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ABSTRACT

It is known that one can use Shannon’s theory to sample a band-
limited signal. In this paper, we introduce how to use prolate
spheroidal wave functions (PSWFs) to sample a time-limited and
nearly band-limited signal. PSWFs have the property of optimal
energy concentration. Thus we can apply it for sampling theory
to reduce the aliasing error of the recovered signal. We derive
the theory that can estimate the upper bound of the error. With it,
we can determine that, to achieve certain accuracy, how many
samples we should acquire. Moreover, we combine the proposed
sampling theory with the fractional Fourier transform (FRFT).
We also find an important theory, i.e., to achieve a certain degree
of accuracy, the number of sampling points required for a signal
is proportional to the ‘area’ of its time-frequency distribution.

1. INTRODUCTION

From Shannon’s theory, if g(¢) is a bandlimited signal:

G(w)=0 when @>Q, where G(w)=FT[g(®)], (1)
we can sample g(¢) with the interval of 7Q:

glnl=gnnQ), n=..,-1,0,1,2,3,..... @)
To recover g(f) from gyn], we can pass it through a lowpass
filter with cutoff Q or, equivalently:

N & in(Qz —
)= g, [n]—m;(2 d) 3)
N0 t—nr
We can recover g(¢) from gi[n] perfectly (i.e., g(¢) = g(2)) if g(?)

is bandlimited. However, in nature, most of the signals are not
bandlimited. Instead, most of them are time-limited:

g®»=0 whent ¢ [T, T]. 4)
Since g(7) is time-limited, it is impossible for g(#) to be bandlim-
ited. It is only possible that g(7) is nearly bandlimited:

[6@) do+ [ |6(w) do
=g
[ |6(o) do

where ¢ is a small value near to zero (however, ¢ is never equal
to zero). Thus, if we using (3) to recover g(?), ‘aliasing effect’
will occur and we can not recover the original signal perfectly.
The error between the recovered signal g(7) and g(?) is:

[ Je0)-s@ar [ |6to)-Glo) do

)

; 2
o ﬁ)‘G(w)—G(a,)‘zdw: ﬁzlmm%g}(wﬂn@) | deo
EO |G(a))| “do [Ooo |G(a))| ? do

Thus the sampling error comes from two places: (a) ¢, the high
frequency component of G(w). It is removed by the lowpass
filter in (3). (b) &: Due to aliasing error, the low frequency com-
ponents of G(w) are interfered by the high frequency component.
In this paper, we use prolate spheroidal wave functions
(PSWFs) together with the fractional Fourier transform (FRFT)
to improve sampling theory. PSWFs are the continuous functions
satisfying the following homogeneous integral equation:

7 sin[Q(t, —¢
LTMWn,T,Q (t)dl = ﬂ’n,T,Ql//n,T,Q (tl )’ (8)
(t, —1)
1 > /IO,T,Q > /11’]‘,9 > ﬂ’Z,T,Q > /13’7‘,9 > > 0 (9)
(We will simplify the notations of PSWFs and their eigenvalues
as y,(f) and A,(f), respectively). They are orthogonal and com-
plete on both the interval of [-7, 7] and the interval of (-o0, o0):

A
[, )dt=2,8,,. [ v,y 0)d=5,, (10
They are useful for analyzing the properties of the finite-interval
Fourier transform (fi-FT):

0,/ 0= Flw)= @) [ e f(ar, (1)

te[-T,T), we [-Q, Q). (12)
The power preservation ratio of the fi-FT can be calculated from:

S 2
flR@|do_Zlol

n=0

- (D

energy prsv. ratio R = T 5 = .(13)
[lr@f a > la? 2,
where f(l)z iany/n(l). (14)
n=0

Notice that when f{¥) = aoy(?), R = Ao. In this case, the energy
preservation ratio is maximal. In addition, among the functions
orthogonal to wy(?), wi(?) is the one that has the largest energy
preservation ratio R. Among the functions orthogonal to y(?)
and y(7), y(?) is the one that has the largest value of R, and so
on. Thus PSWFs have the properties of optimal energy preserva-
tion when both the time and the frequency extensions are finite.

