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Abstract— In this paper, the maximum likelihood (ML) symbol
timing estimator in MIMO correlated channel based on training
data is derived. It is shown that the approximated ML algorithm
in [4] and [9] is just a special case of the proposed algorithm.
Furthermore, the modified Cramer-Rao bound (MCRB) is also
derived for comparison. Simulation results under different op-
erating conditions (e.g., number of antennas and correlation
between antennas) are given to assess the performances of the
ML estimator and it is found that the mean square errors
(MSE)s of the ML estimator i) are close to the MCRBs; ii) are
approximately independent of the number of transmit antennas;
iii) are inversely proportional to the number of receive antennas
and iv) correlation between antennas has no effect on the MSE
performance.

I. INTRODUCTION

Communication over Multiple-input  multiple-output
(MIMO) channel has attracted much attention recently [1]-[8]
due to the huge capacity gain over single antenna system.
While many different techniques and algorithms have been
proposed to explore the potential capacity, synchronization in
MIMO channel received relatively less attention.

Symbol timing synchronization in MIMO uncorrelated flat
fading channel was first studied by Naguib et al. [4], where
orthogonal training sequences are transmitted at different
transmit antennas to simplify the maximization of the over-
sampled approximated log-likelihood function. This algorithm
was extended by the authors in [9] to increase its estimation
accuracy. Unfortunately, the algorithms in [4] and [9] are
derived in an ad hoc fashion and there is no objective criteria
for comparison.

In this paper, the true ML symbol timing estimator in MIMO
channel based on training data is derived. Particularly, we
consider correlated fading between antennas. It is shown that
the approximated ML algorithm in [4] and [9] is just a special
case of the proposed algorithm. Furthermore, the modified
Cramer-Rao bound (MCRB) is also derived for comparison.
Simulation results under different operating conditions (e.g.,
number of antennas and correlation between antennas) are
given to assess the performances of the ML estimator and
it is found that i) the MSEs of the ML estimator are close
to the corresponding MCRBs; ii) the MSEs are approximately
independent of the number of transmit antennas; iii) the MSEs
are inversely proportional to the number of receive antennas
and iv) correlation between antennas has no effect on the MSE
performance.
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II. SIGNAL MODEL

Consider a MIMO communication system with N transmit
and M receive antennas. At each receiving antenna, a super-
position of independently faded signals from all the transmit
antennas plus noise is received. The complex envelope of the
received signal at the j** receive antenna can be written as

0 =\ o S g Y digle = 0T = 2,T) ;1)
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where E,/N is the symbol energy; h;;’s are the complex
channel coefficients between the i* transmit antenna and the
4" receive antenna; d;(n) is the zero-mean complex valued
symbol transmitted from the i** transmit antenna; g(t) is the
transmit filter with unit energy; 7' is the symbol duration;
€, € [0,1) is the unknown timing offset and n;(t) is the
complex-valued circularly distributed Gaussian white noise at
the j** receive antenna, with power density N,. Throughout
this paper, it is assumed that the channel is frequency flat and
quasi-static.

After passing through the anti-aliasing filter, the received
signal is then sampled at rate f, = 1/T,, where T} £ T/Q.
Note that the oversampling factor Q) is determined by the
frequency span of g(t); if g(¢) is bandlimited to f = +1/T
(an example of which is the root raised cosine pulse), @ = 2
is sufficient. The received vector r;, which consists of L,Q
consecutive received samples (L, is the observation length),
can be expressed as (without loss of generality, we consider
the received sequence start at ¢t = 0)

r; = (A, ZH], +nj, @)

where! ¢ 2 \/E,/NT,

rj 2 [r5(0) 75(Ts) . (L@ — DTY)]", 3)

A2 la_r,(e) a_r,41(e) - ar,4r,-1()], 4)
a;(e) 2 [g(—iT —€T) g(Ts —iT — <T)

e g(LoQ — V)T, —iT — )T, 5)

Z 2 [dydy - dyl, (6)

d; & [di(—Ly) di(—Ly+1) -+ di(Lo+ Ly, — 1)]*(7)

n; £ [;(0) 7;(1) .. m;(LQ — D)7, (8)

'Notation x7" denotes the transpose of x, and x* denotes the transpose
conjugate of x.
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with H; . denotes the j** row of matrix H, n(i) = n(iT/Q),
and L, denotes the number of symbols affected by the inter-
symbol interference (ISI) introduced by one side of g(t).

