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ABSTRACT

Multi-user multiple-input multiple-output (MU MIMO) systems
have the advantage of combining the high capacity achievable with
MIMO processing and the benefits of space division multiple ac-
cess. Previously proposed techniques that use the channel state
information at the transmitter to improve the performance of the
downlink suffer from a capacity loss due to a zero multi-user in-
terference (MUI) constraint or they have to allow some MUI to
improve the system performance. In this paper we propose a com-
bination of one linear pre-coding technique named successive opti-
mization (SO) and a non-linear precoding technique, Tomlin-son-
Harashima precoding (THP). It uses all of the subspaces available
in a MU MIMO system and can completely eliminate multi-user
interference. We show that SO THP provides a very high capac-
ity and a better BER performance than similar minimum mean-
square-error (MMSE) THP precoding techniques at low SNRs es-
pecially for the users equipped with multiple antennas. SO THP is
also less sensitive to channel estimation errors than MMSE THP
precoding. Thereby, we minimize the capacity loss due to the MUI
cancellation and we reduce the complexity of the receiver since
there is no MUI in the system.

1. INTRODUCTION

In recent years, there has been a considerable interest in wireless
multiple-input, multiple output (MIMO) communications systems
because of their promising improvement in terms of performance
and bandwidth efficiency. An important research topic is the study
of multi-user (MU) MIMO system [1], [2], [3], [4], [5]. Such sys-
tems have the potential to combine the high capacity achievable
with MIMO processing with the benefits of space division mul-
tiple access. In the downlink scenario, a base station (BS) or an
access point (AP) is equipped with multiple antennas and it simul-
taneously transmits to a group of users. Each of these users is also
equipped with multiple antennas. Motivated by the need for cheap
mobiles with low power consumption, we focus on systems where
the computationally demanding signal processing is performed at
the BS/AP. The BS/AP will use the channel state information (CSI)
available at the transmitter to allow these users to share the same
channel and mitigate or ideally completely eliminate multi-user in-
terference (MUI) at the transmitter by intelligent beamforming or
by the use of ”dirty-paper” codes.

This work has been partially performed in the framework of the IST
project IST-2003-507581 WINNER, which is partly funded by the Euro-
pean Union. The authors would like to acknowledge the contributions of
their colleagues.

Block diagonalization (BD) is a linear pre-coding technique
for the downlink of MU MIMO systems [6]. It decomposes a
MU MIMO downlink channel into multiple parallel independent
single-user MIMO downlink channels. The signal of each user
is pre-processed at the transmitter using a modulation matrix that
lies in the null space of other users’ channel matrices. Thereby, the
MUI in the system is efficiently set to zero. BD can be used with
any other previously defined single-user MIMO techniques [7], as
the different users do not interfere with each other. BD is attractive
if the users are equipped with more than one antenna. However, the
zero MUI constraint can lead to a significant capacity loss when
users’ subspaces significantly overlap. Another technique also
proposed in [6], named successive optimization (SO), addresses
the problem of minimizing the total transmit power while achiev-
ing a predefined Quality-of-Service (QoS) level for each user in
the network and the near-far problem. It can yield better results
in some situations but its performance depends on the power allo-
cation and the order in which the users’ signals are pre-processed.
The zero MUI constraint is relaxed and a certain amount of in-
terference is allowed. Tomlinson-Harashima precoding (THP) is a
non-linear pre-coding technique developed for single-input, single-
output (SISO) multipath channels. Recently it has been also pro-
posed for the equalization of MUI in MIMO systems [8], where it
performs spatial pre-equalization instead of temporal pre-equaliza-
tion for ISI channels.

In this paper we propose a novel technique that combines SO
and THP in order to reduce the capacity loss due to the overlap-
ping of different users’ subspaces and to eliminate the MUI. After
the precoding, the resulting equivalent combined channel matrix
of all users is again block diagonal. This also facilitates the def-
inition of a new ordering algorithm. Unlike in [9], this technique
allows more than one antenna at the mobile terminals and has no
performance loss due to the cancellation of interference between
the signals transmitted to two closely spaced antennas at the same
terminal.