2 2 =&+é (0 It is helpful for optics analysis, laser, filter design, etc. [2][3].
.Eo |g (tl dt foo |G(a)1 do In addition to the above applications, PSWFs are also helpful
(applying Parseval’s theorem) for improving sampling theory. This application was first dis-
where G(w) = FT[$(r)] and & is the aliasing error: cussed in [4]. In this paper, we improve their works. First, we
derive the upper bound of the error of the recovered signal. With
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it, we can estimate, to achieve a certain degree of accuracy, how
many sample values we should acquire. In addition, in [4], the
sampling points should be uniform. For our algorithms, the loca-
tions of sampling points can be arbitrary. The only constraint is
that the samples of PSWFs at these points should construct a
full-rank matrix.

Moreover, we will combine the theory of PSWFs with the
fractional Fourier transform (FRFT). The FRFT is more general-
ized than the FT. It can make the time-frequency analysis more
flexible. We find an important theory that the ‘interval-width
product’ of the time-frequency distribution of a signal deter-
mines the number of sampling points. Due to the theory, we can
vary the parameter « of the FRFT such that the product is mini-
mal. Then we can use the least number of samples to achieve a
certain degree of accuracy (or use the same number of samples
to achieve higher accuracy).

2. SAMPLING AND RECONSTRUCTION BY
PROLATE SPHEROIDAL WAVE FUNCTIONS

For a time-limited signal in (4), suppose that the ratio of the
energy outside the interval of w € [-Q, Q] is & as in (5). We can
use the following algorithm to sample and reconstruct it by
prolate spheroidal wave functions (PSWFs):

(1) First, we project g(#) on Span{wy(?), y1(6), ya(?), ... yn1(D}:
N-1

g(t)—) gn (t) where gN(t)z Zanl//,, (t) (15)
n=0

(2) Then we choose N sampling points #, t, £, ...... , ty among
the intervals of # € [-T, T]. The locations of #,’s can be chosen
arbitrary. They are unnecessary to be uniform. The only re-
quirement is det(A) # 0 where

volt)  wolty) wolty)
A= ‘//1.(11) ‘//1(’2) W1(f1v) (16)
Vi) waal) vl

(3) After the sampling points are chosen, we obtain N sampling
values: gn(t1), gn(t2) » g(13) cevevevnnnnne an(ty).

To reconstruct the original signal from the sampling values,
(1) First, recover a,,” s from:

a=gyA™ (17)
where a=[ay, aj, as, ...... , an-1l,
e~ = [gn(11), g(1) , gnlts)s e gntn)]- (18)
(2) Then the original signal can be recovered from
N-1
gl)=gylt)= Xap,() (19)
n=0

We then introduce an important theorem

[Theorem 1] When using PSWFs to sample a time-limited sig-
nal with N sampling points, the upper bound of the error of the
recovered signal is

&
1-Ay
where ¢ is defined in (5) and Ay is the N eigenvalue of the inte-
gral equation in (8).

(20)

(Proof) The FT of a PSWF is:

Va0 0)= v o) e
Thus, if G(®) and Gyp(w) are the FT of g(¢) and g(?), then
© N-1
G(O))Z zanlun (0)), GN (a)): Zan:un (60) (22)
n=0 n=0
From Parseval’s theory,

[ g -gy @] di = [ |G(@) - Gy (@) do,

= [, Sfan[ ity @) d 23)
n=N
[ le@f at = [, Sa, lu, @) do. e
n=0
From (10) and (21),
2
20w Pl iy [Ty, (T
Ll do= 7 ey, (o) o
=2, [ |, (@) do=2, (25)

Therefore, the normalized difference between gy(¢) and g(7) is:

0 P ©
. [ le@ gy @] dr _ n%lanl I b,

5 — = (26)
Lle@ar S, P2, 3o,

where b, = |a,1\2/7.,1. To find the 10\:::(; bound of £, ;r:(:)m %),

[ |6’ do=(1-£)[" |G()| do. 27

fgi|an|2|yn(a)12da)=(1—g)ibn . (28)
Then,nf:r?)m (10) and (21), "

fg|yn(a)]2da): A, '[TT|1//,,(Z)2 dr=22. (29)
Therefore, (28) is changed into

Sb,4, =(=)5b,. 38,0-4,)=s35,. GO
F :():121 the fact that /Innzo/iN ifn >n;f? "

S b,(1-2y)< 30, (1-7,)< 3b,1-2,)..

n=N n=N n=0

ibn(l—/lN)qibn. 31
A,flt:elr substituting it igt:c;) (26), we obtain (20) #

In (20), the error upper bound is determined by ¢ and Ay.
Moreover, the values of A4, is determined by the ‘interval-width
product’ of the signal [1]:

