
servo tracking system [4], [5]. There are class of spectrum 
shaping codes that supports the use of frequency multiplexing 
techniques for track following [1] and partial response 
techniques for high density data storage [6]. Both techniques 
require the spectral nulls of the recorded signal to be at 
frequencies other than f = 0 [7], [8]. The fourth characteristic 
group of spectrum shaping codes, that give rise to spectral lines, 
are used to provide reference information to head positioning 
servo systems, which positions and maintains the head 
accurately over a track in digital recorders [1]. Spectrum shaping 
codes are also expected to play a vital role in future high-density 
recording systems. 

The goal of this paper is to give a survey of spectrum 
shaping codes for digital recording systems from the theoretical 
and the practical point of view. Section 2 describes briefly, the 
role of spectrum shaping codes in a recording system. Section 3 
discusses dc-free codes and some theoretical bases for studying 
these codes. This discussion is also important when studying all 
other types of spectrum shaping codes. Section 4 discusses codes 
that have higher order spectral zeros at zero frequency, and 
codes that have spectral zeros at frequencies that are sub-
multiples of the channel symbol frequency. Finally, in Section 5, 
compound constraint codes are briefly visited.

2. RECORDING SYSTEM AND SPECTRUM SHAPING 
CODES  

The model of a recording system shown in Fig. 1 resembles that 
of a communication system. The spectrum shaping encoder 

receives a symbol stream { }∞
== 0kkcc  from an error correcting 

encoder and transforms it into a stream of channel symbols 

{ }∞
== 0kkxx that matches the spectral characteristics of the 

recording channel with impulse response h(t). Additive noise is 
denoted by n(t). The spectrum shaping decoder accepts data 

stream from the channel y ={ }∞
=0kky , and transforms it into the 

symbol stream { }∞
== 0

ˆˆ
kkcc  that represents the estimation of the 

symbol stream c . From the point of view of an error correcting 
encoder and decoder, the spectrum shaping encoder and decoder 
are merely parts of the recording channel. In case of block codes, 
the input stream c  is divided into sourcewords of length k, 
which are encoded into codewords of length l forming the output 
stream x . 

3. DC - FREE CONSTRAINED CODES 

Dc-free codes belong to a class of spectrum shaping codes that 
transform the spectrum of an input sequence into an encoded 

sequence whose spectrum has zero at the zero frequency. First 
important result for analysis and design of dc-free codes is by 
Pierobon [3]. In order to state the result of Pierobon, the notion 
of running digital sum has to be defined. The running digital 
sum (RDS) at moment n, zn, of sequence of symbols x = { }∞

=0kkx

is defined as 

�
=

=
n

k
kn xz

0

.           (1) 

Pierobon proved that the power spectral density (PSD) Sx(f) of a 
sequence x vanishes at zero frequency, regardless of the 
sequence distribution, if and only if the RDS, z ={ }∞

=0kkz  of the 

encoded sequence is bounded, i.e., Kzn ≤ , for each n, when -

∞<K . Any sequence that violates this condition on RDS will 
not be transmitted through the recording channel. The sequences 
that satisfy this constraint are called dc-free sequences. Thus, it 
follows that dc-free codes should map the source sequences into 
the sequences which have bounded RDS. The channel capacity 
C of a noiseless constrained channel is defined as 

Fig. 1 Recording system  
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Fig. 2 FSTD for M=3, N=3 dc-free constraint 
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Fig. 3 PSD of M=3, N=3,4,5 maxentropic sequences 

( ) TTmC
T

/loglim 2
∞→

=  where m(T) is the number of constrained 

sequences of length T [9]. The importance of the channel 
capacity stems from the fact that it determines the maximal 
theoretical code rate R of a code [9]. In the case of dc-free codes, 
the channel capacity is determined by an upper bound on the 
RDS, K. In order to compute the channel capacity of dc-free 
constrained channels, the notion of digital sum variation (DSV) 
is introduced. If Nmax is the maximum value of z, and Nmin is its 
minimum value then the DSV is defined as N= Nmax - Nmin + 1. 
One way to compute the channel capacity of constrained 
channels is to use the connection matrix D of the finite state 
transition diagram (FSTD) that describes the channel constraint. 
An example of FSTD representing dc-free constraint is given in 
Fig. 2.  

The state of the FSTD represents the value of RDS, zk, at time 
instant k. A label above the edge denotes the channel symbol, 
which belongs to the set X={-1,0,1} generated at the time of 
transition between states. The number of states is equal to N. M
denotes the cardinality of the set of channel symbols X. The 
connection matrix D of FSTD is a square matrix of dimension N, 
where the entry dij of matrix D represents number of edges 
emanating from state i and ending at state j. Each FSTD may be 
assigned a corresponding Markov chain s ={ }∞

=0kks . It was 

proved that the channel capacity is given by 
( ) max2logmax λ== sHC [9], where λmax is the maximum 

eigenvalue of the connection matrix D and ( )sH  is the entropy 

of the Markov chain. Thus, the channel capacity is equal to the 
maximal entropy of the Markov chain s that corresponds to a 
particular FSTD. The sequences that are generated by the 
Markov chain that maximizes the entropy of corresponding 
FSTD are called maxentropic sequences.  

