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ABSTRACT
For multiuser diversity systems employing adaptive modulation,
we compare the spectral efficiency for space-time block coding
(STBC) and transmit beamforming (BF) with outdated channel
feedback. Taking into account the channel feedback delay, we de-
rive the optimal thresholds to maximize spectral efficiency subject
to an average BER constraint, and illustrate the impact of feed-
back delay on the achievable multiuser diversity gain with either
STBC or BF. We observe that more transmit antennas bring higher
spectral efficiency for BF. But this becomes inverted using STBC,
due to the effect of channel-hardening [1]. With a small feedback
delay, the BF scheme outperforms the STBC scheme. However,
when feedback delay becomes large enough, the STBC scheme
achieves higher spectral efficiency due to the reduced diversity or-
der of BF.

1. INTRODUCTION

Multi-antenna arrays are well known to offer spectral efficiency
along with diversity benefits (e.g. STBC [2], and transmit BF [3])
over fading channels. Recent studies indicate that there is another
form of diversity, called multiuser diversity, inherent in multiuser
wireless systems [4] [5]. For multiuser diversity systems employ-
ing adaptive modulation, we compare the spectral efficiency for
STBC and transmit BF with outdated channel feedback, and quan-
titatively determine whether STBC or BF is a better choice for
exploiting the multiple transmit antennas in the presence of delay.

Good performance of adaptive modulation requires accurate
channel estimation at the receiver and a reliable feedback path be-
tween the receiver and the transmitter. However, the channel feed-
back information will become outdated if the channel is changing
rapidly. Performance comparison of adaptive STBC and BF with
outdated feedback for single-user systems is performed in [6]. The
impact of feedback delay on the achievable practical multiuser di-
versity is investigated in [5] for single-antenna systems. In this
paper, we extend the results to multi-antenna systems employing
either STBC or transmit BF. We consider the optimal channel as-
signing strategy where the channel is assigned to the user with the
greatest instantaneous SNR [4] [5]. With the objective of maxi-
mizing spectral efficiency under an average BER constraint with
respect to the switching thresholds, we consider a robust constant
power, variable rate M-QAM scheme that is less sensitive to feed-
back delay. Based on the closed-form expressions for average BER
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and average rate, we compare the spectral efficiency for STBC and
transmit BF with outdated channel feedback in adaptive modula-
tion systems achieving multiuser diversity.

2. SYSTEM MODEL

We address downlink transmission in a multiuser system with a
single base station (BS) serving � users where the BS transmits
in slots of some fixed duration. The BS has � � transmit anten-
nas while each user is equipped with � � receive antennas. The
BS transmits information on the MIMO link using either STBC or
transmit BF. Dropping the time index for simplicity, the baseband
input/output relationship is described by

� 
 � � �� 
 � 
 � � � 
 � (1)

where � 
 denotes the � � � ! received vector of the " th user, �� 

denotes the expected SNR at each receive antenna of the " th user,� is the � � � ! vector broadcasted from the BS through � � transmit
antennas, � 
 is the � � � � � flat fading channel matrix from the
BS to the " th user, and � 
 is the additive white Gaussian noise
(AWGN) vector. We assume each user has the same expected
SNR, i.e �� 
 � �� , but this assumption can be relaxed as in [5],
which considers the single-antenna case. The channel matrix � 

of each user is assumed independent identically distributed (iid),
and each matrix entry ' � 
 * , . / � 2 4 
 6, . / 8 : < = > � ! @ . The elements
of the noise matrix � 
 are also iid and : < = > � ! @ . The transmit
vector � contains the transmitted information bearing symbol in
the chosen M-QAM constellation and the average energy is nor-
malized so that B = � D � @ � ! .

For delay tolerant data applications, there has been recent in-
terest in applying scheduling approaches to boost the data through-
put in multiuser scenarios. One scheduling approach has the BS
transmit to only one user who has the best instantaneous SNR,
which is optimal in the sense of maximizing the throughput of a
multiuser system [4]. We will adopt this scheduling strategy. Since
the BS communicates with exactly one of the users in each slot, (1)
is simplified to a single user model with � denoting the transmitted
vector of the selected user.

