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ABSTRACT

In this paper we propose a Bayesian approach in
estimating the parameters and predicting future values of
generalized  long-memory  process utilizing  the
approximate likelihood function of discrete wavelet packet
coefficients. This approximation does not depend on the
length of the signal, but the length of the wavelet filter,
which is under the control of the analyst. We illustrate our
approach by an example applying simulated data.

1. INTRODUCTION

A digital random signal has long-memory if its
autocorrelations decay to zero slowly at a hyperbolic rate.
Reference [1] defines a long-memory process as a
stationary signal for which the autocorrelation satisfies

p(k)~ Ck** ™" as k — oo, where C >0 and 0<d*<0.5.
In this case, the autocorrelations decay to zero slowly at a
hyperbolic rate and2| p(k )| = oo . This phenomenon has

been observed in various areas of human endeavor such as
in telecommunications, video traffic, economics and
hydrology.

A fairly general model of long-memory is the
Gegenbauer autoregressive moving average (GARMA)
process proposed in [2]. It generalizes the definition of
long-memory by including a parameter that accounts for
persistent cyclic behavior of a random signal. It allows the
power spectrum to have pole, not only at 0, but at any
frequency in the interval [0,0.5]. This model has been
shown to represent well some random signals such as the
Bellcore Ethernet trace data [3].

A GARMA(p,du,q) process is the output of the
system function
H(z) =%(1—2uz*l vz ) (1)

D(z)
driven by a stationary white noise input with mean 0 and
variance 6. The rational function
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O(z) 1+6z"'+.+60,z7"
D(z) l-¢z'—.—pz"
is the autoregressive moving average, ARMA(p,q) system,
such that @(z) and @(z) have no common zeros, and

, 0,#20 and ¢, #0,

their zeros lie inside the unit circle, which implies that the
system is causal and invertible. On the other hand, the

—d
Gegenbauer system, (1—2uz’1+z’2) , d# 0, can be
written as

(1—2uz’1 +z7 )_d :icj(u)z"’ ,
=0

where C¢ (u) is the Gegenbauer polynomial defined by

Cu)= [fj(—l)k(2u)"'2k1"((d)—k+n)
= k!(n-2k)!IT"(d)
and [n/2] is the largest integer less than or equal to n/2.
The parameter u provides information about the periodic
movement in the random signal. When the input is a
stationary white noise, the output is called a Gegenbauer
process, which is stationary if ¢d<0.5 and |u| <1 or if
d<0.25 and |u|=1; it is invertible if —0.5<d and |u| <1 or
-0.25<d and |u|=1 [2]. If we set u=1 in (1), we obtain the
system function of the well-known autoregressive
fractionally integrated moving average (ARFIMA(p,2d,q))
process, which has a power spectrum with pole at the
origin when 0<d<0.5. It is called a fractionally differenced
process when p=¢=0 and u=1.
The power spectrum of a GARMA(p,d,u,q) process is
given by

b

2

O(e ™) [2(cos(2af )—u) > 2)

where i=\/—_1, f e (-0505] and v = cos” ()2
€[0,0.5] is called the Gegenbauer frequency at which the
power spectrum becomes unbounded when 0<d<0.5. It
provides an alternative approach in finding the
autocovariance function by evaluating the following
integral

Sy(f)=0’
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y(k) =2 [S,( f )cos(2af )df , 3)

which can be computed using any software that allows
singularities in the integrand. From [4], if u€(-1,1) the
autocovariance function at lag k£ of a GARMA(0,d,u,0) is
given by
2
o
y(k)=—F
N
[Pees e -1 P =), @

where P’(x) are the associated Legendre functions of the

I(1-2d)[2sin(2mv)]">>

first kind. 1f [u|=1, |7/( k )| is the absolute autocovariance

of a fractionally differenced process given in [1, p. 523].
The lack of simple expression for the autocovariance
function, particularly for u € (-1,1), makes the analysis of
Gegenbauer process difficult. It could be simplified by
applying a decorrelating transformation such as a wavelet
transform.

