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ABSTRACT

In this paper, we discuss the performance of Space Time Transmit
Diversity (STTD) in the downlink of DS-CDMA over frequency-
selective fading channels. We consider two kinds of receivers:
the RAKE receiver and the chip-level MMSE equalizer-based re-
ceiver. These two receivers comparison turns out to be a very dif-
ficult task because their output Signal to Interference plus Noise
Ratios (SINRs) depend in a complex way on the spreading and
scrambling codes. To obtain tractable expressions, we study the
SINRs in the asymptotic regime, i.e. we suppose that the spread-
ing factor and the number of users both tend to infinity while their
ratio remains constant. We further suppose that the code matrix
is a random matrix obtained by multiplying a random scrambling
code by a Walsh-Hadamard matrix. Under these conditions, the
SINRs of the two receivers tend to deterministic values. We com-
pare the asymptotic SINRs and draw some conclusions about the
effect of the channel transfer function on the performance. Simu-
lation results show that the asymptotic results allow to predict the
performances of real life systems like the UMTS-FDD.

1. INTRODUCTION

Third generation (3G) mobile communications systems such cdma2000
and W-CDMA are intended to provide higher data rates than cur-
rent second generation systems. Diversity is one way to combat
channel fading. Multiple antennas at the receiver can be used to
provide diversity. The dilemma is that, in the downlink, multi-
ple antennas at the receiver induces an increase in the size of the
mobile unit, while significant effort is being done to make wire-
less mobile devices smaller and cheaper. Alamouti [1] has shown
that the diversity provided by using two transmit antennas and one
receive antenna is the same as that provided by one transmit an-
tenna and two receive antennas. However, this result is valid for
flat fading channels only. The Alamouti scheme allows to provide
diversity without the need to include multiple antennas at the re-
ceiver side.
Space Time Transmit Diversity has been adopted in the W-CDMA
norm [2]. In W-CDMA, the propagation channels are known to be
frequency selective. It is then of great importance to study the per-
formance of STTD in frequency selective fading channels when
associated with the conventional receiver of CDMA systems (the
RAKE receiver).
A promising alternative to the RAKE reception is chip-rate Mini-
mum Mean Squared Error (MMSE) equalization prior to descram-
bling and desreading [4]. The orthogonality between the spread-

ing codes is destroyed due to the multipath propagation channel.
MMSE equalization allows to partially restore the orthogonality.
Thus, after descrambling and despreading the symbol estimate is
better than that obtained by the RAKE receiver. It is thus very use-
ful to study the performance of STTD in frequency selective fading
channels when associated with a MMSE equalizer-based receiver.
In this paper, we consider the use of STTD in the downlink of W-
CDMA. We discuss the applicability of the Alamouti scheme in
the case of multipath (frequency-selective) channels when using a
RAKE receiver or a MMSE equalizer-based receiver. We follow
the classical approach used for the first time in [5], and assume that
the spreading factor N and the number of users K tend to +∞ at
the same rate. The spreading codes are supposed to coincide with
Walsh Hadamard codes scrambled by an Independent Identically
Distributed (i.i.d) sequence. In this context, the SINRs of the two
receiver tend to deterministic limits independent of the scrambling
and the spreading codes. We derive the asymptotic SINRs, com-
pare the two receivers and discuss the gain that we obtain by using
STTD for both of them.
Notations: Throughout the paper, we denote by AH and AT the
conjugate and the transpose of A respectively. A denotes (AH)T .
A ⊗ B denotes the Kronecker product of A and B.

2. SYSTEM MODEL

We consider a single base station transmitting the sum of K users
chip signals given by:

d(n) = s(n)

K∑
k=1

ck(n mod N)bk(� n

N
�) (1)

where s(n) is the base-station dependent QPSK (long) scrambling
code, N is the spreading factor, K is the number of users, bk(� n

N
�)

and ck(n mod N) are the QPSK symbol sequence and the (N -
periodic) normalized spreading code of user k, respectively. (mod
stands for the modulo and �.� for the integer part).
Throughout the paper, we will assume that the scrambling sequence
is i.i.d, and that users symbols are independent zero mean QPSK
signals. The index of the user of interest is 1.
The transmitted chip vector in one symbol period d(m) =[
d(mN), d(mN + 1), ..., d(mN + N − 1)

