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ABSTRACT

This paper proposes a novel technique for the time-frequency (TF)
estimation of a Gaussian chirplet mixture in a signal. The tech-
nique relies on the combination of one and a half-worth of Chirp
transform of the signal and an Expectation Maximization-driven
blind identification algorithm, in such a way that it carries out the
chirplet estimation in-segment. The mechanism resembles stereo
processing while keeping an interesting biological parallel with au-
ditory cortex artificial models. This technique applied on a short-
time processing basis is shown to be accurate at identifying the
TF composition of a bat echolocation chirp. The proposed tech-
nique represents the initial basis for the development of a parallel
hierarchic processing for more ambitious objectives.

1. INTRODUCTION

Several natural and artificial phenomena can be well described by
a chirp function, for instance, signals produced by mammalian
species, signals transmitted by radar systems [1], the human speech
in natural intonation [2], etc. The so-called Gaussian chirplet [1]
can be defined with a four-parameter model [3],
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where t is time, o is the chirplet’s effective duration, 7 is the central
time instant, v is the instantaneous frequency att = 7, and -y is the
chirp rate, which creates a linear variation of the frequency over ¢.
A main research interest in signal processing is to decompose
signals into well-defined and localized components in the time-
frequency (TF) plane. Since the set of Gaussian chirplets do not
form an orthogonal basis, covering the TF plane in a redundant
way, the chirplet-based decomposition cannot be easily addressed
with a single-step transformation. This problem has attracted large
interest in the last decade [3]-[6]. A well-accepted procedure for
multicomponent signal analysis is the use of matching pursuits
dictionaries [7], whose use with chirplet bases has been consid-
ered among others in [3][4]. A different approach is that based
on the maximum likelihood estimation criterium [5], in which the
computation of the chirplet parameters is estimated rather than
‘searched’. An interesting adaptive technique was proposed by
the inventors of the Chirplet transform [1], who address this esti-
mation by means of an unsupervised Gaussian fitting mechanism
on the TF energy [6]. In general this problem or related ones when
addressed with state-of-the-art TF linear transforms require expen-
sive decision procedures [9][8] that recall manual approaches.
Recent neurophysiological studies suggest modelling the cor-
tical auditory processing with the Chirp transform and an unsu-
pervised pattern recognition algorithm [10]. Somehow inspired by
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these ideas, in this paper we propose a parallel-computing mecha-
nism for the estimation of a real-valued Gaussian chirplet mixture,
this estimation relying on a single Chirp transform instance.

The problem is presented as follows: let z:(t) be a real signal,

z(t) = e(t) +n(t), 2

where n(t) is a random stationary noise and c(t) is is a sum of
complex conjugate Gaussian chirplets

ct) = Zggi,n,wm (t) + Goirsi—vi—: (1), 3)

the goal of this work is to estimate the four parameters of each
chirplet present in x(t), while keeping up with the estimation of
the background noise power spectrum. Section 2 contains the char-
acterization of a chirplet in terms of the Chirp transform, Section 3
presents the proposed technique, Section 4 contain results on syn-
thetic and real data, and the conclusions close the paper.

2. CHIRP ANALYSIS OF GAUSSIAN CHIRPLETS

A complex Gaussian chirplet is the only signal with a positive
Wigner—Ville distribution. Chirplet (1) can be built by starting
with the Gaussian signal of variance o, whose Wigner—Ville dis-
tribution (WVD) is the bidimensional Gaussian
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The next step corresponds to the product of a y-quadratic chirp [1].
It is straightforward to show that this step introduces the following
shear in the Wigner plane: ¢ — ¢ and f — f — v t. This yields
immediately to the WVD of g,.0,0,~ (%)

Go0,0~(t, f) = 90 2t man% (F-1)? )

The chirplet g,,+,.,~ () is finally obtained after time and frequency
shift to 7 and v respectively, yielding to the following WVD

o 2(t—1)2  —4n202(f—p— _)2
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The Chirp Transform (ChT) of x(t) is computed as

X(f,«) :/ x(t) eimat? g=i2mft dt, (7
where f is frequency and « is the analysis chirp rate. Equation (7)
is similar to the so-called “Chirplet” transform, defined by Mann
and Haykin in [1], except that here the basis is not windowed
by a Gaussian. The ChT can be understood as a time-frequency
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shear of the signal followed by a Fourier transform (FT), the time-
frequency warping being described by

t—t and f— f+at. 8)

Let z(t) be the Gaussian chirplet g, -, ~(t); the WVD of the
signal after the transformation (8) is

X(t, f,a) =2 6*972(15*7)26*47"292(f+fxt*l/*"/(t*‘r)>2. 9)

The time marginal gives rise to the square magnitude of the Gaus-
sian chirplet’s Chirp transform, which results Gaussian shaped

\X(f,a)lzz/wX(t,f,a) dt = eI, (D)

where
0’ = gzo "+ 5(a=7)". (1
In case of a real-valued chirplet (3), each complex chirplet
results affected asymmetrically by the transformation (8): both