For the adaptive STBC scheme, � is a column vector of the
codeword matrix of the selected user, which contains the informa-
tion symbol with an average energy of ! E � � . The total instanta-
neous received SNR of the " th user is given by [2] � G H I K
 L �MNO P R � 
 R S � MNO P T O V, X Y T O P/ X Y Z 2 4 
 6, . / Z S � where R [ R denotes the
Frobenius norm.
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For the adaptive BF scheme, the transmitted vector is defined
as � � � � � � � , where � � is a 
 �  � unit beamforming vector
for the selected user � and � � is the information bearing symbol
with energy normalized to � . The beamformer � � is fed back to
the BS by each mobile receiver. With perfect channel feedback,
the BF scheme is optimal in view of SNR maximization at the
receiver. For the � th user, the total received SNR can be written as
[3] � � �� � � �� � � � � � � � � �� � �� � �� � � � � �

For both schemes, perfect channel estimation is assumed at the
receiver and each mobile receiver feeds back its own instantaneous
received SNR to the BS. As is commonly assumed (e.g. in [7]),
we suppose an error-free feedback path from each user to the BS,
which can be ensured by coding and ARQ protocols, and feedback
has a time delay  � for user � . We use !� � to denote the outdated
version of � � .

For adaptive STBC, the constellation adaptation is performed
based on the feedback estimate of the total received SNR "� $ & � )�� � *+, . � !� � � � . There is performance degradation due to the
delayed channel feedback, since the actual channel SNR during
transmission is � $ & � )� 0� "� $ & � )� . The probability density func-
tion (pdf) of the SNR estimate "� $ & � )� of user � is given by2 3+ 4 5 7 89 : � � ; � = >*+ ? , . A , . , B + D . D B F G9H I , . , B K L N O = P + 9*+ ? , . A Q
where � � S T , and U : V ; is the complete gamma function.

For BF, the beamformer is fed back and is given by the eigen-
vector � � corresponding to the largest eigenvalue "W X Z \� of the
complex Wishart matrix !� �� !� � . The constellation adaptation is
performed based on the estimate of total received SNR "� � �� � ��� � !� � � � � � � �� � �� !� �� !� � � � � �� "W X Z \� Q while the total SNR
during transmission is � � �� 0� "� � �� when the delay  � 0� T . The
pdf of "W X Z \� is available in [8]. However, the evaluation of the
cumulative distribution function (cdf) involves integration, which
is numerically plausible but involved. Therefore we are especially
interested in the simple multiple input and single output (MISO)
systems with 
 a � � receive antenna. In this case, the pdf of the
SNR estimate "� � �� of user � is given by2 3+ 7 b9 : � � ; � = >*+ A , . + D . F G9H I , . K L N O = P + 9*+ A Q � � S T �

Since in each slot only the best user is scheduled for transmis-
sion, we focus on the best user and the user index is dropped in
the sequel. We will refer to the feedback SNR for the selected best
user as: "� � � g i N � "� � , for short, where "� � represents the feed-
back SNR for either STBC or BF throughout the paper. Therefore
the pdf of "� can be expressed using order statistics2 X Z \3+ : j ; � k 2 3+ 9 : j ; m o p >3+ 9 : j ; Q (2)

where 2 3+ 9 : j ; represents the pdf for "� $ & � )� or "� � �� , and m 3+ 9 : j ;
represents their cdf.

For practical reasons, a discrete finite set of Gray-coded square
M-QAM constellations with sizes in q � r s u Q s > Q � � � Q s w p > x
is adopted for our rate-adaptive schemes, where s u denotes no
transmission. We compare two schemes where the BS transmits
using either STBC or BF, and adapts the transmission rate for the
selected best user by choosing a constellation from q in accor-
dance with the feedback SNR "� of the selected user. More pre-
cisely, given a set of fixed switching thresholds y � z { u Q � � � Q { w | , the
constellation size s }

is selected and used for transmission when-
ever { } � "� � { } � >

. We assume { u � T , and { w � � .
With no feedback delay, applying the well-known resultW X Z \ : � � � ; S >, . � � : � � � ; , which holds for any matrix � ,

we have � � � S � $ & � ) . Therefore for a given set of switching

thresholds, the BF scheme has superior performance to the STBC
scheme with perfect feedback. However, when feedback delay is
large, for BF, the beamformer � fed back to the transmitter would
contain negligible channel information for the next transmission,
and can be considered as a random vector independent of the actual
channel � . It is straightforward to show that the BF scheme has a
maximum diversity order of 
 a in this case. Thus for a given set
of switching thresholds, the performance of the BF scheme gets
worse in terms of feedback delay, due to the degraded diversity
order. However, even though the STBC scheme suffers perfor-
mance degradation with a large feedback delay, the diversity order
remains 
 � 
 a . Therefore, we expect that the BF scheme outper-
forms the STBC scheme when feedback delay is small, and the
reverse is true over the high SNR range as feedback delay gets
larger, due to the degraded diversity order of BF.