In this paper, we deal with GARMA(p,d,u,q) process
for which the Gegenbauer component is stationary,
invertible and >0, the ARMA component is causal and
invertible, and @(z) and @(z) are coprime. We call this

process a generalized long-memory process. We propose a
Bayesian approach in estimating the parameters and
predicting future values of this process by utilizing the
approximate likelihood function of discrete wavelet packet
coefficients. This provides an alternative method
incorporating prior information about the parameters and
utilizing the decorrelating property of wavelet transform.
We illustrate our approach by an example applying
simulated data.

2. DECORRELATING THE SIGNAL

The standard discrete wavelet transform (DWT) has been
shown to be an effective within-and across-scale
decorrelator of fractionally differenced process [5] and
fractional Brownian motion [6]. However, for other
processes including the generalized long-memory process,
within-scale autocorrelations may not be negligible for
some scales and for any length of the filter. To see this let
{dilji=12....J, t:0,...,N2'j—1} be the nonboundary DWT

coefficients of the random signal {Y, }Z;l , where N=2" for

some integer J . From [7, p.348], the autocovariance
function could be written as
Cov(d;, d;v)
1/2 ) ’ .
= [l VT (RIS (fdf . ()
-1/2

where H; (/) is the Fourier transform of the level j
Daubechies wavelet filter {h,,} and * denotes the

complex conjugation operator. By setting j=j" and ¢'=t+s

in (5) the within-scale covariance is given by
1/2

Cov(dy,dyo)= [e” ™ | H,(f)P Sy(f)df . (6)
-1/2

Given the wavelet filter { 7, }, the scaling filter { g, } is
defined by g,,= (-1)"'h,_,,, for ¢ =0,.., L-1. For
J>1, wavelet and scaling filters {#,;} and { g, } are of

the same length L; = (2-1)(L-1)+1 and denoted by H ()
and G;.(f). From [5, Lemma 4.1]

2/ | fle2727)

2 . . .

1,1 5427 fle2 o2
0, otherwise

Hence for large L, (5) is approximately zero if j=# j'.

This is not true for within-scale correlations, which could
be relatively large even for large values of L. From [§],
Daubechies’ wavelet filters converge monotonically to an
ideal high-pass filter and Daubechies’ scaling filters
converge monotonically to an ideal low-pass filter as the
filter length L increases without bound. Thus, for an
appropriate choice of large L, from (6) we may write the
autocovariance in the form
277

Cov(d dys) = 27 [ cos(2 asf )S,(f)df .

2=(Jj+l)
which is relatively large when ve [27, 27] and 0<d<0.5.
However, as v approaches zero the effect of singularity
diminishes due to the decreasing length of the interval
[27", 27]. Hence, for appropriate choice of filter length L,
within-scale correlations of wavelet coefficients of a
fractionally differenced process, where v=0, are
approximately zero. This approximation is not valid for
long-memory processes with pole not close to the zero
frequency. Hence, statistical analysis of a generalized
long-memory process utilizing approximate likelihood
function with a diagonal autocovariance matrix may not be
valid when the orthonormal discrete wavelet transform
(DWT) is used. This problem may be solved by applying a
transformation that generalizes the partitioning scheme of
the DWT.

We approximately decorrelate a generalized long-
memory process across and within scale by utilizing the
discrete wavelet packet transform (DWPT). This has been
proposed in [9] to decorrelate a process when DWT fails.
Unlike DWT, which has only one particular filtering
sequence, DWPT executes all possible low-pass and high-
pass filtering combinations. From [7, p. 215], for
j=1,...Jo(Jy<s)), we can write the DWPT coefficients
{dli=12....J,n=0,...,2 -1,t=0,....N2’-1} in the form

L jfl

djm B ;):uj"’YZ/[Hl]flflmodM o 150, M1,

where the jth level filter {u;,,} has length
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L; = (2-1)(L-1)+1 and computed from {4,,} and {g,, }.