3.1. Spectral characteristics of dc-free constraint  

The performance of spectrum shaping codes is determined by 
observing the PSD (Sx) of the encoder's output. The parameter 
that is of great practical importance is the cut off frequency. The 
cut off frequency is defined as the value of the frequency at 
which Sx(f0)=0.5. The cut off frequency determines the 
bandwidth, called the notch width (f=0 to f=f0), within which the 
power spectral density of the recorded sequence is low. The 
performance is better if the cut-off frequency f0 is larger. In [10], 
Justesen derived useful relationship between the sum variance 
(variance of RDS) E[zk

2]=σz
2(N) , and the cut-off frequency ω0. 

It was shown that  

     2σz
2(N)ω0≈1                                     (2) 

This formula implies that larger the cut-off frequency �0, smaller 
the sum variance σz

2(N). Another important measure of a code 
quality is the product of redundancy and the sum variance (1-
C(N)) σz

2(N), which is tightly bounded from below and above 
for N>9 in the case of maxentropic dc-free sequences [1]. This 
shows that larger low frequency suppression requires larger 
redundancy and vice versa. Thus, the compromise has to be 
made in code design. Fig. 3 shows PSD of maxentropic 
sequences for M=3, and N=3, 4, 5 versus normalized frequency f 
where frequency is scaled by fs=1/Ts, where Ts is the signaling 
interval.  

3.2. Encoding and decoding of dc-free constraints 

The quality of a particular encoder for a constraint channel is 
determined by the encoder efficiency E, which is defined as [1]  

( )( ) ( )
( ) 2

2

1

1

z

z

sR

NNC
E

−
−

=
σ

                   (3) 

The encoder efficiency compares the product of redundancy and 
the sum variance of the maxentropic sequences with that of the 
specific encoder for the same channel. The maxentropic 
sequences were taken as a reference because it achieves the 
channel capacity of a dc-free constraint channel.  

In general, encoders, and decoders can be divided into two 
groups, namely state independent and dependent. State 
independent encoders are usually realized in the form of look-up 
tables, while state dependent encoders are designed as finite state 
machines [11]. The advantage of the state dependent encoding is 
that sometimes more efficient codes can be constructed (in terms 
of a code rate) with shorter codewords [1]. Similarly, the state 
independent and dependent decoders can be described [11]. The 
weakness of state dependent decoders is catastrophic error 
propagation and as a result, state independent decoders were 
invented, which are called sliding window decoders [11]. 

Having in mind that RDS has to be bounded, and that the 
recorded symbols could take both positive and negative values, 
the notion of codeword disparity is introduced. The disparity d
of codeword x=(x1 x2... xn) of length n is defined as 
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Fig. 4 PSD of higher order spectral zeros 
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Based on the codeword disparity, there are three simple ideas 
that are employed in the design of state independent encoders. 
The first is the use of codewords that have zero disparity. This 
type of state independent encoding is inefficient because the 
number of possible codewords with zero disparity of length n is 
limited. Another way for achieving better efficiency is to use so-
called low disparity codes [12]. The drawback of this technique 
is the increase in the power of low frequency components as 
compared to zero disparity coding. The polarity bit coding is yet 
another simple method that generates dc-free sequences [13]. 
One extra bit, called polarity bit, is added to n-1 source bits 
comprising codeword of length n. The polarity bit is set to 1. If 
the disparity of the codeword has the same sign as RDS at the 
moment of sending the codeword, the inverted codeword is 
recorded. Otherwise original codeword is recorded. It is shown 
that low disparity codes outperform zero disparity codes, and 
zero disparity codes outperform polarity bit codes [1]. Also, for 
small codeword lengths, low and zero disparity codes have unit 
efficiency, while the efficiency drops as the codeword length 
increases. For other encoding techniques that do not employ 
look-up tables (for example, those that are based on enumeration 
algorithms) see [1]. For an example of state dependent encoders 
see Section 5 of this paper.   

4. CODES WITH HIGHER ORDER SPECTRAL ZEROS 

Further progress of spectrum shaping codes was in two 
directions. One corresponded to better suppression of low 
frequency components, while the other corresponded to the 
introduction of spectral zeros at frequencies other than zero 
(related to use of partial response signaling techniques for high 
density recording systems [6]). The improvement was achieved 
by generalization of the basic concepts given in previous 
sections [4].  