The paper is organized as follows. In Section 2 we describe
the MU MIMO downlink channel and the model for the channel
estimation errors. In Section 3 we describe SO THP and its per-
formance is presented in Section 4. In Section 5 we give a short
summary.

2. SYSTEM MODEL

We consider a MU MIMO downlink channel, where MT transmit
antennas are located at the base station, and MRi

receive anten-
nas are located at the i-th mobile station (MS), i = 1, 2, . . . , K .
There are K users (or MSs) in the system. The total number of
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receive antennas is MR =
�

K

i=0 MRi
. We will use the notation

{MR1 , · · · , MRK
} × MT to describe the antenna configuration

of the system. In this paper, we assume a flat fading channel. The
MIMO channel to user i is denoted as Hi ∈ C

MRi
×MT . More-

over, the combined channel matrix of all users is given by

H =
�

H
T

1 H
T

2 · · · H
T

K

�T
.

In order to take into account channel estimation errors we use
a ”nominal-plus-perturbation” model. The estimated combined
channel matrix can be represented as

�H = H + E

where H denotes the flat fading combined channel matrix of all
users, and E is a complex random Gaussian matrix distributed ac-
cording to CN

�
0MR×MT

, MRσ2
nIMT

�
. Let ρ = ‖H‖2 / ‖E‖2

be the SNR of the channel state information at the transmitter.

3. MULTI-USER PRECODING

In this section we will briefly describe BD, SO, and the proposed
technique that combines SO and THP.

3.1. Block diagonalization (BD)

Block diagonalization was first proposed in [6]. It can be ap-
plied to solve either the problem of maximizing the total system
throughput under a transmit power constraint or to minimize the
total transmit power for a predefined QoS level. It is restricted to
channels where the number of transmit antennas MT is not smaller
than the total number of receive antennas in the network MR.

Let us define the precoder matrices as

F =
�

F1 F2 · · · FK

�
∈ C

MT ×r

where Fi ∈ C
MT ×ri is the i-th user’s precoder matrix. Moreover,

r ≤ MR is the total number of the transmitted data stream se-
quences, while ri ≤ MRi

is the number of data stream sequences
transmitted to the i-th user. We can find the optimal precoding ma-
trix F such that all MUI is zero by choosing a precoding matrix
Fi that lies in the null space of the other users’ channel matrices.
Thereby, a MU MIMO downlink channel is decomposed into mul-
tiple parallel independent SU MIMO channels [10], [7].

If we define �Hi as

�Hi =
�

H
T

1 · · · H
T

i−1 H
T

i+1 · · · H
T

K

�T
(1)

the zero MUI constraint forces Fi to lie in the null space of �Hi.
From the singular value decomposition (SVD) of �Hi whose rank
is �Li �Hi = �Ui

�Σi

� �V (1)
i

�V (0)
i

	H

(2)

we choose the last right MT − �Li singular vectors�V (0)
i

∈ C
MT ×MT −�Li which form an orthogonal basis for the

null space of �Hi. The equivalent channel of user i after eliminat-
ing the MUI is identified as Hi

�V (0)
i

, whose dimension is MRi
×


MT − �Li

�
and is equivalent to a system with MT − �Li trans-

mit antennas and MRi
receive antennas. Each of these equivalent

SU MIMO channels has the same properties as a conventional SU
MIMO channel. Define the SVD

Hi
�V (0)

i
= UiΣi

�
V

(1)
i

V
(0)

i

	H

(3)

and let the rank of the i-th user’s equivalent channel matrix be
Li. The product of the first Li singular vectors V

(1)
i

and �V (0)
i

produces an orthogonal basis of dimension Li and represents the
transmission vectors that maximize the information rate for user i
subject to the zero MUI constraint. The demodulation matrix of
the i-th user is chosen as Di = U

H

i .

3.2. Successive optimization (SO)

As mentioned before, by applying BD on the combined channel
matrix of all users the MU MIMO channel can be transformed into
a set of parallel single-user MIMO channels. However, there is a
capacity loss due to the cancellation of overlapping subspaces of
different users. In [6], the authors propose a successive precoding
algorithm in order to define a simplified solution of the power con-
trol problem. By allowing a certain amount of interference, this
algorithm reduces the capacity loss due to the subspace cancella-
tion.

