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ABSTRACT

Gauss mixture models are commonly used in image classifica-
tion due to their analytical tractability and robustness. When the
feature vectors are formed as the coefficients of a linear image
transform, the underlying mixture components are not necessarily
Gaussian, in which case there is no guarantee that the Gauss mix-
ture model (GMM)-based clustering algorithms can capture the
mixture components. In this work, we train an unbalanced tree-
structured GMM-based classifier to reduce this problem. We de-
rive and apply a parameter-independent test to determine the num-
ber of mixture components in any given tree node. The classifier
tree is grown only in the regions with multiple mixture compo-
nents.

1. INTRODUCTION

Gauss mixture model-based classifiers are commonly used in im-
age classification due to the analytical tractability and robustness
of the Gaussian distribution [1]. When the underlying mixture
component distributions are not necessarily Gaussian, however,
there is no guarantee that the Gauss mixture model-based clus-
tering algorithms will be able to capture the mixture components.
Our work aims to reduce this problem when the feature vector el-
ements are the coefficients of a linear image transform.

The linear image transform coefficients are formed as weighted
sums of the image pixels. Accordingly, we invoke the m-dependent
central limit theorem and model the marginal pdfs of the mix-
ture components as Gaussians weighted by the distribution of their
means and variances. This is an extension of the model introduced
by Lam and Goodman [2] and it follows that each component el-
ement is a Laplacian, assuming that the block variance follows an
exponential distribution.

Based on our model, we first append the image block means
and variances to the feature vectors (i.e. vectors of the linear image
transform coefficients) so that the marginals of the mixture compo-
nents are forced to follow a Laplacian distribution. We then derive
and apply a parameter-independent test for mixtures of Laplacians
to determine whether a given tree node has a single mixture com-
ponent or multiple mixture components. Our test is an extension of
the sign test developed by Lindsay [3] for the one-parameter, two-
component exponential mixtures to the two-parameter, multiple-
component Laplacian mixtures. We split a tree node only if the
test indicates that there is more than a single component in the
node.
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According to our simulations, using a set of aerial images and
the discrete cosine transform (DCT) coefficients as feature vector
elements, the cross-validated classification error rate of our tree-
structured classifier is about 25% lower than the error rates of the
full-search classifiers trained using the expectation-maximization
(EM) or Lloyd algorithms [1,4].

2. FULL-SEARCH TRAINING BASED ON THE GAUSS
MIXTURE MODEL

The Gauss mixture vector quantization (GMVQ)-based classifier
is trained using the Lloyd algorithm by iteratively assigning each
training vector to the Gauss mixture component minimizing the
QDA distortion followed by the update of the parameters of the
Gauss mixture components [1]. The QDA distortion due to as-
signing a training vector x,; to the component s; with probability
p; is given by
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where xy; is the D-dimensional feature vector of the image block
at location (k, 1), ; and X; are the mean vector and the covariance
matrix of the component s;, and g;(xr,;) is defined as
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3. TREE-STRUCTURED GAUSS MIXTURE
MODEL-BASED TRAINING

3.1. Tree functionals and pruning

We train a tree-structured classifier, the TS-GMVQ classifier, through
growing an unbalanced tree followed by pruning using the BFOS
algorithm. The BFOS algorithm requires each node of the tree to
have two linear functionals such that one of them is monotonically
increasing and the other is monotonically decreasing [5]. Toward
this end, we view the QDA distortion of any subtree of the fully-
grown tree as a sum of two tree functionals, w; and u2, such that
[6,7.8]
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where s; is the i* node with probability p;, M is the number of
training blocks, 7' is the set of the terminal tree nodes of the sub-
tree, xx,; is the D-dimensional feature vector of the image block at
location (k,1), u; and X; are the mean vector and the covariance
matrix of node s;, and g;(xx,;) is defined in (2).

An unbalanced tree is grown by applying the Lloyd algorithm
between pairs of children nodes to minimize u; after each time a
parent node is split.

The splitting stage is followed by pruning based on the BFOS
algorithm [5]. By the linearity and monotonicity of the tree func-
tionals, the optimal subtrees (to be pruned) are nested, and at each
pruning iteration, the selected subtree is the one that minimizes

Aul
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where Au;, i = 1,2, is the change of the tree functional u; from
the current subtree to the pruned subtree of the current subtree.
The magnitude of (5) increases at each iteration. This is a key
point as then, pruning is terminated when the magnitude of (5)
reaches 1, resulting in the optimum classification subtree.

3.2. Growing an unbalanced tree
3.2.1. Mixture Modeling

We assume that the pixels of each image block are samples from
an m-dependent, stationary process [9]. The m-dependence prop-
erty can be justified since, in a typical image, the statistical depen-
dence of two sets of pixels, separated by a distance of m pixels
both horizontally and vertically, is small for large m. We further
assume that the means and variances of the image block pixels are
equal to the process mean and variance. From the m-dependent
central limit theorem, as the number of samples increases, an ap-
propriately scaled (weighted) sum of samples from a stationary
sequence approaches a Gaussian [9]. Thus, when the feature vec-
tor elements are the coefficients of a linear image transform, each
mixture component element can be viewed as a Gaussian weighted
by the distribution of the means and variances of the image blocks
assigned to the component.