]T
is given by:

d(m) = S(m)Cb(m) (2)

where S(m) is the N × N diagonal matrix whose diagonal ele-
ments are s(mN), s(mN + 1), ..., s(mN + N − 1) and C is a
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N ×K matrix whose columns are the spreading codes assigned to
different users and b(m) = [b1(m), ..., bK(m)]T .
The sum chip signal (1) is transmitted through two multipath frequency-
selective fading channels whose impulse responses are given by

hi(t) =

P−1∑
q=0

λi(q)p(t − τ i
q) i = (1, 2) (3)

where p(t) is the total shaping filter (including the transmitter and
the receiver matched filters), λi(q) and τ i

q are the complex gain and
the delay associated with path q of the channel between transmit
antenna i = (1, 2) and the receiver, and P is the total number of
resolvable paths. For the sake of simplicity we suppose that the
number of resolvable paths is the same for both channels.
A symbol-level Alamouti STBC is applied at the base station.This
is equivalent to transmitting the chip vectors defined by equation 2
according to Table. 1.

time m − 2 m − 1 m m + 1
Antenna

1 d(m − 2) d(m − 1) d(m) d(m + 1)
2 d∗(m − 1) −d∗(m − 2) d∗(m + 1) −d∗(m)

Table 1. The Alamouti STBC for W-CDMA

If we call the chips transmitted from antenna 1 d1(n) and the chips
transmitted from antenna 2 d∗

2(n) then the chip-rate sampled re-
ceived signal is given by:

x(n) =

L−1∑
l=1

h1,ld1(n − l) +

L−1∑
l=1

h2,ld
∗
2(n − l) + v(n) (4)

where hi,l
�
=hi(t)|t=lTc

, L is the overall channel length (in chip
periods) and v(n) is a centered white gaussian noise process with
variance σ2.

3. ASYMPTOTIC PERFORMANCE OF STTD

To study the asymptotic performance of the two considered re-
ceivers, we suppose that the spreading factor and the number of
users tend to infinity while their ratio remains constant (see for ex-
ample [5, 3]). In this scenario, it can be shown that the ISI term has
no effect on the asymptotic SINR (see for example [3]). Chip-rate
model 4 can be replaced by the following symbol-rate model:

[
x(m)

x(m + 1)

]
=

[
H1 H2

−H2 H1

] [
d(m)

d(m + 1)

]
+

[
v(m)

v(m + 1)

]

where x(m) and v(m) are defined as d(m),

Hi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

hi,0 0 hi,L−1 . . . hi,1

... hi,0

. . .
...

hi,L−1 hi,L−1

. . .
. . .

0 hi,L−1 hi,0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

It is more convenient to use the following equivalent model:

y = HCB + V (5)

where

y = [x(mN+1) x∗((m+1)N+1)...x(mN+N) x∗((m+1)N+N)]T

H is a block Toeplitz matrix of the same structure as Hi whose

2 × 2 blocks are equal to

[
h1,l h2,l

−(h2,l)
∗ (h1,l)

∗

]

C = (S(m)C) ⊗ A1,1 + (S(m + 1)C) ⊗ A2,2

Ai,j stands for a 2 by 2 matrix whose entry (i, j) is equal to 1 and
all other entries are equal to zero,

B = [b1(m) b1(m + 1) b2(m) b2(m + 1)...bK(m) bK(m + 1)]T

and V has the same structure as y. C can be interpreted as the
overall code matrix. Note we have omitted the time index as it is
irrelevant.

3.1. The receivers

The RAKE receiver is a matched filter matched to the signature of
the user of interest. Suppose that we want to retrieve b1(m), that
is the symbol transmitted by user 1 at time instant m from antenna
1. Let C = [w1 U], where w1 is the overall code of the user of
interest and U represents the matrix of interferers codes.
The soft estimate of b1(m) is given by:

b̃1(m) = wH
1 HHy (6)

The SINR, that we index by the spreading factor, corresponding to
this receiver is given by :

β
(N)
RAKE =

|wH
1 HHHw1|2

wH
1 HH(HU1UH

1 HH + σ2I)Hw1

(7)

The MMSE equalizer-based receiver consists of a MMSE channel-
equalizer followed by a despreader. The MMSE equalizer is given
by:

G = HH(HHH +
Nσ2

K
I)−1 (8)

The soft estimate of b1(m) is given by:

b̃1(m) = wH
1 Gy (9)

Note that this is exactly the Wiener receiver that would be imple-
mented if the chip sequence were considered i.i.d with variance
K
N

. The corresponding SINR is:

β
(N)
MMSE =

|wH
1 GHw1|2

wH
1 G(HU1UH

1 HH + σ2I)GHw1

(10)