P=2Tx2Q=4TQ. (32)
The value of 4, grows with P. For a certain value of P,
A,>0.99 when 0 <n<PR2rx—A, (33)

0.01<4,<099 whenP2r—A<n<PRr+A,

A4,<0.01 when n> P27+ A
where A is a small value no more than 5. Thus, the recovered
error of the sampling by PSWFs is dominated by three factors:
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® & how much energy is outside the interval of @ € [Q, Q].
@ N: the number of sampling points.
® P =4TQ: the ‘interval-width product’ of the signal.
Eq. (20) gives us a way to choose the strategy for sampling a
signal. If we want the error to be no more than £, we can adjust
two parameters, N and Q (both £ and P can be controlled by Q)
to make &/(1-Ay) no more than .
If N is sufficient large, then, from (33), Ay = 0. In this case,

the upper bound of error is

d(l-Ay) = ¢ (34)
Comparing it with (6), we find that, when using the original
algorithm based on Shannon’s theory, the error is € + &. How-
ever, when we use PSWFs for sampling, the error is reduced to &
The aliasing effect will not appear when using PSWFs for sam-
pling. Thus using PSWFs can improve the accuracy of sampling.

(@) g(t) (b) G(w)
0 0
-20
-20
-40
-5 0 5 -20 0 20
() S() (d) An
1
0 0
0 5 10 0 20 40
(e) by original algorithm  (f) error, E = 0.0139
20 20
0 0
-20 -20
-5 0 5 -5 0 5
(g) by PSWFs (h) error, E = 0.0080
20 20
0 0
-20 -20
-5 0 5 -5 0 5

Fig. 1 The experiment that use PSWFs to sample a time-limited
and nearly band-limited signal g(7). (c) The energy ratio, defined
in (36), (d) the eigenvalues of PSWFs, (e)(f) the recovered signal
and the error when using Shannon’s theorem, (g)(h) the recov-
ered signal and the error when using PSWFs for sampling.

In Fig. 1, we give an example. Here we use a time-limited
signal. The signal in Fig. 1(a) is time limited:
g=0 fort ¢ [-5.2,5.2]. (35)
We show the FT of g(#) in Fig. 1(b). Although g(#) is not band-
limited, however, most of the energy of G(w) is concentrated on
the low frequency region. In Fig. 2(c), we plot S(®) where

S(a))— f;}|G(TX dr

o (36)

- fw|G(‘rlz dr .

Since

S(7.5)=0.9914, 37)
only 0.86% of the energy is outside of the region of @ € [-7.5,
7.5]. Therefore, we then use (8) to find the PSWFs where 7= 5.2
and Q) = 7.5. The eigenvalues of the PSWFs we obtain are plot-
ted in Fig. 1(d). We choose N = 26, i.e., the number of sampling
points is 26. Since

Aps=0.2919, (38)
from (20), the upper bound of the error is
E=0.01215. 39

Notice that it is the ‘upper bound’. In fact, the error can be fur-
ther less. In Fig. 1(g), we use the algorithm we propose to re-
cover the original signal. The difference between the recovered
signal and the original one is plotted in Fig. 1(f) and the error is

E =0.0080. (40)
We then compare it with the case where we use the original
Shannon’s theorem to sample and reconstruct the signal. The
recovered signal is plotted in Fig. 1(e) and the error is

E=0.0139. (41)
Thus using the PSWFs can reduced the sampling error.

We then describe two important theories.

[Theorem 2] If, in (20), the upper bound of error ratio (denoted
by E);, Ey = &/(1-4y)) is fixed, the number of sampling points N
is dependent on Q. The optimal case (i.e., N is minimal) is
achieved when

0.99 > 4y >0.01. (42)
Due to the constraint of paper length, we don’t prove it here. It
can be proved from Theorem 1 and (33).
[Theorem 3] If the upper bound of error ratio E,, is fixed, the
number of sampling points required for a time-limited signal is

N=R s (43)
2z

where R = 47TB, the extension of the signal is ¢ € [-7, 7], and B is
the frequency threshold such that the energy ratio of the signal
outside the region of @ € [-B, B]) is less than E.:

-B 2
dl
[ slfar

[ |g(t]2 dr

In the case where g(7) is not time-limited but |g(7)| is very small
when ¢ is large, the inequality in (44) is changed into

I_M + I—M
[ lge) a [ 1G(0)l* deo

In addition, in (43), 7 is a small value dependent on the signal
g(?). Inusual, |7 << R/2zand

N=~R2x. (46)
In other word, the number of sampling points is dominated by
the interval-width product R, i.e., the product of the widths of
the time interval and the frequency interval.