Using the law of total probability, the underlying distribution,
f(zq) of the d'" element, 1 < d < D, of a mixture component
can be expressed as
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where X4|(i,52) ~ N(u,c?) by the m-dependent central limit
theorem, p|6% ~ N (o, UZ) for some mean po and variance oi,
and 62 = o2 + ai (as justified below). Then, (6) reduces to
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where h(zq; po, 52) is the Gaussian pdf with mean jio and vari-
ance &2 evaluated at 4.

Previous work has shown that the distribution of the image
block variances can be approximated well by an exponential dis-
tribution [2]. Thus, we let f(52) = Ae= ) for some A > 0.
This justifies setting 6% = o2 + ai since, by iterated expectation,
the image block variance is the sum of o and O'i.

Then, using an approach similar to the one used in Lam and
Goodman [2], we obtain

f(xa) = g5e™ 3, ®
where ' = /1/2)2.

Eq. (8) implies that, when the feature vector elements are the
coefficients of a linear image transform, it is reasonable to assume
that the mixture component elements are Laplacian. A further im-
plication is that one can force each mixture component element to
be a Laplacian by including the block mean and variance in the
training stage. Toward this end, we modify the u; tree functional
to incorporate the distortion due to fi5 k1o the mean, and ai ol the

variance, of the image block at location (k, 1) as
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where yy; is the (D + 2)-dimensional vector consisting of xy ;,
2
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Next we derive a parameter-independent test to determine whether

a given histogram is that of a single Laplacian pdf or a mixture of
multiple Laplacian pdfs.

3.2.2. Multimodal mixtures

A multimodal mixture of Laplacian pdfs is a mixture with multiple
local maxima. Any mixture of multiple Laplacians with different
means is multimodal. This follows from the piecewise convexity
of the Laplacian pdf. Thus, the histogram of a single Laplacian
pdf and that of a mixture of multiple Laplacian pdfs with different
means can be distinguished by counting the number of maxima in
the histograms.

3.2.3. Unimodal mixtures

A unimodal mixture of Laplacian pdfs is a mixture with a sin-
gle maximum. Any mixture of multiple Laplacians with the same
mean is unimodal. This also follows from the piecewise convexity
of the Laplacian pdf. Thus, a single maximum suggests either a
single Laplacian pdf or a mixture of multiple Laplacian pdfs with
the same mean. To distinguish between the two cases, we extend
the sign test introduced by Lindsay [3] to a unimodal mixture of
multiple Laplacian pdfs.
Theorem : Define the function R(x) as

M
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Then, R(x) has exactly four sign changes in the interval —oo <
T < 0.
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Proof. One can express g;(z) as a function of x and y = A7 as
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The second derivative of h(x,y) with respect to y in the inter-

val 1 < & < oo is given by
> , (15
where K (z,y) > 0 for all « and y.

The function h” (z,y) is a quadratic function of x with exactly
two sign changes regardless of the value of y in the interval p <
x < oo. In particular, it takes positive, negative and positive values
in the intervals 4 < z < a1, a1 < < ag,and a2 < z < oo,
respectively for some a1 and as with p < a1 < a2 < co. Then,
by Jensen’s inequality, R(x) is negative, positive and negative in
the intervals p < * < a1, a1 < * < a2, and a2 < = < o0,

respectively. By symmetry, R(x) has exactly four sign changes in
interval —oo < x < oo. O
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The theorem suggests a method to determine whether a uni-
modal histogram arises from single Laplacian pdf or from a uni-
modal mixture of multiple Laplacian pdfs. As developed by Lind-
say [3], one can count the number of sign changes in R (z) given
by

R'(z) = fi(z) — fa(x) (16)

where f1(x) is the histogram of a given distribution and f2(x) is
the histogram of the Laplacian with the same mean and variance as
the distribution. If R'(x) has four sign changes, this implies that
f1(z) arises from a unimodal mixture of multiple Laplacian pdfs.

3.3. Algorithm

The classifier design algorithm is depicted in Fig. 1. The algo-
rithm starts with a single node tree, called 7%, to which the sign
test described below is applied. If the node passes the test, it is
split into two child nodes. The Lloyd algorithm is then applied
between these two child nodes, minimizing (9), and this new tree
is denoted as T5. Then, the sign test is applied to each terminal
node of 75, and the terminal nodes, which pass the sign test, are
split. The Lloyd algorithm is applied between each new pair of
child nodes, minimizing (9), to obtain 7%. This procedure of split-
ting the terminal nodes, which pass the sign test, of 77, to obtain
Ti+1 and running the Lloyd algorithm between pairs of the child
nodes is repeated until i = L, where L is pre-selected (Thus, 2%
is analogous to the initial number of components in a full-search
algorithm).

Following the tree-growing stage, 77, the fully-grown tree,
is pruned using the BFOS algorithm, until the magnitude of (5)
reaches 1.

