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ABSTRACT

For two-transmitter systems, there are (full-rate) orthogonal space-
time block codes (O-STBC). For four-transmitter systems, there
are (full-rate) quasi-orthogonal space-time block codes (QO-STBC).
The orthogonality of such codes makes a decoder attractively sim-
ple with only little compromise of optimality of coding perfor-
mance. A complete family of O-STBC is well understood. But
for QO-STBC, only ad hoc examples have been reported in the
literature. In this paper, we provide a systematic construction of
a complete family of 4 x 4 QO-STBC. We show that there are
only three independent QO-STBC and all other QO-STBC can be
constructed by trivial variations of any three independent codes.
Indeed, all 4 x 4 QO-STBC in the literature can be constructed in
such a way. Furthermore, we show a connection between three in-
dependent QO-STBC and the Hurwitz-Radon families of matrices.
A complete set of the HR families of size four is also discovered.

1. INTRODUCTION

Design and analysis of space-time block codes (STBC) for multiple-
transmitter systems have been an active field of research since the
work published in [1] and [18]. STBC is aimed to exploit the chan-
nel diversity between multiple transmitters and multiple receivers
to improve the rate of reliable data transmission and/or the perfor-
mance of bit error rate. STBC is also useful for cooperative relays
in wireless mobile networks [2], [10], [8], [7].

A detailed review of STBC is available in [4] and [11]. For
two-transmitter systems, the most prominent STBC are the Alam-
outi -type codes that are orthogonal and hence allow the maximum
likelihood (optimal) detection to be performed independently on
each of individual symbols. Unfortunately, such an orthogonal
code does not exist for more than two transmitters unless a re-
duction of data rate is tolerated [17], [20]. However, for four-
transmitter systems, there are (quasi-orthogonal) QO-STBC that
allow the maximum likelihood detection to be performed inde-
pendently on pairs of symbols [9]. With a simple modification
of symbol constellations, an QO-STBC can be made to achieve a
full diversity and a high coding gain [15], [14], [5], [16].

Despite the attractive features of QO-STBC, the existing QO-
STBC reported in the literature are ad hoc. They are ad hoc be-
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cause a question like “how many more QO-STBC are there?” is
not answered. In this paper, we provide a systematic construction
of a complete family of (4 x 4) QO-STBC. We show that there are
only three independent QO-STBC codes and all other QO-STBC
can be constructed by trivial variations of any three independent
codes. Specifically, given a QO-STBC matrix S(s1, s2, S3, 84) of
four symbols (s1, s2, $3, S4), numerous QO-STBC matrices can
be constructed as follows:

C(s1, 82, 83,84) = PT»S(:‘:S&), :I:sl(cz),:lzsli?,:ts&))}jc €))

where (k1, k2, k3, k4) is a permutation of (1,2, 3,4), + is a plus
or minus sign, the superscript *) denotes the presence or absence
of complex conjugation, P, permutes the rows and/or reverses the
sign of none or some rows, and P, permutes the columns and/or
reverses the sign of none or some columns. (Two codes are said
to be mutually dependent if they are related to each other via (1).)
Indeed, all 4 x 4 QO-STBC reported in the literature can be con-
structed in such a way. We will also show that all these three inde-
pendent codes can be constructed from the Hurwitz-Radon (HR)
families of matrices.

In Section 2, we review the HR families of (integer) matrices
and present a new theorem on the complete set of the HR families
of size four. In Section 3, we first present two more theorems. One
is that for any two 4 X 1 (linear-and-integer coded) vectors to be
orthogonal to each other, they must be orthogonal through pairs of
2 x 1 subvectors. The other is that only three independent codes
are necessary to produce a complete family of QO-STBC via (1).
In Section 4, we show the connections between three independent
codes and the QO-STBC matrices available in the literature. The
proofs of our theorems are outlined in the Appendix.

2. THE HR FAMILIES OF MATRICES

As shown in [3], within the space of L x L integer matrices, there is
a family of m matrices { Ao, A1, ..., Arm_1} satisfying: A, AF =
I1, (the L x L identity matrix), Ay = —A{ unless A, = I, and
AFA; = —AT Ay, (k # 1), where the maximum value mq. Of
m is governed by L as follows. Let L = 2%b where b is odd,
a=4c+dand 0 < d < 3, then Mmmaz = 8c + 2. Within such
a family, one member is Ir..