The kth order RDS at frequency f = pfs/q (K-RDSf) of 
sequence x ={ }n

kkx 0=
is defined as  

( ) �� �
= = =

−

=
n

i

i

i

i

i
i

if
k

k

k

k

k xwx
0 0 01

1

2

1

�σ      (5) 

where p and q are relatively prime and w=e-j2πp/q. An FSTD is 
said to be a K-RDSf FSTD if there is a mapping ψ from the set of 
states ΣΣΣΣ onto a finite set of complex numbers such that 
x(D)=wz(D)(1-w-1D)K, where x ={ }n

kkx 0=
 is a channel sequence, 

zn= ( )1+nsψ , s ={ }n

kks 0=
 is a state Markov process ( Σ∈ks ), and 

( ) k

k
k DaDa �

∞

=

=
0

 defines D transform of a sequence a={ }∞
=0kka . 

The spectrum of a sequence x generated by the state process s
assigned to an FSTD has a spectral null of order K at f = pfs/q, if 
and only if FSTD is a K-RDSf FSTD [4]. It should be noted that 
spectral null of order K guarantees that first 2K-1 derivatives of 
PSD Sx(f) vanishes at frequency f. It is shown in [4] that the 
dynamics of K-RDSf FSTD with respect to time can be described 
by 

n
nf

n
f

n xw 1A +=+ σσ 1            (6) 

where n
nf

n w ψσ =  is a K-dimensional column vector, A is a 

lower triangular all one matrix, and 1 is a K-dimensional all one 
vector. If w=1 then this formula is valid for the case of spectral 

null at f=0. If 00 =fσ , then the kth element of vector f
nσ

represents K-RDSf of sequence x at moment n. The equation (6) 
is related to the concept of canonical state transition diagram [7], 
denoted by DK

f. These diagrams have a countable infinite 
number of states, and there exists a finite state sub-diagram of 
DK

f that generates sequences with Kth order spectral null at 
frequency f. These finite state sub-diagrams enable the 
computation of capacities, PSD’s of the constraints and 
encoder/decoder design. In Fig. 4, the PSD’s of two maxentropic 
sequences are shown, i) with first order spectral null, and 
parameters M=2, N=3, and ii) with second order spectral null, 
and parameters M=2, V1= V2=3, at frequency f=0, where V1 is the 
number of values that 1-RDS0 can take, and V2 is the number of 
values that 2-RDS0 can take.  

The sequences with second order spectral null have better 
rejection of low frequency components although the notch width 
is wider in the case of sequences with first order spectral null. 
The relation between cut-off frequency, and sum variance (2) is 
no longer valid.  

A number of constructions of codes with higher order 
spectral zeros, based on FSTD’s can be found in [4]. Finally, it 
should be noted that codes that generate K-RDSf constrained 
sequences improve the error correcting capabilities of recording 
systems [14].  

5. COMPOSITE CONSTRAINED AND COMBINED 
ENCODING 

Like any communication system, a recording system employs 
different encoding techniques such as source encoding, channel 
encoding and modulation encoding. It means that a channel 
sequence has to satisfy different kinds of constraints in order to 
be reliably recorded. Therefore, there is a need for codes that 
generate sequences, which satisfy composite constraints. One 
example of such codes are the ones that are both RLL (run 
length limited) and dc-free [15], [16]. RLL codes are widely 
used in digital recording systems. They confine minimal and 

V - 743

➡ ➡



0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

(IV)

(III)

(II)

(I)

Sx(f)

normalized frequency f

Figure 6 Spectrum of RLL dc-free maxentropic sequences 

maximal number of consecutive like symbols in a recording 
channel to prevent intersymbol interference and to enable clock 
recovery. In a wide sense, the combination of dc-free codes and 
error correcting codes that improves the performance of dc-free 
codes on noisy recording channels, also belong to this group. 
Discussion on these codes can be found in [17]-[20].   

As an example, we present M=3, N=3 (d=1,k=2) RLL dc-
free code in Fig. 5. The Shannon capacity of corresponding 
constraint is C=0.4650 bits/sym, and the chosen code rate is 
R=1/3 bits/sym. In order to get the encoder, the algorithm from 
[11] was applied. The sliding window decoder for this code can 
be found in [16].  

At the end, in Fig. 6, the spectra of M-ary RLL dc-free 
maxentropic sequences are shown, for fixed DSV, N=7, 
(d=1,k=3) and different values of M, i) M=3, ii) M=4, iii) M=5, 
iv) M=7.  

6. CONCLUSION 

This paper provides an overview of basic concepts and ideas of 
spectrum shaping codes for digital recording systems. We 
considered the theoretical and the practical aspects of four 
groups of spectrum shaping codes, dc-free codes, codes with 
higher order spectral null at f=0, codes with spectral nulls at the 
submultiples of channel symbol frequency, and codes with 
composite constraints.   
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Fig. 5 Encoder of M=3, (d=1,k=2), N=3, RLL dc-free codes 
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