The within-scale autocovariance function of nonboundary

DWPT coefficients is given by
1/2

Cov(dy, dgey)= [ \U L (F)F Sy(f)df ,

-1/2

where the transfer function U, (/) depends only on
G() and H () such that the squared gain function
|U w(f )|2 is nominally band-pass over the frequency

n n+l
2(/’+l ’ 2j+l

interval [, :[ } . Although S, ( /) has a pole at

some frequency between 0 and 0.5, |U wlf )|2 can have its

pass-band on any interval [jn ,n=0,...,.2 . This allows for

decorrelation by choosing the wavelet basis functions
{u;.} appropriately for some index #. For this purpose we
consider the algorithm proposed in [9]. It successively
selects the DWPT coefficients at each level by performing
a white noise test on wavelet packet subbands at each
level.

3. ESTIMATION AND PREDICTION

In this section, we propose a Bayesian approach in
estimating parameters and predicting future values of
generalized  long-memory  process  utilizing the
independence assumption across and within scales on
appropriately  selected DWPT  coefficients.  This
formulation simplifies the likelihood into a univariate
density.

Let D = (D,, , D,

2y ,...,D}W )" be the (2-1)x1 vector
containing the nonboundary DWPT coefficients of
Y(t =0, 1,...,21—1), where n;, ny,...,n, are selected using

the approach in [9]. The vector D, = (D

oDt
has DWPT coefficients at scale j as its components.
Consider the re-scaled approximate bandpass variance
(n+1)2 (D)

[Sy(fdf .

(741

2 2 Al
c'oi(r)=2

Assuming independence across and within scale, and
Gaussian white noise innovations, the approximate
likelihood function is given by f(D|¥ )=

J J R 2N2'/—1 P
2 2 \-1/2 1 .
| |(27r0' o;) exp —220' o, Z D, |-

Jj=1 Jj=1 t=0

This approximation does not depend on the length of the
signal, but the length of the wavelet filter, which is under
the control of the analyst.

Let ¥ =(®,0,d,u,c* )and ¥'=(®,0,d,u) denote

the vectors of parameters, where @ =(¢,,...¢,) and

©=(6,,..,0,). For fixed p and g, we consider the prior

structure 7(¥ )= n(c’) n(d,u) n(®@,0). We adopt a
uniform prior for @ and @ over C, and C,, respectively;
an Inverse-Gamma (0.5v0,0.550) for o’and a Beta(a,f)
for d and 2v, where o, > 1. Note that the choice o = f =1
gives the standard uniform prior on [0,1]. For a
GARMA(@,d,u,q) process, the given prior for the long-
memory parameter d does not impose stationarity apriori,
and so applies to both explosive and nonexplosive cases.
The posterior density of ¥is given by z(¥|D)C
f(D|¥) n(¥). We make about the
parameters ¥ =(®,0,d,c*) by sampling from
(¥ |D) using Markov chain Monte Carlo (MCMC)
algorithm. To do this, we propose an MCMC sampler that
utilizes the Metropolis-Hastings algorithm.

First we block the parameters#’ into two groups
A; = (d,u) and 4, =(®,0). The sampling algorithm
can then be summarized as follows:

1) Initialize ¥ by taking ';’ =argmax log( f(D|¥ ).

inferences

2) Sample o routinely from

J 27/

N2 -1
50+ZG;2 ZDjz'"kl

i=1 =0

2

v, +J
Inverse — Gammal| —> >

3) Propose a value of the kth block conditioned on the

previous value of the kth block and o, and the other
values of the other blocks 4 4,