A family of matrices defined above is called a Hurwitz-Radon
(HR) family of matrices. All HR matrices can be constructed from
the following elementary matrices P, () and R [3]:

e (8 5)a- (5 ) (03)
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For L = 2, an HR family consists of I> and R. The Alamouti
code matrix can be constructed by using this HR family, i.e.,

S1 S92

—s3  S1 >
where z; and z, are two 2 x 1 real vectors, s1 = z;(2) + jz,(1)
and s = 2, (1) + j,(2).

For L = 4, a known HR family consists of the following four
matrices: Qo = I4; Q1 = R®I2;Q2 =P R; Q3 = QR
where ® is the Kronecker product. But more generally, we have
discovered the following:

Theorem 1: All HR families of matrices of size four have
the following two possible forms: {Qo; £Q1;£Q2; +Q3} and
{Qo; ﬂ:Gl; :tGQ; :tGg} where G1 = Q1 [—]2@@], Gy = QQ[Q@
(RP)], and G3 = Q3(Q (4 12).

0(81,52) = [P@l +Jjzy, 2y +J'R£2} = <

3. INDEPENDENT CODES OF QO-STBC

In this section, we show that only three independent codes are
needed for (1) to produce all QO-STBC matrices of the symbol
set (s1, s2, 3, s4) where each element in a code matrix is :I:sE:).
But first, we have the following theorem:

Theorem 2: Let s = r + ji be a4 X 1 complex vector where
the first term is the real part and the second term is the imaginary
part. Define p = T;r + jT;i where T, and T; are unitary integer
matrices. Then, this orthogonality s p = 0 holds if and only if
a pair of elements in s is orthogonal to the corresponding pair in
p and the other pair of elements in s is orthogonal to the other
corresponding pair in p.

Given the above theorem, the next theorem follows:

Theorem 3: If used in (1), the following three independent
codes produce all possible QO-STBC matrices for the symbol set
(s1, s2, $3, S4) wWhere each element in an QO-STBC matrix has the

form isgj):

$1 —S84 85  —s3
sa 83 —87 —si
Sl S1,S82,S53,S84 = ! 4
(51, 82,83, 84) s3 —s2 —si S]
* *
S4 S1 S3 So
$1 S4a 85  —85
sa 83 —S8T  Si
Sa(s1,82,83,84) = R
( ) ) ) ) S3 S2 _SZ ST
sS4 S1 S5 —85
$1 —84 —83 —83
S2 83 s sh
1 584
Ss S1,82,83,S4 =
( ) ) ) ) S3 S2 _Sé*l s’i‘
* *
S4 —S1 S3 So

All of the above three independent codes can be expressed in
terms of the HR matrices. Let the real and imaginary parts of each
symbol s; be expressed as s = 7 + jir. It is not difficult to
verify the following results. For the first independent code,

S1 = [Q()flv 7Q1£15 Q3£17 7Q2f1] +
J1Q2iy, —Qsiy, —Q1iy, Qoi, ] (@)

where r, = [r1,...,74]" and i, = [i3,ia, —i1, —i2]”. For the
second independent code,

52 = [_Q3Kﬂ2a Q2£27 Q0K£27 QTﬂQ] +
J[~QoKiy, QT iy, Q3K iy, Qaiy) 3)

where ry = [—7’2, —7"1,7“4,7"3]T, 22 = [il, —ig,is, —’L'4}T, and
K = —I> ® Q. For the third independent code,

S3 = [Gors, —G1Kr5, —Gary, —GaKrs] +
j[_GBigz _GQKigy GOZga _GlKig} (4)

where 1y = r; and i; = [i2, —%1, 4, 7i3}T
4. THE PREVIOUSLY PUBLISHED QO-STBC

We now provide the specific expressions of the previously pub-
lished QO-STBC in terms of the above three independent codes.