3. BER AND AVERAGE RATE EXPRESSIONS

The figures of merit for our practical multiuser diversity scheme
are BER and average rate. We now express these for STBC and
BF, so that we can strike a balance between the conflicting require-
ments of increasing average rate and reducing BER by optimizing
the switching thresholds in Section 4, for both schemes. Toward
this goal, we will use the following BER approximation for Gray-
coded square M-QAM over AWGN channels [7]

� � � : s Q � ; � T � � � p � �� � � F G � Q (3)

which is accurate to within � � �
for s S � and T � � �   T � �

.
As verified in [5], (3) yields a close approximation even for the
exact average BER (under expectation).

3.1. Average BER Conditioned on the Outdated Feedback

The BS has knowledge of the outdated !� while the channel is
actually � . We assume that ¡ ¢ ¤ }

is correlated with its  delayed
version, "¡ ¢ ¤ }

by a correlation coefficient ¥ � � § u : � ¨ © ª  ; , where§ u : V ; is the zeroth-order Bessel function of the first kind, and © ª
is the Doppler spread of the selected best user. Investigating the
impact of feedback delay requires the conditional pdf of the best
user’s SNR given its estimate from !� . We should note that we are
determining the conditional pdf of the current fading for a particu-
lar (the best) user based on the outdated channel SNR for that same
user so that the conditional pdf involves two random variables al-
ways corresponding to the same user.
STBC: For STBC, the conditional pdf of the best user’s instanta-
neous SNR given its estimate 2 $ & � )+ « 3+ : � ¬ "� ; can be derived as


 ��� : � P ¥ � ; 
�

¥ � "� ® ¯ � L N O  P 
 � : ¥ � "� ° � ;�� : � P ¥ � ; ® ± ² 
� 
 � ¥ ³ "� ��� : � P ¥ � ; ® Q (4)

where "� Q � S T , ´ � � 
 � 
 a P � , and ± Z : V ; is the µ th-order modi-
fied Bessel function of the first kind. The average BER, given the
outdated SNR "� due to feedback delay can be expressed as¶� � � $ & � ) : s Q "� Q ¥ ; � � � $ & � )+ « 3+ z � � � : s Q � ; | � (5)

Inserting (3) and (4) into (5), we obtain:¶� � � $ & � ) : s Q "� Q ¥ ; � · $ & � )> : s Q ¥ ; � p ¸ 4 5 7 8� I ¹ ¤ º K 3+ Q (6)
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where � � � � �	 
 �  � � � � � � � � � � � 	 �� �� � 	 � � � � ! " # $ � � � � 	 � % " # " )  and� � � � �� 
 �  � � � � � �� �� � 	 � � � � ! " # $ � � � � 	 � � When � � , , (6) be-
comes (3) for AWGN channels, which is the case with zero feed-
back delay.
BF:Now we take a look at adaptive BF. Based on the estimate -. ,
the true channel matrix can be expressed as. � � -. 2 4  (7)

where each element of 4 has zero mean and variance 6 �7 � , 8 � � .
The average BER, given the outdated SNR 9: can be evaluated as;< > ? � @ 
 �  9:  � � B � > C D FC H < > ? 
 �  .  -. � K  (8)

where substituting : � @ into (3), we can represent
< > ? 
 �  .  -. �M � � � N P Q � 8 � �� S T C T C S� � � � 	 � % � From (7), we can see that, condi-

tioned on -. , . V W Y Z 
 � -. V  6 �7 ] ^ ` � . Then (8) can be eval-
uated by taking expectation of

< > ? 
 �  .  -. � in terms of the
distribution of . V [3];< > ? � @ 
 �  9:  � � � � � @	 
 �  � � a � b c d� � � e � � f�  (9)

where � � @	 
 �  � � � � � � � � � � � 	 �� �� � 	 � � � � $ � � � � 	 � % " )  and� � @� 
 �  � � � � � �� �� � 	 � � � � $ � � � � 	 � �
Comparing (6) and (9), we observe that BF is more sensitive

to delay as it becomes large enough.