First, we have to assume or determine a certain optimum or-
dering of the users, similar to VBLAST [11] or MMSE THP [12].
Using SO, the modulation matrix for each user is designed in such
a way that it lies only in the null space of the channel matrices
of previous users. As a consequence, only they will generate the
interference to this user. Let us define the previous i − 1 users’
combined channel matrix as

�Hi =
�

H
T

1 H
T

2 · · · H
T

i−1

�T
and its corresponding SVD as

�Hi = �Ui
�Σi

� �V (1)
i

�V (0)
i

	H

. (4)

If the rank of �Hi is L̂i, then �V (0)
i

contains MT − L̂i right singular
vectors. As in the BD solution, we force the modulation matrix Fi

to lie in the null space of �Hi by setting Fi = �V (0)
i

F
′

i for some
choice of F

′

i . Thereby, the i-th user does not see any interference
from any subsequent user (i + 1, . . . , K).

3.3. Combination of SO and THP

In this section we will describe how to combine SO and THP in
order to improve the use of the available subspace of different users
and eliminate any residual MUI. The resulting equivalent channel
matrix is also block diagonal which facilitates the definition of an
ordering algorithm of the users.

The combination of SO and THP (SO THP) is performed by
successively calculating the BD, the reordering of users, and in the
end precoding with THP. Instead of examining all K! possibilities
for ordering to minimize the total capacity loss in the system, we
propose a heuristic simplification to minimize the capacity loss of
each user in the presence of the other co-channel users separately.
The whole SO THP algorithm is summarized in Table 1.

In Table 1, we use the following notation: BD () is BD as ex-
plained in Section 3.1, Pk is an auxiliary matrix where we store
the precoding matrices generated using BD, S is a set of indices of
the users to be processed, Di is the i-th user demodulation matrix
obtained by using the BD algorithm and B is the THP feedback
matrix. In short, we first calculate the capacity that an individual
user can achieve assuming there are no other users in the system.
Then, we look for the user for whom the difference between its
capacity when there are no other users and its BD capacity is min-
imum and generate the precoding matrix of this user such that it
lies in the null space of the remaining users’ channel matrices. In
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for i = 1 : K

Hi = UiΣi

�
V

(1)
i

V
(0)

i

�H
;

Fmax,i = V
(1)

i
;

Cmax,i = log2det
�

I + R
−1
n,i

HiFmax,iF
H
max,iH

H
i

�
;

end;
S = {1, . . . , K} ;
G = H;
for i = K : 1

[ P1, . . . Pi, U1, . . . Ui ] = BD (G) ;
for k = 1 : i

Ck = log2det
�

I + R
−1
n,k

HkPkP
H
k H

H
k

�
;

end;
ki = arg mink∈S (Cmax,k − Ck) ;
Fi = Pki

;

Di = U
H
ki

;

S = S\{ki};

G =
�

H
T
1 . . . H

T
ki−1 H

T
ki+1 . . . H

T
K

�T
;

end;
F = [ F1 . . . FK ] ;

D =

�
��

D1

. . .
DK

�
�	 ;

B = lower triangular
�

DHF · diag
�
[DHF ]−1

ii

��
;

Table 1. SO THP algorithm.

MOD

B

F H

n

MOD

modulo
operator

modulo
operator

diag([ ] )DHF
ii

-1

transmitter channel receiver

D

Fig. 1. Block diagram of the SO THP system.

each step we find the user with the minimum capacity loss and
place it as the last one. Afterwards, we form the new combined
channel matrix G without this user’s channel matrix Hki

. We
repeat these steps until the combined channel matrix is empty.

The order of the users is the reverse of the order in which their
precoding matrices are generated. With this reordering of the users
we achieve that the equivalent combined channel matrix after pre-
coding and demodulation is lower triangular with the singular val-
ues on the main diagonal. The lower triangular feedback matrix
B, used in THP precoding [12], is generated from this equiva-
lent combined channel matrix after the elements in each row are
divided by the elements on the main diagonal, i.e., the correspond-
ing singular values, as it can be seen from the last equation in Table
1.