4.1. From the first independent code
The code by Papadias and Foschini in [12] can be described as:

S1 S2 S3 S4
* * * *
Sg  —S81 S4 —S3
Cpr(si,s2,83,84) =
S3 —84 —S1 52
s1 83 —s3 —si

* *
= P151 (82, 83, 81, S4)P2

where

Py = Py (1,3),42,1),4(3,2),+(4,4)

Py =Pr11),-(2,4),-(3,2),—(4,3)-
Here, Pi(i),j1),+(in,jo),+(i5,j3),+(i4,j4) dENOtES a matrix where
the entries at (41, j1), (i2, j2), (i3, j3), (44, ja) are +1 and all other
entries are zero.

One code given by Hou, Lee and Park, i.e., (20) in [6], can be
described by:

S1 S2 S3 S4
—So S1 —S84 S3
CHLP,1(51’82753754) = * * * *
—S3 S4 S1 —S2
—s; —83 S s7

* *
= P3S1(81, —84, —S83, —52)P4

where

Ps = PL(1,1),4(2,4),+(3,3),4(4,2)

Py =Pi1,1),42,2),-3,4),+(4,3)-

4.2. From the second independent code

The code by Ran, Hou and Lee, i.e., (10) in [13], actually is:

S1 52 S3 S4

* * * *

S22 —S81 —S84 53

CRHL(51752353784) = * * * *
S3 —S84 —81 So

S4 S3 52 S1

= Sa(s1,53,53,54)Ps

where P5 = P+(1,1),+(2,4),+(3,2),7(4,3)-

The second code by Hou, Lee and Park, i.e., (16) in [6], actu-

ally is:
S1 S2 S3 S4
52 S1 S4  S3
CHLP12(51a52753>84) = * * * *
—S83 —S84 81 82
—s5 —s3 s S}

* *
= PsSa(s1, —s4, —s3,52) 7
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where PG = P3 and P7 = P+(111),+(2,2),,(3yg),+(4’4).
The code by Tirkkonen, Boariu and Hottinen in [19] actually
is

S1 S92 S3 S4

* * * *
—S82 81 —Sa 83

CrBH(S1,52,53,54) =
( 7 7 b ) 33 54 81 32
* * * *
—S84 83 —S82 81

= P8S2(817 _S;7 _827 83)P9
where
Ps = Pr1,1),4(2,2),+(3,4),+(4,3)
Py = Py(1,1),—(2,3),—(3,2),4(4,4) -
4.3. From the third independent code
The code by Jafarkhani in [9] simply is

S1 S2 S3 S4

* * * *

—S2 S1 —S4 83

Cy(s1,82,83,84) = + . - .
—83 TS84 S1 S2

S4 —S83 —S2 S1

* *
= 53(51, —S89, —S83, 84)P10

where Pro = P(1,1),—(2,4),4(3,2),+(4,3)-

5. CONCLUSION

We have shown that using (1) together with only three independent
codes, one can produce all QO-STBC. This result unifies all pre-
viously published QO-STBC as well as numerous “hidden” QO-
STBC.

6. APPENDIX

6.1. Proof of Theorem 1

Here we describe all possible (non-identity) members in the HR
families of size 4. An HR matrix F’ of size four can be written as
F= Bi1 Bip

B>1 Bap
FT = —F we have BZTZ = —B;,; fori =1,2and Bfg +By1 =
0. Therefore B1,1 and B> > are either the zero matrices or the HR
matrices of 2 x 2. Since F' is an integer matrix and unitary, each
column of I has one and only one entry of £1 and all other entries
of the column are zero. Then, we have either

where B;; is a 2 X 2 block matrix. Since

Bi,1isa 2 x 2 HR matrix
or B2 is a2 x 2 HR matrix 5)

{ Bi1=DB22=0
Bi2=B21=0

Biy=—B21 #0

Through an exhaustive search, we have found that any possible HR
matrix has to come from those defined in Theorem 1.

To show that ; and G; defined in Theorem 1 can not co-exist
in one family, we first observe that G; = Q;K; where K; # 0.
If Q; and G; co-exist in one family, then Q7 G; = —GT Q;. Com-
bining the above two equations, we have Q7 Q: K; = —K! QT Q,
i.e., K; = 0, which is a contradiction. By a further exhaustive
search, we have found that Q); and G, can not co-exist within a
family even if ¢ # [.

Therefore, the two possible structures shown in Theorem 1 are
applicable to all HR families of size four.

