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Abstract--A novel time domain equalizer (TEQ) design
approach is proposed in this paper based on maximizing signal-to
interference plus noise ratio (SINR). To increase the bandwidth
efficiency of OFDM systems, the TEQ is used to mitigate the
intersymbol interference (ISI) created by a channel with longer
impulse response duration than that of the cyclic prefix (CP).
The true ISI, ICI and noise parts of the signal at the output of
equalizer are formulated based on the overall impulse response
(OIR) (convolution of channel impulse response and equalizer
impulse response). SINR Maximizing Time-domain Equalization
(SMTE) method estimates the tap coefficients of the equalizer by
maximizing the SINR of the signal at the output of equalizer.
Computer simulation and analytical results show that the
performance of the SMTE method is superior to the performance
of the much-used method of channel impulse response shortening
(IRS).

I. INTRODUCTION

rthogonal frequency division multiplexing (OFDM) is a

multicarrier modulation scheme that partitions a

broadband channel into a number of parallel and
independent narrowband subchannels. A cyclic prefix (CP) is
inserted between the OFDM symbols in order to mitigate
intersymbol interference (ISI) and interchannel interference
(ICI) effects for signal transmission over multipath channels.
To avoid ISI and also ICI (and thus make the subchannels
orthogonal), the CP interval should not be shorter than the
channel impulse response (CIR) interval. However, appending
the CP to each OFDM symbol decreases the bandwidth
efficiency of the OFDM system; thus the CP interval should
be a small fraction of the OFDM symbol interval in order not
to lose the bandwidth efficiency.

In this paper, we propose a novel method to design the TEQ
for the OFDM systems based on maximizing SINR. At the
first step, we formulate the criterion by identifying the true
ISI, ICT and noise powers at the output of equalizer and then
define true SINR being different than those used in earlier
literature [3]. Also, we point out that the contribution of each
tap coefficient of the OIR to the SINR depends on its time
index in addition to its power. At the next step, the equalizer
tap coefficients are estimated by maximizing the SINR.

System model and criteria design of the TEQ based on
impulse response shortening (IRS) and the MMSE methods
are presented in Section II. Shortcoming of the IRS and the
MMSE methods is highlighted in this section as well. The
SINR Maximizing Time-domain Equalization (SMTE)
method is proposed in Section III. Section IV provides
computer simulations. Some conclusions are drawn in Section
V.

0-7803-8484-9/04/$20.00 ©2004 IEEE

IV -733

II. SYSTEM MODEL AND TIME-DOMAIN EQUALIZER DESIGN
CRITERION

The discrete model of an OFDM system with a TEQ is
shown in Fig. 1. q(k)=[q,(k),....,qy_,(k)]7 is an OFDM
symbol in the frequency domain such that each ¢(k) is
selected from a g-ary constellation and (.)” represents the
transpose operation. X(k) =[x, (k),..., x;_; (k)]" is an N-point
inverse fast Fourier transform (N-IFFT) of q(k).
s(tk) =[xy_, (k)yeery Xy (K), % (K)o X 5y (BT is the
transmitted symbol after appending a CP with length v to the
x(k). h(l), 1=0,..,L—1 is the CIR with length L . f(/) ,
[=0,..,M -1 is the impulse response of the equalizer with
length M . n(l) is a zero mean additive white Gaussian noise
with autocorrelation function R, (/)=020(l). The OIR is
defined as g()=h(l)* f(I), where °=’stands for the
convolution operation. Duration of the OIR is L, =L+ M —1.
Although the OIR interval becomes even longer than L, the
CIR interval, the idea of using a TEQ is to compress the OIR
energy within a given window with length of the CP interval
plus one or, in other words, to shorten the effective length of
the OIR.

