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ABSTRACT

In this paper we propose novel generalized likelihood ra-
tio test (GLRT) packet-data detectors for general multiac-
cess/multiuser digital communication systems and we de-
velop analytical performance evaluation tools for finite data
packet sizes. We evaluate the performance of the proposed
GLRT schemes in the context of packet-data CDMA com-
munications.

1. INTRODUCTION
GLRT is a popular detection methodology for RADAR sig-
nal detection problems (e.g. [1]–[3]) while it has been less
extensively used in the context of multiaccess/multiuser dig-
ital communications (e.g. [4], [5]).

In this paper we propose novel GLRT packet-data de-
tectors for general multiaccess/multiuser digital communi-
cation systems and we develop analytical performance eval-
uation tools for finite data packet sizes. In particular, we de-
velop a coherent GLRT packet-data detector for the known
channel case, a coherent GLRT pilot assisted detector for
the unknown channel case (the channel is estimated implic-
itly as part of the GLRT formulation while short pilot sig-
naling is used to resolve phase ambiguity) and a differential
GLRT detector for differentially encoded packet-data. We
also develop analytical performance evaluation tools that
provide the bit error rate (BER) that can be reached by a
GLRT test for a given finite data packet size as well as the
size of a data packet that is necessary for the test to reach
a pre-specified BER level. Finally, we demonstrate analyti-
cally the BER performance merits of the GLRT test (for fi-
nite packet sizes) relative to the popular practice of directly
utilizing sample average estimates of the unknown parame-
ters in the LRT formula.

2. SIGNAL MODEL AND BACKGROUND
The discrete-time transmitted signal of interest is given by
� �

�
���, where � is the transmitted power and � is

the information bit that modulates a known �-dimension
discrete-time complex, in general, signal waveform of unit
norm, � � �

� (� takes values �� with equal probability).
We assume that the transmitted signal experiences multipath
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fading. If �������� denotes the received data packet of size
� , then the �-th received observation vector in the packet,
�� � �

� , is given by

�� � ��
�
���� ��� � � �� � � � � � (1)

where �� is the �-th transmitted bit in the packet, � denotes
the number of resolvable multipaths, � � � � � � � is
the dimension of the received vector, and � is the known
signal waveform matrix of size � � � (we assume that
inter-symbol interference (ISI) is negligible and consider
each column of � as a zero-padded-shifted version of the
transmitted signal waveform vector). � � �

� is the vec-
tor of the (complex) multipath channel coefficients that is
assumed to be constant during the transmission of the data
packet. �� is a zero mean complex colored Gaussian vector
with unknown covariance matrix ��, that represents, com-
prehensively, interference and noise induced by the channel
and is independent of ��. We assume that �� and �� , as well
as �� and �� are independent of each other for � �� 	.

When � and �� are perfectly known, the optimum rule
for the detection of ��, � � �� � � � � , is the well known like-
lihood ratio test (LRT) that selects the maximum-likelihood
(ML) bit combination among the finite set of alternatives:
The ML test (after some algebraic manipulations) is given
by

����� � sgn
�
Re

�
����

� ���
�

��
��
� � � �� � � � �� (2)

where sgn�
� denotes the sign of the real variable 
, and
Re��� extracts the real part of the complex scalar �. When
a priori knowledge of the parameters can not be assumed,
then we can proceed as follows: (i) We either use the para-
metrically described test in (2) and substitute the unknown
parameters/statistics by corresponding estimates, which re-
sults in a scheme that exhibits linear complexity in the packet
size; (ii) or we perform joint detection and parameter es-
timation, which results in the GLRT scheme that exhibits
superior performance than (i) at the expense of increased
complexity.

3. GLRT DETECTION: KNOWN CHANNEL

Let �
�
�
�
��� and�� denote the known channel processed

effective signal waveform and the unknown noise covari-
ance matrix, respectively. The GLRT packet-data detec-
tor is given by the following Proposition. The proof of
all the theorems and propositions are omitted due to lack
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of space. Let � � ���� � � � � �� �
� , � �

� ���� � � � ��� �, and

������
�

� �

�
��� be the sample average received data

correlation matrix. Then:

Proposition 1 The GLRT test for the detection of the data
packet � of size� in the presence of complex colored Gaus-
sian noise is ������ � ������

�

������ (3)

where
�����

�

� ��
�
�
� ���������� � ���

� ������������

�
�
�
�
�
� ������������

� �
�
� ���������� �

�
�
�
�
�
�
� �����������

��
�
� ������������

�
� (4)

�

The ad-hoc detection scheme obtained by substituting a sam-
ple average estimate �������

�

� �

�

��
��� ���

�
� of �� in

(2) will be denoted as follows:�����	�
�
�sgn

�
Re

�
�� 	�������


��
��
��
� � � �� � � � � � (5)

When pure disturbance observations (secondary data) are
not available, a popular version of the test in (5) utilizes the
sample-average correlation matrix of the (desired-signal-
present) received data, ������, evaluated using the same
received data ��, � � �� � � � � � , that are processed by the
detector. We denote this test by

�����	���

�sgn

�
Re

�
�� 	������


��
��
��
� � � �� � � � � � (6)

We recall that (5) and (6) converge with probability 1 to the
test in (2) as the ��� � �. On the other hand recent re-
sults on short data record adaptive filtering [6]–[8] indicate
that for finite sample support of identical size (� � � ), the
test in (5) outperforms the test in (6) in terms of BER. How-
ever, as Theorem 1 shows below, if we utilize the packet-
data GLRT detector in (3), we can achieve approximately
the average BER performance of the test in (5) without the
need for pure disturbance observations (secondary data) that
are independent of the received data packet.