Gaussians are centered respectively on f and f_
fr=xv+ar, (12)

and their variance result o;? and o respectively

Pt iaF)e’ (13)
Note that the WVD of a real-valued chirplet is not free of cross-
terms, but its effect after the time projection (10) is depreciable.
Thus the two-Gaussian model is accurate and only in cases of very
high chirp rate «, both Gaussians may overlap in the projection
direction and the cross terms be observed as zero-mean ripples on
the Gaussian shapes. In general (13) yields to a double meaningful
solution for both v and p. Given the quadratic nature of the equa-
tion system (13), a unique solution can be obtained with another
reference, which can be provided by the FT (ChT for o« = 0). Then
the following equation is added to the previous equation system

2 1 -
ot = g20

05 = g0 2+ 19707 (14)

Let us now assume that an accurate Gaussian fitting is avail-
able, that is, the centers and variances of the three Gaussians (two
on each side of the ChT and another one from the FT) are at hand.
Let these be i, p—, fo, (7+2 , 02 and o’ respectively. Then the
chirplet parameters can be obtained as explained below.

Computation of v and 7. Given that the positions of the Gaus-
sians follow rule (12), v and 7 can be obtained by

V=g, (15)

—_ B+ —Ho . T:m. (16)
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Computation of v and o. According to (13) the set of points
X = {-a,0,a}, Y = {02,0¢,08} lies on the parabola y =
ax® + bz + c. The position of the minimum of that parabola cor-
responds to the estimation of the chirp rate +,

fy:fi and o0 =V2a. 17
2a

A constraint among the parabola parameters, derived from (13), is
that the value of the parabola at its minimum is ﬁg”, and since

a= %Qz, the parameter c is a function of the other two as

c=2(b"+ %) at. (18)

The values of a and b that keep the correspondence X — ) are
obtained with the solution of the following least square fitting

b) = i i — az® — bz —¢)? . 19
{a,b} arga’r;nn;(y ax z; — ) (19)

3. ESTIMATION OF THE CHIRPLET MIXTURE

The asymmetric nature of the ChT, instead of being a limitation,
provides a stereo view of the chirplet TF energy that can be ex-
ploited for estimating its parameters. Stationary wavelets are ob-
served at both sides of the ChT with the same energy distribution,
while a chirplet is observed asymmetrically, with an energy dis-
tribution of one side more concentrated than in the other. Based
on the exposition so far we propose the mechanism depicted in
Figure 1 for estimating a mixture of Gaussian chirplets: the real
signal x(t) goes through a bank of (at least two) chirplet transform
blocks; the use of the a-Chirp and the 0-Chirp (Fourier) transforms
provide three different projection views of the Wigner plane; since
the chirplet projections result in Gaussian shapes, these from in
each view are blindly identified by means of Radial Basis Func-
tion (RBF) neural network driven by an unsupervised learning al-
gorithm (as suggested in [10]); the Gaussian fitting blocks do not
carry out their respective tasks in an isolated way, but they cooper-
ate among each other in order to achieve a meaningful description
of the Gaussian chirplet.
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Fig. 1. Mechanism of the stereo-like Chirp estimation.

Let z[n] be the discrete-time signal resulting from sampling
x(t) at a frequency rate fs. In a real situation x[n] has finite time
support, then the Chirp transform is computed in discrete-time by
the discrete Chirp transform' (DChT),

N-—-1
X[k,a) = Y wln] e 7O URT IR o)
n=0

where N is the signal length, & = o/ f,? is the discrete-time chirp
rateand k = 0,..., N — 1 is the frequency index. Let S[k, &| be
the normalized ChT power spectrum of signal x[n], that is

Slk,a] = | X[k, d]

N
3| xl 6] @1
1=0

In order to avoid spectral aliasing from the product with the complex
chirp in (20), z(¢) must be sampled at higher rate than the Nyquist rate.
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Considering that z[n] follows the chirplet mixture model described
by (3), the power spectrum S[k, @] is a uniform sampling of the
following Gaussian mixture model

Sa(x) =Y AP G(z]0F) + AT G(2|07) + Na(z), (22)

where
1 _1lE-—w?

1
G(w\{u,f}):mae 2 (23)

Here the superscript ™ denotes the m-th real-valued chirplet and
N, (z) contains the projection of the cross terms of the WVD and
that of the noise n(t). The cross terms result from the TF inter-
ference among the Gaussian chirplets and give rise to well-known
undesired ripples in the power spectrum. The third view, computed
with the FT, follows a similar model to (22) with the characteris-
tic that the model is symmetric, So(x) = So(—z) (the cross term
projection is accordingly No(z)). Although the cross terms repre-
sent a disturbance in the Gaussian mixture model, this drawback is
alleviated by the fact that the cross term projection has zero mean
and is not observed in the same way in all projection views.