-E, . (44)

<E,,. (45)

(Proof) Since E) = &(1-Ay), € = (1-Ay)E), which is smaller
than E,,. Thus, in (5), the cutoff frequency Q should be larger
than B where B satisfies (44). Thus, from (33) and Theorem 2

N>2TQ/r—5>2TB/n—5 =R2x -5 47
This is the lower bound of N. In addition, for the case where Ay =
0.01, £=0.99E,,. In this condition, Q = B + o where ois a small
positive value. From (33),
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N<2TQ/n+5=R12x +2Tolx +5 (48)
The value of N in the optimal case should be smaller than the
value of N calculated from Ay = 0.01. Therefore,

R2r-5<N< RRrx +2Tolr +5, (49)
and Nis nearto R/2x. #

3. FURTHER IMPROVEMENT BY FRACTIONAL
FOURIER TRANSFORMS

The fractional Fourier transform (FRFT) is defined as [5]:

Ga (u) z( ]COtaj EQ 2u cota— jutcscaJrét cota g(t)dt

(50)
The FRFT can rotate the Wigner distribution (WDF) of a signal
by angle « in the time-frequency plane [6]. For example, in Fig.
2, the WDF of g(¥) is plotted in Fig. 2(b). After doing the FRFT
with &= 0.71, the WDF of G(u) is plotted in Fig. 2(c), which is
just a rotation of Fig. 2(b) by angle 0.71.

In previous section, we found that we can use PSWFs to
improve sampling theory, and the number of sampling points is
determined by the ‘interval-width product’ R. In fact, the theory
can be further improved by the FRFT. For example, suppose that
the upper bound of sampling error is E, is 0.01. From Fig. 2(b),
the energy of g(#) are in the region of:

€ [-8.3, 8.3], o € [-8.6, 8.6]. (51)
In this case, the time frequency product R is 285.52 and, from
(43), the number of sampling points should be N = 285.52/2/ 7=
45.442. However, after doing the FRFT, in Fig. 2(c), we find that
the energy of G(u) is concentrated on the following region:

e [-7.21,7.21], e [-7.52,7.52]. (52)
The time-frequency product now is reduced into R = 4*7.21*
7.52 =216.88 and the number of sampling points is reduced into
N ~ R/27z=34.51. Thus, with the FRFT, we can use fewer sam-
pling points to achieve the same degree of accuracy (or, alterna-
tively, using the same number of sampling points to achieve
higher accuracy).

We also do the experiments that use 36 points to sample the
signal g(7) in Fig. 2(a) by

(D) the original sampling theorem,

(IT) the proposed sampling algorithm in Sec. 2,

(1) the proposed sampling theorem together with the FRFT,
and calculation the recovered errors. The results are:

() E=0.01373, (I E=0.01163,

(1) E = 0.006997. (53)
Thus using the PSWFs together with the FRFT can further re-
duce the sampling errors.

For a signal g(¢), we can vary « iteratively to minimize the
interval-width product R, and do the optimal sampling where

R,=4T Q. and T, and Q, satisfy (54)
“ 2
- ()l f’ﬂ G () du
— a + 1 2 EM (55)

flea (u]zdu

In fact, the minimal value of R, is determined by the ‘area’ of
the time-frequency distribution of a signal. Therefore,

f|G ﬁ u)l® du
2

[Theorem 4] When using PSWFs together with the FRFT, if the
bound of error ratio £, is fixed, the number of sampling points
required for a signal is approximated to

A
N=—+1 (56)
2
where 4 = min(R,) is near to the ‘area’ of the time-frequency
distribution of a signal.
(a) git) . . . .
80t :

A0t , | ]

150 -0 ] a 5 10 14
WWDIF of

2] WWOF of G =4(u

10
0
-10
-10 a 10
Fig. 2 g(f) and the WDF of g(f) and G,(u) where G(u) is the
FRFT of g(7).
4. CONCLUSIONS

We have improved sampling theory by PSWFs and the FRFT.
With them, the accuracy of the recovered signal can be much
improved when using the same number of samples. We also
derive several important theories, including the upper bound of
the error and that the number of sampling points for a signal is
determined by the area of its time-frequency distribution.
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