A ~q (47 NY A 07 ).
We define the proposal distribution by
q (A4, A41Y,)

o expl-0.5(A— AT )V ) A- A0V ),

where V' is the Fisher information matrix of ﬁ;’ .
4) Compute the acceptance probability

a4 4,17,.4,,0°)
Ay A ot A A Y 4 0
’”(AIZH) |Yr1A—k’Uz)qk(Alsril)’A1’c ‘Yz’Afk’O'z) '

5) Sample U from Uniform(0,1). Update the kth block as
follows:

S = A if uSa(A,ff',AHYZ,Afk,o'z).
¢ AV otherwise

Repeat steps 2-5 for = 1,2,....N+M and for k = 1,2.
Estimate the parameters from the

(@) )| g (M) peyond a burn-in of N
iterations.
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For prediction purposes we use the original
observations and the parameter values obtained through
the preceding sampling algorithm. This provides a simpler
approach with no need to reconstruct the signal.

Let YN+F = (y();“-xyN-I, yN;~~-:yN+F-1)a where YN is the
vector representing the observed values and
Y,\i = (Vn--Vn+r1) 18 the vector of F future unknown
realizations. A GARMA(p,d,u,q) process can be written as
@(B)Y, =O(B)X,, where X, = (1-2uB+B*)"Z, is the
associated GARMA(0,d,u,0) process. Hence, we have

P q
Y,= Z¢th—i + X - zgiXt—i . (7
i=1 i=1
Now, the joint density of Y is
F-1
f(YAf|YN’ '{I):Hf/(ny/‘ny/—l’yj)’ (3)
=0

where each £;(j=0,2,...,F-1) is univariate normal. Using
(7), the mean and variance of f; are given by

p q
E(Yy Yy 0. ¥) = Z¢iyt—i _Zei'xr—i
i=1 =1

and Var(Yy, [Yy,;,,¥) = Var(Xyy), respectively.

Var(Xy:;) is the variance of the associated

GARMA(0,d,u,0) process given by (4) when £i=0.
Inferences about Y, can be made on the basis of

YL Y W) . The density of future unknown data is
given by

SO Y= [ £ 1Y ¥ )r(¥ | Y, )d ¥ ©)
where 7(¥ |Y, ) is the prior density of the vector of
parameters ¥ . Using the output ¥, (r = 1,...,M) from the
sampler, (9) can be approximated by Monte Carlo

R M

integration: (Y} |Y, ) = ﬁZf(YNF |Yy,¥, ), where
r=1

FYT Yy ¥ ) is defined by (8).

4. EXAMPLE

We simulate a GARMA(p,d,u,q) process as follows.

Step 1. Generate the autocovariances R(0), R(1),...,R(n)
of GARMA(0,d,u,0) by evaluating (3) numerically for k =
0,1,...,n.

Step 2. Simulate X, a stationary Gaussian
GARMA(0,d,u,0) time series of length 7, using the method
proposed in [10], which is used for any stationary process
with given autocovariances.

Step 3. Simulate an ARMA(p,q) process, using X, as
innovations. The result is the simulated GARMA(p,d,u,q)
process.

Using this procedure, we constructed a data set with
n=512 for a GARMA(1,0.25,0.6,1) process, where €=0.3,

¢= 02, and o’=I.
posterior standard deviations (in parentheses) for the

parameters are 6=0283 (0.036), $=0.192 (0.032),

The posterior means and the

d=0.271 (0.027), u=0.612 (0.029), and o =1.01 (0.005).
Convergence of the sampler was monitored by estimating
the potential scale reduction factor based on 1000
iterations and 10 replications. The kernel density estimates
for the parameters were unimodal and symmetric about the
posterior means.

5. CONCLUSION

Discrete wavelet packet transform simplifies the
variance-covariance matrix of a generalized long-memory
process by approximately decorrelating  wavelet
coefficients within and across scales. This approximation
does not depend on the length of the signal, but the length
of the wavelet filter, which is under the control of the
analyst. It allows for a computationally efficient sampling
from the posterior density of p+g+2 parameters.
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