3.2. Asymptotic analysis

The expressions of the MMSE and the RAKE SINRs depend in
a complex way on the codes. To overcome the difficulty of in-
terpreting them, we study their limit in the asymptotic regime,
i.e. we suppose that N → ∞, K → ∞ while K

N
→ α where

1 > α > 0. Under these conditions β
(N)
MMSE and β

(N)
RAKE can

be shown to converge to deterministic limits βMMSE and βRAKE
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βRAKE =

∑
k(|h1,k|2 + |h2,k|2)

α
( ∑

k �=0(|Rk(h1)|2 + |Rk(h2)|2) +
∑

k |Rk(f1)|2
)

+ σ2(
∑

k(|Rk(h1)|2 + |Rk(h2)|2))

βMMSE =

∑
k(|f2,k|2)

α(
∑

k �=0 |Rk(f2)|2 +
∑

k |Rk(f3)|2) + σ2(
∑

k(|Rk(g1)|2 + |Rk(g2)|2))

respectively. These limits depend only on the channel, the noise
variance and the load factor (and not on the spreading codes or the
specific realization of the scrambling code anymore). Note that,
asymptotically, model 5 is equivalent to the following chip-rate
2 × 2 MIMO system:

[
x(n)

x(n + N)

]
= H(z)

[
d(n)

d(n + N)

]
+

[
v(n)

v(n + N)

]
(11)

for 2kN < n ≤ (2k + 1)N ,

where H(z) =

[
h1(z) h2(z)

−h2(z) h1(z)

]

The MMSE equalizer designed to recover d(n) from x(n) is thus
given by:

[
g1(z) g2(z)

]
= [h1(z

−1)−h2(z
−1)](H(z)HH(z−1)+

σ2

α
)−1

(12)
where we have replaced K

N
by α. We introduce the following no-

tation: for the function p(e2iπf ) let the series Rk(p) be such that

|p(e2iπf )|2 =
∑

k

Rk(p)e−2iπkf (13)

We are now in a position to give the two main results of this
paper. The limit SINR of the RAKE and MMSE-equalizer are
given in theorems 1 and 2. The proofs are omitted due to the lack
of space.

Theorem 1 Under the assumption that the scrambling sequence
is i.i.d with variance 1,

lim
N→∞, K

N
→α

β
(N)
RAKE → βRAKE

given on top of the page, where:

f1(e
2iπf ) = h1(e

−2iπf )h2(e
2iπf ) − h2(e

−2iπf )h1(e
2iπf )

(14)
and the convergence stands for the convergence in probability.

Theorem 2 Under the assumption that the scrambling sequence
is i.i.d with variance 1,

lim
N→∞, K

N
→α

β
(N)
MMSE → βMMSE

given on top of the page, where:

f2(e
2iπf ) = g1(e

2iπf )h1(e
2iπf ) − g2(e

2iπf )h2(e
2iπf )

f3(e
2iπf ) = g1(e

2iπf )h2(e
2iπf ) + g2(e

2iπf )h1(e
2iπf )

and the convergence stands for the convergence in probability.

3.3. Discussion of the two theorems

The expression of the RAKE receiver SINR contains the desired
signal term in the numerator and three undesired terms in the de-
nominator. The third term stems from the effect of noise and will
not be discussed. The first undesired term

α
( ∑

k �=0

(|Rk(h1)|2 + |Rk(h2)|2)

is the classical Multi User Interference (MUI) which is due to the
non-perfect nature of each channel separately. The second unde-
sired term (α

∑
k |Rk(f1)|2) is more interesting and can be in-

terpreted as the Cross-Channel Interference (CCI) due to the si-
multaneous use of two multipath channels (see equation 14). Note
that if the channels were single path (flat-fading), then we would
have (by virtue of equation 13) Rk(h1) = 0 and Rk(h2) = 0 for
k �= 0. This means that the first term in the denominator would
vanish. The second term would also vanish because:

f1(e
2iπf ) = (h1,0)

∗h0,2 − h2,0(h1,0)
∗ = 0

and only the noise term would remain in the denominator. On the
other hand, when there is no transmit diversity (i.e. h2(z) = 0),
part of the first term (α