The Sign Test:

During the tree-growing stage, a node is not split further if the
histogram of a feature vector element in the node indicates that
the element follows a single Laplacian distribution rather than a
mixture distribution. Thus, a node is split only if, for each of the
feature vector elements in the node:

‘ Set i=1 and denote the one node tree as 7. ‘

I

‘ Apply the sign test to each terminal node of the current tree. %

]

Grow child nodes out of the terminal nodes, which
pass the sign test, of the current tree.

I

Use the Lloyd algorithm to assign each training vector in each
parent node to one of its two child nodes so to minimize the u,
tree functional.

l

‘ Set i=i+1 and denote this tree as T;. ‘

‘ Prune T, until the magnitude of r reaches 1. ‘

]

‘ The TS-GMVQ classification tree is obtained. ‘

Fig. 1. Classifier Training Algorithm

e There are multiple maxima in the histogram of the feature
vector element, or

e There is a single maximum in the histogram of the feature
vector element with exactly four sign changes in the differ-
ence between the histogram of the feature vector element
and the histogram of the Laplacian distribution having the
same mean and variance.

4. CLASSIFICATION OF TEST VECTORS

A test vector, x,1, is assigned to the node s; if

i" = arg min {f Inp; + %ln ((27T)D|Ei|) + %gl(:rkl)]
a7
Each node, s;, is labeled using the majority vote rule. In par-
ticular, the number of training vectors of each class, C;, in node
s; is counted and denoted as n;,; and s; is labeled as class Cj«,
where j* is given by j* = arg max; n; ;. Any vector assigned to
the node s; is classified by the class label of node s;.

5. SIMULATIONS AND RESULTS

We used a set of six aerial images in our simulations [10]. Each
image is of size 512 x 512, and is divided into blocks of size
8 x 8, with each block belonging to one of the two classes. In each
experiment, we used 5 of the images for training and the remaining
image in the classification stage using cross-validation. The DCT
coefficients matrix for each 8 x 8 image block is computed and the
upper-left 4 x 4 DCT blocks from the DCT coefficients matrices
are extracted to be used as feature vectors. Previous work [11]
using the same set of images and the GMM-based classifiers has
shown that 5 to 8 clusters per class are sufficient to achieve good
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classifiers, hence, for each TS-GMVQ experiment, L is selected
to be 4 and for each full-search (EM or GMVQ) experiment, the
initial number of components is selected to be 16.

Table-1 provides a comparison between the classification er-
ror rates of the EM, GMVQ (Lloyd) and TS-GMVQ classifiers
using cross-validation. The TS-GMVQ classifier reduces the clas-
sification error rate by about 25% from .195 to .149. To have a
fair comparison, we did not include the block variances in the test
stage for the TS-GMVQ classifier, although they are included in
the training stage.

Table-1) Comparison with the Full-Search Algorithms

EM | GMVQ | TS-GMVQ
Image 1 | .206 212 171
Image2 | .119 126 112
Image 3 | .352 302 211
Image 4 | .256 246 .220
Image 5 | .021 .076 .021
Image 6 | 217 218 .161
Average | .195 .196 .149

Table-2 provides a comparison between three tree-structured
classifiers trained in different ways. Classifier 1 is trained using
the u; functional as given in (3) and without the sign test (bal-
anced tree), Classifier 2 is trained using the w; functional as given
in (9) and without the sign test (balanced tree) and Classifier 3 (the
TS-GMVAQ classifier) is trained using the »1 functional as given in
(9) and with the sign test (unbalanced tree). We note that using a
balanced tree-structured algorithm (i.e. Classifier 1) instead of the
full-search algorithms leads to a small improvement in the clas-
sification accuracy; most of the improvement is due to using an
unbalanced tree-growing strategy with the sign test.

Table-2) Comparison of the Tree-Structured Algorithms

Classifier 1 | Classifier 2 | Classifier 3
Image 1 225 171 171
Image 2 117 123 112
Image 3 278 211 211
Image 4 .248 220 220
Image 5 .051 .072 .021
Image 6 201 161 161
Average 185 .160 .149

Table-3 provides a comparison between the classification error
rate of the TS-GMVQ classification algorithm and the error rates
of the recently published algorithms using the same set of images.
These algorithms are described in detail in [10,11,12,13,14]. It
should be noted that the TS-GMVQ classifier performs worse than
only the classifier based on the HMM-GMM algorithm; however
the HMM-GMM algorithm is both a multi-resolution and context-
based algorithm.

Table-3) Comparison of Classification Algorithms

Classification Algorithm | Classification Error
HMM-GMM .140
TS-GMVQ .149
MHMM .160
ARM 178
Causal HMM .188
Full-search GMVQ .190
CART 216
LVQ 218

6. CONCLUSIONS

We used the central limit theorem and exploited the statistics of
the linear image transform coefficients to model the coefficients as
Gaussians weighted by their means and variances as an extension
of the model proposed by Lam and Goodman [2]. We then derived
and applied a parameter-independent sign test, which, based on
our model, determines whether a tree node has a single mixture
component or multiple mixture components. This test was used to
decide which tree nodes should be split further. Our simulations,
using the DCT coefficients of a set of aerial images, indicate that
our algorithm performs better than the EM and Lloyd algorithms.
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