Stacking the received vectors from all the M received
antennas gives’

r=£¢Iy @A, )vec(ZHT) + (10)

where r 2 [rf v . 2T )T, n
the M x M identity matrix.
In order to include the correlation between channel coeffi-

cients, we write

2T nt .. nT)T and Iy is

H=/®H 4/ ®r (11

where @7 and ® i are the power correlation matrices [15]
of transmit antennas and receive antennas arrays (which is
assumed known), respectively; Hiiq € CM*N containing
independently and identically distributed (i.i.d.) zero-mean,
unit-variance, circularly symmetric complex Gaussian entries
and the square roots are the matrix square root (i.e., Cholesky
factorization) such that v/® \/EH = ®. Note that (11) models
the correlation among transmit and receive antennas array
independently. This model is based on the assumption that only
immediate surroundings of the antenna array impose the cor-
relation between antennas array elements and have no impact
on the correlation at the other end of the communication link.
The validity of this model is verified by recent measurements
[5]-[7]. Putting (11) into (10), we have

T
r=£¢Iy ® A, )vec(Zy/®rHL V@ ) +n. (12)

III. ML ESTIMATOR WITH KNOWN TRAINING DATA

In this case, the matrix Z contains the known training
sequences and the only unknown is Hj;4 . Noting the fact
that vec(AYB) = (B” ® A)vecY, then (12) becomes

r=¢(Iy ® AL, )(V®R ® Zy ®r)vec(H ) +1
= (V@R ® AL, Zy ®r)vec(H y) + 1
where the last line come from the fact that (A®@B)(C®D) =
(AC) ® (BD).
From (13), the joint maximum likelihood estimate of ¢, and
vec(HL ) is given by maximizing

13)

1 (r—A.h)(r — A h)
p(I“E,h) = (7TN )LOQ exXp | — N )
(14)
or equivalently minimizing
J(rle,h) = (r = Ach)" (r — Ach), (15)

2Notation ® denotes Kronecker products and vec(H) denotes a M N x 1
vector formed by stacking the columns of H under each other.

where A, £ £(V/®RrRA_Z\/®7), € and h are the trial values
for £, and vec(HL, , ), respectively.

From the linear signal model given in (13), the ML estimate
for vec(H% ;) (when ¢ is fixed) is [10]

h=(APA,)"'Alr, (16)

Plugging (16) into (15), after some straightforward manipu-

lations and dropping the irrelevant terms, the timing delay is
estimated by maximizing the following likelihood function

Ae)=r"A_(AFA ) 1Ay, (17
Using the fact (A®@B)™' = A"'®@ B! and (A © B) =
A" @ BH to expand A.(AHXA.)"*AZ, we have
A (AIA)TIAL

H H
=[Ver(V®r V®r) 'V®r |

H H
QAL ®r(V®r ZTATAZ\/®) '/ ®r ZHAT]
=Ty @A Z(ZTATA Z)'ZT AT
(18)

where in the second equality, we note that /®r and /P
are both square matrices. Putting this result into (17), the
likelihood function is given by

Ale) = v (1 © A Z(ZT AT A Z) ' 2 AT )r
M
= rMA.Z(ZYAFA.Z) 2P ATy
j=1

19)

and the problem of symbol timing estimation can be written
as

¢ = argmax A(e). (20)

We make the following remarks:

1) The maximization of the likelihood function usually in-
volves a two-step approach. The first step (coarse search)
computes A(e) over a grid of timing delay e, 2 k/K
for k =0,1,..., K — 1, and then the £ that maximizes
A(e) is selected. The second step (fine search) finds
the global maximum by using either gradient method
[14], dichotomous search [12], or interpolation [12]. In
this paper, we employ the parabolic interpolation in
the second step due to its implementation simplicity.
More specifically, assume that A(e;) is identified as
the maximum among all A(ex) in the first step. Define
L2 Ale;_q), I e A(e;,) and I3 e A(ekﬂ), then [12]

I — I
2K([1 + I3 — 2[2) '

2) The likelihood function at each receive antenna can
be calculated independently and then added together to
obtain the overall likelihood function.

3) The correlations in the transmit and receive antenna
arrays do not appear in the estimator. That is, the ML
symbol timing estimator is independent of the antennas
correlation.

2n
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4) In order for the estimate of vec(HL ;) to hold in (16),
it is required that A, is full rank [10], or equivalently
V®Rr, A, Z and \/® 1 are all full rank. Note that \/®
and /®7 are lower triangular matrices with positive
diagonal elements [11], so they are full rank. Further-
more, for g(¢) being a root raised cosine pulse (which
is the most frequently used pulse shape), numerical
calculations show that A, is full rank. Finally, Z can
be made full rank by properly designing the training
data. A sufficient condition is that, for i # j,

[di(a) -+ di(b)] - [dj(a) --- d;(B)]" =0  (22)

for some a,b € {—Ly,—Ly+1,...,Lo+ Ly —1} with
a<b.
5) If g(t) is a root raised cosine pulse, and L, = 0, then
the (i, )" element of A¥A_ (i, =0,1,...,L, — 1) is
[ATAL;
LoQ-1
= Z g(nTs —iT — eT)g(nTs — jT — eT') = 0;;.
n=0

(23)

Furthermore, if the training sequences from different
transmit antennas are orthogonal and with the same
norm (i.e., ||d;||? = c is a constant), then

M M N

1 1
Ae) = gzrflAsZZHAfrj = > laf Al

j=1 j=1i=1

(24)

For sufficiently large observation interval, AXr; is the
matched filtering with one output sample per symbol
with delay € [13]. This reduces to the approximated ML
function proposed in [4].