In Figure 1 we show the block diagram of the SO THP system.
The individual users’ channel matrices and demodulation matrices
are grouped in matrices H and D. The feedback matrix B, gen-
erated in the last step of the SO THP algorithm is now used to
precode the users’ data streams starting with the data stream of the
first user whose precoding matrix F1 was generated as the last one.

By using THP at the transmit side we significantly increase the
transmit power. That is why we have to introduce the modulo op-
erator at the transmitter and the receiver in order to reduce the con-
stellation size into certain boundaries. Before applying the modulo
operator at the receiver we have to divide each data stream by the
corresponding singular value so that the constellation boundaries
at the receiver are the same as at the transmitter, [12].
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Fig. 2. Complementary cumulative distribution function of the
MU downlink system capacity in bps/Hz.

4. SIMULATION RESULTS

In this section we will compare the performance of SO THP and
minimum mean-square-error (MMSE) THP transmit filtering, pro-
posed in [12]. The channel H is assumed to be spatially white and
flat fading. First, we use the complementary cumulative distribu-
tion function (CCDF) and a 10% outage capacity to compare the
system with configuration {1, 1, 1, 1}×4 employing MMSE THP
pre-filtering and a system employing SO THP with the configura-
tions {1, 1, 1, 1} × 4 and {2, 2} × 4. The antenna configuration
{1, 1, 1, 1}×4 for MMSE THP is equivalent to {2, 2}×4 because
each data stream is processed separately. We also present capacity
results for a TDMA system as a comparison. The capacity of a
TDMA system is calculated as the average capacity of the system
when the users transmit one at the time. We employ the following
transmit and receive SNR definitions, respectively:

SNRt = 10 log10

�
PT

MRσ2
n

�
and SNRr = 10 log10

�
PT

σ2
n

�
.

In Fig. 2, we compare the CCDF performance of MMSE THP
and SO THP. As a comparison we show also the CCDF function of
a TDMA system and of a system employing the zero forcing solu-
tion (ZF), where the precoding matrix F is defined as the pseudo-
inverse of the combined channel matrix H . From this figure we
see that MMSE THP provides a higher capacity than SO THP for
the users equipped with one antenna each. However, for multiple-
antenna users, SO THP provides approximately the same capacity
as MMSE THP but with one difference, there is no MUI which
enables the use of a simpler receiver. The capacity is calculated
using the results on the capacity of MIMO broadcast channels in
[3].

In Figures 3 and 4 we compare these techniques using 10%
outage capacity as a function of receive SNR and the number of
transmit antennas MT . In Fig. 3 we show that for high SNR ra-
tios SO THP can provide a higher capacity for both single- and
multiple-antenna users. However, at low SNR ratios MMSE THP
has an advantage over SO THP when the users are equipped with
only one antenna.

The BER performance of SO THP and MMSE THP is shown
in Fig. 5. In order to keep the same data rate in both systems, we
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use SO THP dominant eigenmode transmission and QAM modu-
lation, while for MMSE THP we use BPSK. Note that SO THP
provides a better performance at low SNR ratios and it is less sen-
sitive to the channel estimation errors. In this case, the BER per-
formance of a SO THP system can even be better by on order of
magnitude than a system employing MMSE THP.

5. CONCLUSION

In this paper we propose the combination of a linear pre-coding
technique called successive optimization (SO) and a non-linear
technique, Tomlinson-Harashima precoding (THP). By combin-
ing these two techniques we are able to completely eliminate the
MUI when there is perfect channel state information available at
the transmitter and use all of the available subspace of different
users in a mobile MU MIMO communication system. The equiva-
lent channel matrix is block diagonal after precoding as in the case
of precoding using BD. SO THP is especially attractive in cases
when the users and the base station/access point are equipped with
multiple antennas. In these cases SO THP provides the same ca-
pacity as for example MMSE THP but without any MUI. SO THP
provides a higher capacity than MMSE THP for high SNR ratios
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Fig. 5. BER as a function of SNRt.

regardless of the number of receive antennas. When the users are
equipped with multiple antennas SO THP provides a better BER
performance than MMSE THP by transmitting only on the dom-
inant eigenmodes of each user. This advantage is especially im-
portant when we do not have perfect channel state information
available at the transmitter. Moreover, SO THP is less sensitive
to channel estimation errors and can give results that are better by
an order of magnitude.
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