6.2. Proof of Theorem 2

Taking the real and imaginary parts of st p = 0 separately, we
have t1 + t2 = 0 and t3 = 0 where t; = 57T} s,, t2 = 51 T;s;,
andt3 = s} Trs, — s; T} s,.

Because of the independence of t1 and 2, t1 +t2 = 0 implies
t1 = 0 and t2 = 0. Because both of the equations hold for any
vectors, we have T, = —TF and T; = —T7 .

From t3 = 0, we have T} = TZ-T.

From t; = 0, we have

Z[Z§y~(i)Tr,i,l}§r(Z) =0= Z +s,.(i1)s,.(1) =0 (6)

=1 i=1 =1

where T’ ; ; is the (4, 1) entry of T, and among [T1 4, . .., TTAJ]T
there is only one non-zero entry, which is =1 . We also know
1y # [, or otherwise (6) could not hold. For (6) to hold for any s,
the four terms in (6) must be divided into two groups, and the two
terms in each group cancel each other. In other words, the indices
of the two terms in each group must be (i;,1) and (I, ;). Without
loss of generality (up to a permutation of the symbols), these terms
can grouped as +{s, (1)s,(2) —s,(2)s, (1)} and +{s, (4)s,(3) —
5,.(3)s,.(4)}. Then, we can write T, = diag(£Q,£Q) (up to a
permutation of the symbols). Furthermore, up to a sign change of
all symbols, there are two possible forms for T+, i.e., diag(Q, Q)
or diag(Q, — Q).

Since T, = T, the corresponding T; must be diag(—Q, — Q)
or diag(—Q, Q), respectively.

When T, = diag(Q, Q) and T; = diag(—Q, — @), we have
p = [s3,—s1,si,—s3]. When T}, = diag(Q,—Q) and T; =
diag(—Q,—Q), we have p = [s3, —s}, —s4, s3] In each of the
above two cases, we have the familiar form of 2 x 2 orthogonality.

6.3. Proof of Theorem 3

Our proof is constructive. Without loss of generality, we will fix
the first column of our code matrix 7" to be [s1, 2, 53, 54]" . Fur-
thermore, we will construct 7" such that its first two columns are
orthogonal to the last two columns. By using Theorem 2, we have
no more than the following two possibilities for 7" (up to the vari-
ations defined by (1)):

s1 % S5 *
*
S92 * —S *
T = 1 or
S3 * —S84 *
sS4 x 85 *
S1 % —s85 %k
so  * 8] *
T2 - *
S3 * —8y *
S4 * 83 %k

where * (not in superscript) denotes a unspecified entry. From 77,
we have no more than the following two possibilities:

s1 * S5 —Si
* *
Sy k  —§ s
Ty = LR or
' s3 * —S; Si
S4 * S5 —S5
s1 % 85  —Si
so * —s7 —si
T1,2 - * *
s3 * —S;  Si
sS4 * S5 s5
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Similarly, from 7%, we have no more than another pair of possibil-

ities:

81 x —85 —83
so xS si
1 4
T2,1 = * * or
s3 * —s; S;
sS4 x S5 —85
s1 k  —S5 —sS3
s2 * S —8Si
T2,2 - * *
S3 * —S4 S1
s4 x 85 s5

Adding all together, we have no more than the following four pos-
sibilities:

S1 Sa 85  —s5
S2 83 sT s,
—S51 4
T, = X X )
S3 S2 —S84 S1
sS4  S1 83 —85
$1  —84 S5  —s83
* *
_ 52 S3 —S1 —8,
T1,2 — * * 3
S3 —S82 —S84 S1
>k *
S4 S1 S3 So
S1 S4 —85 —83
* *
T - S2 S3 51 Sy
2,1 - * * 5
S3 —S82 —S84 S1
* *
S4 —S1 S3 —S89
* *
S1 —S84 —S89 —S83
* *
S2 S3 S1 —S84
T2 = " *
S3 S2 —84 S1
S4 —S1 S5 s5

Furthermore, it is easy to verify that

Th,2 = Pi175%,1(84, S2, 83,51) P12

where

Pi1 = Pi(1.4)+2.2),+(3,3),+(4,1)

P2 = Pr1),+22),-6,9,-(43)
Therefore, we have only three independent codes: S1 = 7112,
S2 = T1,1, and 53 = szg.
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