If g, () indicates the part of the OIR within the CP

interval and g, (/) indicates the remainder part, the impulse
response of equalizer, f(/), has been designed by the first
approach in [1] such that the energy of g, (/), E,,, is
minimized under the constraint of the normalized energy for
g, (D), E, =1. The main motivation of this criterion in the
IRS method comes from the idea that g, (/) causes ISI and if
E,, is minimized the ISI power is minimized as well. Based
on [1], another method has been proposed in [2] such that
E, is maximized while satisfying the constrain £,, =1. In
addition to the E,, and E,,, the power of noise at the output
of equalizer has been considered in [3] for the equalizer
design criterion. The sum of ISI power and noise power of all
subcarriers is minimized subject to E,, =1 in [3].
The second approach considers a desired shortened CIR with
the length of the CP interval plus one and designs a TEQ
based on minimizing the mean square error between the OIR
and the desired shortened CIR [4]. The criterion of choosing
the desired shortened channel impulse response is the MMSE
under unit-energy constraint or unit-tap constraint [4] or
maximizing the approximated system capacity dictated by the
SNRs of subcarriers [5].

In both approaches, the energy of each tap coefficient of the
OIR (in the first approach) or the desired CIR (in the second
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Fig. 1. A discrete model of an OFDM system with a time domain equalizer.

approach) is weighted by a rectangular window and then a
criterion is used to design the equalizer. In other words, the
energy of each OIR tap exceeding the CP interval is
assumed to cause the same impact on the ISI power. Before
analyzing the impact of the ISI and ICI on the OFDM system
performance, we would like to highlight the ISI and ICI
effects of each OIR tap exceeding the CP interval by giving a
simple example.

Let us assume that the OIR is g(/) =8(/) + a,6(/ — L,) where
L,, is larger than the CP interval. It is clear that the tap related
to a,0(k—L,) creates ISI and ICI. We consider that
L, =v+A where A >0 and evaluate the ISI power based on
different values of A. The output signal at the output of the
equalizer is given by

z(D=s(D*g()=s(D)+a,s(I-Lp)

outside the CP interval (E,, ) is not enough to achieve good
performance. Moreover, an OIR with less E,, may cause
more ISI and ICI and give poorer performance in comparison
with another OIR which has a larger E ;. By the same token,
the MMSE criterion does not endorse the strategy of
decreasing ISI and ICI power. Thus, regarding the part of OIR
exceeding the CP interval, the TEQ design criterion should be
based on maximizing the SINR that considers true ISI, ICI
and noise power at the output of the equalizer.

1. SINR MAXIMIZING TIME-DOMAIN EQUALIZATION METHOD

We formulate the ISI, ICI and noise part of the signal at the
output of equalizer and then estimate equalizer impulse
response (tap coefficients) by maximizing the SINR in this
section. Assuming that the OIR interval is less than the OFDM
symbol duration, L, <N ', the kth OFDM symbol at the
output of equalizer after removing the CP period is given by

y(k) = Gx(k) — Ax(k) + Bx(k —1) + n(k) 2)

where  y(k) =¥, (k), », (k),.... vy, ()]" and n(k) = [1, (k)
1, (k),...,17y_, (k)]” which is the colored noise vector at the
output of equalizer. G is an N x N circular matrix and
indicates the part of signal which is free of ISI and ICI
(assuming that the CP interval is enough long). G is defined

After removing the cyclic prefix period, z,(k) (ith element of the as

kth OFDM symbol at the output of the equalizer, z(k) ) without
considering the noise will be

zy(k) =x, (k) +ayxy_,(k-1),
zi (k)= x, (k) +ayxy_,, (k-1),

Zv+A (k) = xv+A (k) + aO‘xO (k)v
2 (0= 2y (K) + gy as ().