Theorem 1 (i) Let � be the transmitted data packet and ��
be a data packet estimate that differs from � in � bits (i.e.
contains � bits in error). Then

�
�
������	������������ �

�


�
�
�����������������


�� � �
 �� �� ��
��

(7)
where 
���

�
� ��

��

	 ��
�

���
�����, and �

�
� �����

� �.
(ii) For sufficiently large transmitted power �, the BER of
the GLRT detector in (3) is approximately equal to the BER
of the scheme in (5) with � � � � �. �

Using Theorem 1, we can derive an approximation of the
BER of the GLRT detector, and evaluate the packet size that
is necessary for the GLRT detector to achieve a given BER
performance level as seen in Theorem 2 below.

Theorem 2 (i) The average BER of the GLRT detector that
operates on a data packet of size � � �
 � is given by

������� ���� �

	

� ���

�



�
��������

��
��	� 


�
�
 (8)

� 


�
�
��


�
�
�

�

�
�

��

��


�
��

	
�

�

�
�

��

��


�
��

	
(9)

where���� is the Kummer’s confluent hypergeometric func-

tion, �
�
� �����

� �, and ��
�
� ������������

������� ��.
(ii) For any given �, the smallest packet size �� , that guar-
antees that the BER performance of the GLRT packet-data
detector is within � dB from the BER performance of the
optimum ML detector in (2) is given by the ceiling of the
maximum real root of the following cubic equation

�
��

�
�� 
��� ��

�� �
�
�
��

	
�

��
��� ��� � ���� ���

�� �
�
�
��

�� �

� 
��� ��

�� �
�
�
��
��

���� ����
�� �
�

�
��

�� �
� (10)

�

The roots of (10) can be obtained either numerically or ana-
lytically [9]. We note that the result in part (ii) of Theorem 2
is independent of the input statistics (i.e. independent of the
performance of the optimum ML detector), which is often
unknown to the designer.

Since a direct implementation of (3) has exponential
complexity, we propose the following suboptimal imple-
mentation of (3) with linear complexity in the packet size�
������ 
����� 
����� 
������

�
:

Suboptimum GLRT algorithm

Initialization: ���	���� � ��������������� � � � ���� ���
��

Create index sequences �	���
For n � �� �� � � ��

For p � �� �� � � � � �
� � �	�� mod �����	�� ������� ���



���
�

���

�



�

��������	�� �����
�
� ���

� �
�	�
� �����



���	�� �������	�� ��� ��� � �� �

end
end

Details of the method are omitted due to lack of space.

4. GLRT DETECTION: UNKNOWN CHANNEL
When no knowledge of � (or, equivalently, � and �) is
available, the GLRT detector and its pairwise probability
of error (in the high SNR region) are given below by Propo-
sition 2 and Theorem 3, respectively.

Proposition 2 The GLRT test for the detection of the data
packet � of size� in the presence of complex colored Gaus-
sian noise of unknown covariance matrix�� is given by������ � ������

�

������ (11)
where

������
���� �����

��
�
�
�� �����

��
�
�
��
�� ���� �

��
��

�� ������ ���� ���
��

� (12)

�
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Theorem 3 Let � be the transmitted data packet and �� be
a data packet estimate that differs from � in � bits. Then

���
���

�
�
������ � �����

����� ��
�

�

�

��
���� ���

�
� � �

�
��������� �����

��� � 	
	� ��
��� (13)

�

We observe that both (12) and (13) are phase ambiguous.
Phase ambiguity is resolved either by using a pilot sequence
or by using differential modulation at the transmitter; the
rest of this section deals exactly with these two approaches.

4.1. Pilot assisted GLRT detection
Proposition 3 Let ����

�

��� and ����
�

����� denote � known
pilot bits and �� � �� unknown information bits within the
data packet � of size � that is received in the presence of
complex colored Gaussian noise. Then the pilot assisted
GLRT detector for ����

�

�����, is given by��������
��
�����

� ��� ���
��������

������ (14)
�

It is important to note that the pilot sequence is not used
directly in (14) to estimate the phase explicitly but is rather
incorporated implicitly in the GLRT rule. For a reasonably
long pilot sequence, e.g. � � �, Theorem 3 implies that we
can safely neglect the pairwise probability of error in the
high SNR region for � � �. The performance of the pilot
assisted GLRT detector is evaluated analytically in Corol-
lary 1.
Corollary 1 (i) The average BER of the pilot assisted GLRT
detector for a data packet of size � � �	 
 is given by