3.2. Average Rate and BER

In what follows we derive the average sum rate and BER expres-
sions for our scheme. Recall that given a set of switching thresh-
olds g � h i j  � � �  i k l , the constellation size � m

is selected and
used for transmission whenever i m n 9: p i m $ 	

. A generic set of
switching thresholds g r is defined as the value of : at which the in-
stantaneous BER achieves the target BER,

< > ? j , for any realiza-
tion of channel when there is no feedback delay. More precisely,
using (3), i rm satisfies i rm � 8 � 
 � m 8 , � u v x z < > ? j { | }

, where~ � ,  � � �  � 8 ,  and i j � � , i k � � . When the Doppler spread
and feedback delay are not known at the BS, generic switching
thresholds can be used.

The average Bit Per Symbol (BPS) sum rate
�?

is formulated
as the sum rate of the individual M-QAM constellations weighted
by their probability, which depends on the set of thresholds g :�? 
 g � � � k � 	m � j � � � � �� � ? m � � � �f� 
 � � � � 
where

? m B � u � � � � m
. For adaptive STBC, the average BPS sum

rate is denoted by
�? � � � � 
 g � and given by

� k � 	m � j ? m � � , 8 � 
 " # " ) e � � � � " # ! �� �� � " # " ) � � � 8 � , 8 � 
 " # " ) e � � " # ! �� �� � " # " ) � � � � 
while for BF with �   � , receive antenna, the average sum rate�? � @ 
 g � is given by

� k � 	m � j ? m � � , 8 � 
 " # e � � � � ! �� �� � " # � � � 8 � , 8 � 
 " # e � � ! �� �� � " # � � � � 
where ¡ 
 ¢  ¤ � B � � ¥� i � � 	 a � � � i is the upper incomplete gamma
function. The same procedure can be extended to cases with more
than one receive antenna, although the final expression is more
complicated.

The average BER can be expressed as the sum of the BER of
individual constellations divided by the average rate, which is

< > ? 
 g � � ,�? 
 g �
k � 	¦ m � j ? m § � � � �

� �
;< > ? 
 � m  �  � � � � � �f� 
 � � � � � (10)

To obtain a simple accurate closed-form expression for the aver-
age BER, through asymptotic analysis [9], it can be shown that in
the limit of large number of users ¨ , � � � �f� 
 � � will converge to
the Gumbel distribution and the asymptotic average BER for both
schemes can be approximated as	�© � ª � � k � 	m � j ? m � 	 
 � m  � � N P Q 
 8 � � 
 � m  � � ¢ � � h ¡ 
 � � 
 � m  � � « � 2 , 

N P Q � 8 � � � � � � ®  % % 8 ¡ � � � 
 � m  � � « � 2 ,  N P Q � 8 � � � � ®  % % K 
where ¢ � � ° � 	f� ± x , 8 	

� { , and « � � ° � 	f� ± x , 8 	
� ² { 8 ¢ � .

To fairly evaluate the STBC scheme with different antennas,
we are interested in the spectral efficiency, which is defined as³ � � � �" # � �? � � � � ´ µ " #  where µ " # denotes the data rate of
STBC with � � transmit antennas, e.g. µ " # � , for � � � ,  � ,µ " # � } | ¶ for � � � }  ¶ [2]. For BF, the spectral efficiency is
given by

³ � @" # � �? � @ �
4. OPTIMAL THRESHOLD DESIGN

The generic thresholds defined in the beginning Section 3.2, are
designed to maintain the instantaneous BER,

< > ? 
 �  : � , below
the target BER for all channel realizations when there is no feed-
back delay. On the other hand, when there is feedback delay, the
BER might go beyond the target BER. Since there is a tradeoff
between the average BER and average rate for adaptive modula-
tion systems, it is possible to optimize g to maximize the average
rate subject to an average BER constraint. Therefore, assuming
the Doppler spread is known at the BS, we can find the optimal set
of thresholds, g · ¸ � , that maximizes the average rate