As can be seen, only z,(k) for 0<i<A-lhas been
contaminated by ISI and ICI. In order to clarify the part of ISI
and ICI, z,(k) for 0<i<A-1 can be written as

z, () =x;(k)+agxy , o (K)—aoxy , o, (K)+agxy ., (k=1)

The first two terms of z,(k) represents the signal part that
would happen in a scenario when the CP interval is longer
than the CIR interval and consequently the third term of
z, (k) represents the ICI part. Also, the fourth term of z, (k)
indicates the ISI part. If we assume that the transmitted signal
samples are independent and E[| x,, (k)|*]1=c? for all "k" and
"m" , the total power of ISI and ICI in each OFDM symbol is
a function of A and it is given by

P e (D) =2A] a, |2 G)z[ (D

As (1) shows, the total power of ISI and ICI not only
depends on the transmitted signal power ( 5> ) and the channel
tap coefficient power (| a, ), but also depends on A=1L, —v
which indicates the time index of the OIR tap appearing
outside the CP interval. In addition, although L, is longer than
the CP interval (L,>v), the tap coefficient “a,”
corresponding to the delay “L,” contributes to the power of
signal, z,(k), for i>L,-v without creating ISI and ICL

Thus minimizing the total power of the OIR part that appears

8o o0 - 0 g, 48, &
g 8 0 0 g
G= 81,1 81,2 g& 0 e 0
O &a8,2 & 0 0 0
0 = 0 g g, &

where g, = g(/). Aisan N x N matrix that indicates the ICI
part and includes the coefficients of the OIR which have been
added to the matrix G in order to avoid the ICI due to
v<L,-1 and Bis also an N x N matrix that shows the ISI
part due to interference of previous OFDM symbol x(k —1).

0 - g g 0 - 0]

p 0 ﬂgLa—l gv+2 0 0
A=l0 - 0 - éLH'o 0

0 ;0 0 e e 000

[0 0 g, &1 |

0 -0 ¢e o wl
Blo 0 G g

0 ;0 e 00

0 v 0 -« o 0 0

Assuming that x(k) and x(k —1) are independent, based on
(2), the SINR becomes

" This is a practical assumption in the OFDM system that limits the ISI only
from the previous OFDM symbol.
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E[x(k)" GHGx(k)] 3)

SINR =
E[x(k)H AH Ax(k)]+ E[x(k — DH B2 Bx(k — )]+ E[n(k)H (k)]

where ()" denotes transposed complex conjugate. Please
note that similar measures used earlier for TEQ design ( e.g. in
[3] ) are not true SINR measures such as ours in (3). The
signal power can be written as

P, = E[x(k)"? G Gx(k)] = trace(GE[x(k)x(k)" 1G7)
Meanwhile, x(k)=W?#q(k), where W is the unitary FFT

matrix whose element W, is
2R
WI = Lealwlm
"IN
Assuming that g¢(k) is an independent and identically
distributed (iid) process such that E[q(k)q(k)"]1=021,,
where I, is the N x N identity matrix, P; will be

Py = trace(GE[W q(k)q(k)" W]G ) = 62 trace(GG )

1=0,,N-1 m=0,---,N-1

L,-1
N 2 4
—aINY [¢) @
1=0
In the same way one can show that
L1 L,-1
2
Py, =oc2trace(AAT) =02 > ' |g(])| ®)
m=v+1 I=m
L,-1 L,-1 5
Py, = o2trace(BB# ) = o2 z Z g|(l)| 6)
m=v+l I=m

Comparing (5) and (6), it can be seen that ISI power and ICI
power at the output of the equalizer are equal. Defining

f=[fy, [, >yl as the equalizer impulse response vector
(or equalizer tap coefficients), the n(k) becomes
n(k) = N(of (N

where N(k)is an NxM matrix whose elements are the
samples of the additive white Gaussian noise #(/) . Based on
(7) the power of noise, P, , at the output of equalizer is
given by

B = EM(D) " (k)] = ojtrace(f £7) = o207 (8)

Since g(1)= A1)+ /(1), by defining g=[g(0), (1) g(L, -],
it can be shown that g = Hf , where H is defined as