IV. THE MoODIFIED CRB

For the model in (13), it is known that for a specific timing
delay ¢,, the MCRB is given by [13]

I
2tu(DE D, Ty)
2

where 0 = N,fs = N,Q/T is the noise variance, tr(.)
denotes the trace of a matrix,

_, dA.
D. 2 = = EV/Pr®D.Z\/®r
9
with D, £ dA_/de and
T £ E[vec(H} g Jvec(H;4)"] = Tnn =Ty @ In. (27)

MCRB(z,) = 25)

(26)

Plugging (26) and (27) into (25), after some calculations, we
get

MCRB(z,)
_ QN (L
(VB VB R)u(VBr ZIDED,, Z/&r) \No
(28)

- ; (%)
2Mt(ZHIDED. Z&7) \ No

where Z £ Z/+/N and D, 2 D./+/Q. From second line to
the third line, we used the fact that tr(AB) = tr(BA) and the
diagonal elements of ® r must be all one, regardless what the
correlation matrix is.

We make the following remarks concerning the MCRB:

1) Since the timing delay &, is assumed uniformly dis-
tributed, the average MCRB can be calculated by nu-
merical integration of (28).

2) The MCRB does not depends on the receive antenna
array correlation. Furthermore, the MCRB are inversely
proportional to the number of receive antenna. That is,
the MCRB will be reduced by half when the number
of receive antennas is double, regardless the correlation
between the receive antennas.

V. SIMULATION RESULTS AND DISCUSSIONS

In this section, the MSE performance of the proposed sym-
bol timing estimator is assessed by Monte Carlo simulations
and then compared with the MCRB derived in Section IV.
In all the simulations, L, = 32, L, = 4 (ie., the total
length of training data is 40), Q@ = 2, K = 16, ¢, is
uniformly distributed in the range [0, 1) and g(¢) being a root
raised cosine filter with roll-off factor o = 0.3. The training
sequences used are the sequences proposed in [9]. Each point
is obtained by averaging 10* simulation runs. The MCRBs are
also shown for comparison.

First, let assume ®7 = I and ® = I, for the moment.
The effect of correlation among antennas will be examined in
the last figure. The effect of the number of transmit antennas
N is shown Fig. 1 with M = 4. It can be seen that the increase
of transmit antenna does not improve the estimation accuracy.
Closer examination reveals that the MCRBs for different
number of transmit antennas basically coincide. Therefore,
increasing N does not improve the performance. Next, the
effect of number of receive antennas M is shown in Fig. 2
with N = 4. It is clear that increasing M leads to considerable
MSE improvements. Since from (28), the MCRB is inversely
proportional to M and from Fig. 2, the performances of
the proposed estimator are very close to their corresponding
MCRBs, it can be concluded that the MSE of ML estimator
is approximately inversely proportional to M.

Fig. 3 shows the effect of fading correlation among anten-
nas. Measured correlation matrices from Nokia [15] are used
in the simulation:

1 0.4154 0.2057 0.1997]
04154 1  0.3336 0.3453
0.2057 0.3336 1  0.5226
0.1997 0.3453 0.5226 1

1 0.3644 0.0685 0.3566 |
0.3644 1  0.3245 0.1848
0.0685 0.3245 1  0.3093
0.3566 0.1848 0.3093 1

P = (29)

Pr = (30)

It can be seen that the fading correlation among antennas does
not change the MSE performance of the ML estimator or the
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MCRB. Finally, note that from all 3 figures, the MSEs of the
ML estimator are very close to the corresponding MCRBs.

VI. CONCLUSIONS

The ML symbol timing estimator and the MCRB in MIMO
correlated channel based on training data has been derived. It
is shown that the approximated ML algorithm in [4] and [9]
is just a special case of the proposed algorithm. Simulation
results were given to assess the performances of the ML
estimator and it is found that i) the MSEs of the ML estimator
are close to the MCRBs; ii) the MSEs are approximately
independent of the number of transmit antennas; iii) the MSEs
are inversely proportional to the number of receive antennas
and iv) correlation between antennas has little effect on the
MSEs and the MCRBs.
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Fig. 1. MSEs of the proposed estimator with different number of transmit
antennas (assuming &7 = Iy and @ = Iy).
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Fig. 2. MSEs of the proposed estimator with different number of receive
antennas (assuming ®7 = Iy and @ = I).
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Fig. 3. MSEs of the proposed estimator with and without fading correlation
between antennas for a 4 X 4 system.
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