�? 
 g � subject
to: < > ? 
 g � n < > ? j (11)

using a standard Lagrange multiplier approach. Denoting ¹ � � © 
 g �B � �? 
 g � < > ? 
 g �  the average BER constraint can be represented
equivalently as ¹ � � © 
 g � n �? 
 g � < > ? j �

Since we assume that the boundary thresholds are fixed toi j � � and i k � � , we are concerned with a � 8 , dimen-
sional optimization problem. Using a Lagrange multiplier

»
, the� 8 , dimensional optimization will now be shown to be converted

into a one dimensional optimization problem. The cost function is
given by

� � � ² 
 g � B � �? 
 g � 2 » 
 ¹ � � © 
 g � 8 �? 
 g � < > ? j � � (12)

Taking the derivatives of (12) to i m
and equating to zero, we ob-

tain the following relationship, which relates all thresholds i m  ~ ��  � � �  � 8 , to i 	
:© � �� � © � � � e � � e � � � © � ½ � �� � © � � � ½ � e � � e � �© � � © � ½ � � ;< > ? 
 � 	  i 	  � � �

Therefore the optimum vector g · ¸ � is completely determined byi 	
, which can be found numerically to have the maximum aver-

age rate while satisfying the constraint in (11). The computation
of optimal switching thresholds is all done off-line and stored in a
look-up table.
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5. NUMERICAL RESULTS

We now present the numerical results for both adaptive STBC and
BF schemes for a multiuser system over Rayleigh flat fading chan-
nels. For practical reasons, we assume � � � � � � � � � � � � � 	 
 �

�
.

The target BER is set to
� � � � � � � �

�
. We consider a multiuser

system of � � 
 � users, adopting STBC or BF, with � � � � � 	 � �
transmit antennas and � � � � receive antenna. The spectral effi-
ciency using optimal switching thresholds with a normalized feed-
back delay � � � � � � � � is depicted in Fig. 1. Since with perfect
channel feedback, BF is the optimal, it outperforms STBC, when
feedback delay is small and multiple transmit antennas are em-
ployed. We also observe that more transmit antennas yield higher
spectral efficiency for BF. However, this becomes inverted using
STBC, due to the effect of channel-hardening [1], which is dif-
ferent from the result for single-user systems, where no channel-
hardening effect occurs. Similar phenomenon is observed using
generic thresholds (not shown), although higher spectral efficiency
can be obtained using the optimal thresholds.

We now present the effects of outdated feedback on the achiev-
able performance gains for both STBC and BF schemes. Using the
optimal switching thresholds, the spectral efficiency vs the normal-
ized feedback delay is plotted in Fig. 2. With a small feedback de-
lay, the BF scheme outperforms the STBC scheme. However, due
to the reduced diversity order of BF, the STBC scheme achieves
higher spectral efficiency as feedback delay becomes large enough
(� � � � � ). The same phenomenon is also observed for single-
user systems [6]. Further, it is important to point out, as the feed-
back delay becomes larger, the adaptive M-QAM system using the
optimal thresholds converges to a non-adaptive M-QAM system
with constellation � �

, which is most often selected to satisfy the
BER requirement (e.g. for STBC with � � � � transmit antennas,
the system converges to a non-adaptive M-QAM system with con-
stellation size � ). We also observed that multiuser diversity brings
less sensitivity to feedback delay, although we do not include the
figures here due to the space limit. Hence more users result in
higher spectral efficiency for either STBC or BF.

6. CONCLUSIONS

Taking into account the channel feedback delay, we have com-
pared the spectral efficiency for STBC and transmit BF in adaptive
modulation systems achieving multiuser diversity. We note that
the BF scheme is more complex since the beamformer as well as
the SNR estimate are fed back while only the SNR estimate is re-
quired for STBC. We optimize the thresholds to maximize spectral
efficiency subject to an average BER constraint. We observe that
multiuser diversity brings less sensitivity to feedback delay. In a
practical multiuser diversity system, more transmit antennas bring
higher spectral efficiency for BF. But this becomes inverted using
STBC, due to the effect of channel-hardening. With a small feed-
back delay, the BF scheme outperforms the STBC scheme, which
is reversed at large delays.
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