In order to identify the Gaussian chirplets present in z[n] we
use the Expectation Maximization (EM) algorithm [11] as the mech-
anism for drawing the Gaussian mixture model from the power
spectra. The EM allows to estimate jointly the amplitude, variance
and center of each Gaussian, and it pursues the minimization of
the mean square error of the log-spectrum, fact that finds an in-
teresting parallel with the log-sensitivity of the biological senses.
Instead of a single EM algorithm fed with multidimensional data
(as presented in [6]), the solution proposed here is totally differ-
ent: several (at least two) EM algorithms running in parallel, each
working on a different one-dimensional TF view; the resulting pa-
rameters from each algorithm at each iteration are coupled accord-
ing to the chirplet constraints, making the EM mechanisms evolve
jointly. This fitting mechanism is described with the following it-
erative procedure:

1. Perform an iteration on each EM algorithm.

2. Compute for each Gaussian object, from its centers and
variances from all views, the four-chirplet parameters as de-
scribed by equations (15)-(17).

3. Recompute the Gaussian parameters based on the estimated
four-chirlet parameters, as described by (12)-(14).

4. If the approximation error is small stop; if not go to step 1.

The concept of background noise n(t) is ill-defined versus the
Gaussian chirplet model. Nevertheless the noise can be identified
with Gaussian objects whose parameters are not constrained to the
corresponding parameters from other views. Additionally, given
that the expected noise energy is usually smooth in time and fre-
quency, the variance of the noise-based Gaussians is clipped to a
(high enough) minimum value in each EM iteration. These actions
prevent the noise objects from competing for the chirplet energy.
In absence of noise objects, the chirplet objects are attracted also
by the noise energy (when this energy is relevant) and the mecha-
nism hardly reaches a meaningful and stable solution. Finally, the
number of chirplet objects has to be larger than the actual number
of chirplets present in the signal. In case of a smaller number, not
all objects may reach a stable state. A number of chirplet objects
larger than the number of actual chirplets in the signal gives rise to
a faster convergence.

4. RESULTS

Since the proposed method delivers a parametric chirplet repre-
sentation of the signal, the results are shown graphically with the
adaptive spectrogram (AD): a non-negative time-frequency energy
representation free of cross term interference [4].

The first experiment addresses the problem of estimating mul-
tiple synthetic chirplets in noise. The gaussian objects were ini-
tially distributed in the frequency axis. The results shown in Fig-
ure 2 prove the good performance of the method at analyzing this
difficult scenario. Nevertheless the estimation of the parameters
suffers an error due to the random effect of the noise energy. The
final solution is achieved after few EM iterations (around 15 in av-
erage for that experiment) with five chirplet objects. The chirplet
time location 7 is responsible for the shift in the Gaussian central
position in each view (12), this fact disturbing the Gaussian fitting
task. The use of the disjunctive (16) for estimating 7 prevents the
algorithm from getting trapped in stalled states.

An example on real data corresponds to the analysis of a bat

-T2 T/2

fs/2

Fig. 2. Performance of the method on mixture of chirplets in Gaussian
white noise (SNR=10dB). Figures from top to bottom: time samples, WVD
(left) and estimated AD (right), magnitude of the three TF wiews (FT, ChT
right and left side (mirrored)). The line in the WVD indicates the angle of
projection of the ChT. The Gaussian objects are marked with numbers.
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Fig. 3. Ultrasound bat signal. From top to bottom: time samples, spec-
trogram (N = 128), WVD, and estimated AD. The TF representation is
in samples (horizontal axis) and normalized frequency (vertical axis). The
intensity scale is linear.

echolocation ultrasound chirp, addressed in Figure 3. The signal
(top) has 400 samples and the sampling period is 7 microseconds.
The 128-point Hamming window spectrogram and the WVD are
shown in the same Figure 3 (second and third from the top re-
spectively). Since the harmonics are not Gaussian linear chirplets,
a short-time based variant of the proposed method was used: the

signal was segmented with a 128-point Gaussian window, using
a shift of 32 samples between overlapped segments. This way of
proceeding limits the frequency resolution to that of the window
length but it prepares the signal according to the requirements of
the proposed technique. The shift between segments, one fourth
of the segment length, guarantees an AD-based TF energy repre-
sentation with continuity. The result of the proposed technique is
shown at the bottom of Figure 3: the TF energy localization is
very precise, small details in the signal evolution being also visi-
ble. The number of chirplet objects in all segments is five (whilst
the largest number of harmonics ever present in a segment is four).
At any segment only chirp objects that represent significant energy
result visible in the AD.

5. CONCLUSIONS

This paper has proposed a novel technique for the identification of
a Gaussian linear chirplet mixture in a signal. The use of the Chirp
transform and an EM-driven Gaussian fitting blind mechanism is a
simple effective parallel-computing in-frame method with biolog-
ical parallel. The results on synthetic as well as real signals prove
the validity of the proposed technique, showing a clear advan-
tage over the spectrogram and delivering a cross term free time—
frequency representation that is competitive with the Wigner—Ville
representation. Since in long signals the Gaussian shape assump-
tion is likely not to hold, a short-time-based processing makes the
technique applicable for general scenarios. This work does not aim
to be a conclusive one, but to settle the basis for the development
of a parallel hierarchic technique for more ambitious objectives.
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