�
��������	
���� � �
��
������

� �

�
�
��

��
�
	
�



�

	

��	�

�
��

�
	
�



�

	

����

�
��

�
(15)

where �
�
� ���

�
�, and 	�

�
� ����������

�� ��.
(ii) For any given 
, the smallest packet size �� that guar-
antees that the BER performance of the GLRT pilot assisted
packet-data detector is within 
 dB from the BER perfor-
mance of the optimum coherent ML detector in (2) is given
by the ceiling of the maximum real root of the following cu-
bic equation

�
�� �	���

�����
�
��

	
	� � ��	� ���
�����

�
��


� �	
�	�	� ���
�����

�
��


� ��� (16)

�

A suboptimum implementation of the GLRT scheme in (14)
that exhibits linear complexity can be obtained by modify-
ing the algorithm presented at the end of Section 3.

4.2. DPSK GLRT detection
Proposition 4 The DPSK GLRT detector of a differentially
encoded data packet � that is received in the presence of
complex colored Gaussian noise is given below:��������

����
���

� ��� ���
������

����� (17)

������� � ��������� � ������� � � �
 � � � 
 ����(18)

where�
�
� ���
 � � � ����


� is the differentially encoded trans-
mitted bit sequence. �

Using Theorem 3 and the observation that both one bit error
and the �����-bits error in �� result in 2-bits error in ��, we
can prove the following corollary.

Corollary 2 (i) The average BER of the DPSK GLRT de-
tector for a data packet of size � � �	 
 is given by

�
������������� � �
��
�����������

� �

�
�
��

��
�
	
�

�
�

	

��	�

�
��

�
	
�

�
�

	

����

�
��

�
(19)

where �
�
� ���

�
�, 	�

�
� ����������

�� ��, and the subscript
“SMI,DPSK(N-2)” identifies the detection scheme that uti-
lizes the coherent SMI detector of ����

�

��� (that requires
perfect knowledge of � and utilizes� � ��� independent
pure disturbance observations) followed by the differential
decoding scheme in (18).
(ii) For any given 
, the smallest packet size �� , that guar-
antees that the BER performance of the DPSK GLRT packet-
data detector is within 
 dB from the BER performance
of the optimum coherent ML DPSK detector, is given by
the ceiling of the maximum real root of the following cubic
equation

�
�� �	���

�����
�
��

	
	� � ��	� ���
�����

�
��


� �	
�	�	� ���
�����

�
��


� ��� (20)

�

5. SIMULATION STUDIES
In this Section we examine the performance of the proposed
GLRT detectors as well as the accuracy of the BER expres-
sions derived. The detectors are implemented using the lin-
ear complexity algorithm of Section 3 for the known chan-
nel case and a modified version of it for the unknown chan-
nel case. In Fig. 1 we study a communication system where
packet-data are received in the presence of unknown col-
ored Gaussian noise. Figs. 2–4 evaluate the performance
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Fig. 1. BER of packet-data detectors in the presence of colored
Gaussian noise as function of the packet size � (	 � 

 
 �
���, � � � � �). �� is chosen arbitrarily in this study.
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Fig. 2. Synchronous DS-CDMA system: BER as function of the
SNR of the user of interest (� � ���,� � � � �).
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Fig. 3. Asynchronous multipath fading DS-CDMA system: BER
as function of the packet size � (SNR of user of interest is fixed
to ���,� � � � �).
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Fig. 4. DPSK asynchronous multipath fading DS-CDMA system
(2-symbol DPSK demodulation): BER as function of the packet
size � (SNR of user of interest is fixed to ���,� � � � �).

of the proposed GLRT schemes in the context of packet-
data CDMA communications1. We consider a �� user DS-
CDMA system with processing gain � � �� and Gold
codes in AWGN. In Fig. 2, we examine a synchronous sys-
tem and we assume exact knowledge of the channel. In Figs.
3 and 4 we examine an asynchronous system with 3 multi-
paths per user and either pilot assisted or DPSK signaling,
respectively. In Figs. 3 and 4 the GLRT detector assumes no
knowledge of the channel while all other detectors assume
either exact knowledge of the channel (Fig. 3) or knowledge
of the channel up to an unknown phase (Fig. 4). We com-
pare the BER of the proposed schemes with the BER exhib-
ited by LMS, RLS, matched-filter (MF) and SMI-type (cf.
(5) and (6)) detector structures. The ideal DPSK-MMSE
noncoherent detector that utilizes perfect knowledge of ��

is also included in Fig. 4 as a reference. In all simulation
studies the SMI detector in (5) assumes availability of �
additional pure disturbance observations. The superior per-
formance of the proposed GLRT schemes is evident.

6. CONCLUSIONS

In this paper, we proposed novel GLRT packet-data detec-
tors for general multiaccess/multiuser digital communica-
tion systems as well as corresponding suboptimum imple-
mentations of linear complexity. We also developed analyti-
cal performance evaluation tools that provide the packet size
requirements necessary for the GLRT detectors to achieve a
given BER performance level.
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