∑
k �=0 |Rk(h1)|2) would still be present,

while the second term would vanish.
The remark that the CCI vanishes for single path channels was
behind the original Alamouti STBC proposed for single-user flat-
fading channels. For multipath channels, however, the CCI can be
very high, and the STBC may deteriorate the performances when
used with a RAKE receiver. The MUI and CCI terms are both
weighted by the load factor α. This explains the fact that the SINR
is higher for lightly loaded systems and vice versa.
Concerning βMMSE , we first mention how f2(e

2iπf ) and f3(e
2iπf )

behave. The MMSE-equalizer tries to recover d(m) from x(m)
and x(m+1) (see equation 11). It strives to make f2(e

2iπf ) close
to a single path channel (which is the case in the absence of noise).
This is done by concentrating the energy of f2(e

2iπf ) in the cen-
tral term R0(f2). On the other hand, f3(e

2iπf ) is made as close to
zero as possible. Now, looking at the expression of βMMSE , we
see that the first term in the denominator decreases with respect to
the first term in the denominator of βRAKE . The second term, the
CCI, also decreases and the noise is this time filtered by the two
equalizers. The numerator, on the other hand, remains comparable
to the RAKE case. By decreasing the first and second terms in
the denominator while keeping the third term and the numerator
comparable, the SINR is increased.

4. SIMULATION RESULTS

In this section, we verify that our asymptotic analysis allows to
predict the performance of W-CDMA. We have implemented the
physical layer of the downlink of the UMTS-FDD, and we have
compared the measured Bit Error Rate (BER) obtained for N =
256 and K = 128 with its asymptotic evaluation given by Q(

√
βMMSE)

III - 915

➡ ➡



4 5 6 7 8 9 10 11 12

10
−3

10
−2

10
−1

E
b
/N

0

B
it 

E
rr

or
 R

at
e

RAKE N=256 K=128
RAKE Asymptotic
Equalizer N=256 K=128
Equalizer Asymptotic 

Fig. 1. Comparison of empirical and theoretical BER

and Q(
√

βRAKE). The results are presented in Figure 1. The
propagation channel is the Vehicular A channel. It is noteworthy
that the receiver we implemented is based on the correct model (4),
thus showing that the approximation (5) is justified in this context.
Figure 1 shows that our asymptotic evaluations allow to predict
rather accurately the BER performance for N = 256. We next
study the gain obtained by using the Alamouti scheme in CDMA
with multipath channels. For this, we represent in the following
the asymptotic BER for a half-loaded CDMA system obtained by
using a RAKE receiver and a MMSE equalizer-based receiver. We
compare the performances in the case where we use transmit diver-
sity with the case where there is no transmit diversity 1. The prop-
agation channel is assumed to have three equal power paths spaced
by twice the chip period. The results are shown in Figure 2. We
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Fig. 2. The BER of the two receivers with and without transmit
diversity for a three equal path channel,α = 0.5

note that in this setting, the transmit diversity deteriorates the per-
formances of the RAKE receiver because the CCI is greater than
the diversity provided. In the case of the equalizer-based receiver,
not only does it outperform the RAKE receiver in both cases, but
it gives a better performance in the case of STTD because the CCI
is partially cancelled out.
To have a clearer idea about the effect of multipath channels on the
performance of STTD, we plot the BER obtained by using the two
receivers (with and without diversity) as a function of the number

1For the comparison to be fair, the total transmitted power should be
the same in both cases.
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Fig. 3. BER with and without transmit diversity Vs the number of
channel paths

of the channel paths. All the paths are assumed to have the same
power and to be spaced by a chip period, Eb/N0 = 10dB. The
results are shown in Figure 3. The MMSE equalizer is known to
outperform the RAKE receiver (without diversity). We note that
the use of STTD deteriorates the BER performance when using a
RAKE receiver, while it improves the BER performance when us-
ing a MMSE equalizer. This is a very important remark since it is
another argument toward the use of equalizer-based receivers for
third generation systems.

5. CONCLUSION.

In this paper, we have addressed the performance of Space Time
Transmit Diversity in the downlink of W-CDMA over frequency-
selective fading channels. We have derived asymptotic expressions
of SINR provided by two kinds of receiver: the RAKE receiver and
the chip-level MMSE equalizer-based receiver. Simultion results
show that our asymptotic expressions allow to predict the perfor-
mance of UMTS-FDD for N = 256. We have noticed that for
some channels, the RAKE receiver deteriorates the BER perfor-
mance when using STTD, while the equalizer based receiver still
gives some improvement. This is another reason to use equalizer
based receiver for 3G systems other than the fact that the MMSE
equalizer outperforms the RAKE receiver when used without di-
versity.
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