Bk 0 0 - 0
h, hy o0 . 0
H= hl_—l h/ﬁz h1_73 ' hl,—M
: h:ul hL:Z i LM
0 0 0 - h

L-1
where h, = h(l). If we define H, as an (Lo —m)meatriX
which includes the last (Lo —m) rows of H , we will have

L~
Mle@) =t"BIH )
I=m

By substituting (9) in (4), (5) and (6) and doing some

manipulations, the SINR is given by

NfHHFHTf _fAPf

SINR =
fHQf
oI

(10)

L,—1 N 2
where P= NH"H and Q=2 Y H#H, +—"1,. Note
m=v+1 O-qz

that H=H, . Equation (10) shows the SINR as a function of
f, the vector of equalizer tap coefficients. The criterion of
equalizer design is to estimate f by maximizing the SINR.
Since P is a Hermitian positive definite matrix, it can be
performed as P=T#I". By defining the vector v=Tf , the
SINR can be represented by
viy vy

SINR viT#Qr'v viCv (b
where C=T"“QI'"'. In order to maximize the SINR, the
vector V should be in the direction of v, , the eigenvector
of C corresponding to the minimum eigenvalue (A . ) of C.
Then we have

v=If=av,,
The nonzero scalar value of a is just a scaling factor and
without loss of generality, we assume that a=1. Thus the
equalizer coefficient vector that maximizes the SINR becomes

f:1—‘7IVmin (12)
Performance of the SMTE method is evaluated by estimating
f based on (12) in the next section.

1Iv. COMPUTER SIMULATIONS AND COMPARISONS

A 16QAM-OFDM system with N = 64 subcarriers and a
cyclic prefix interval v =16 is considered in the simulations.
A multipath channel with L taps is used based on the
following impulse response model

L-1
W)=Y a,e"5(1-m)

m=0

(13)

where o, is a zero mean complex, circularly symmetric,
.

Gaussian random process such that E[a,,0;]=3(m~ ) , where
()" denotes complex conjugate operation, and S is an
exponential decay factor. In simulations, two channel types
are considered; £ =0 for uniform delay spread profile and
£ =0.05 for exponential delay spread profile. They are
briefly called uniform channel and exponential channel,
respectively. Meanwhile, the CIR interval of the uniform
channel and the exponential channel are chosen as
L =24 and L =40, respectively.

Figure 2 shows the delay spread profile of the OIR? when the
equalizer has been designed based on the SMTE and the IRS
methods for the uniform channel. As seen in the IRS method
for M =16, the total power of the OIR tap coefficients
which are outside of the CP interval is less than that of the
SMTE method, but the power of the tap coefficients is spread
more in comparison with the SMTE method for M =16.
Also, as Fig. 2 shows, the delay spread profile of the OIR in
the SMTE method is decreased by increasing M . Note that
all delay spread profiles in Fig. 2 (and also in Fig. 4) have
been normalized. When the noise power is zero ,the
cumulative distribution functions (CDF) of the signal-to-
interference ratio (SIR) of subcarriers have been shown in
Fig.3 for the case of without equalization, for the IRS method

% The logarithmic scale has been used in order to highlight the small values.

IV -735



with M =16 and for the SMTE method when
M =16,24,32 and 40. As Fig. 3 shows, the SIR of some
subcarriers in the IRS method are less than the SIR of
subcarriers when the equalizer is not used. However, the CDF
of the SIR of subcarriers in the SMTE method for M =16 is
higher in comparison with the IRS method and without an
equalizer. These results indicate that the SMTE method
achieves a better performance. Similar to the uniform
channel, the simulations have been carried out for the
exponential channel with a CIR interval L =40 . As Fig. 4 and
Fig. 5 show the results are similar to those of the uniform
channel and confirm the conclusions obtained from the
uniform channel. As seen in Fig. 4, for M =16, the CIR
power shows less spread in the SMTE method in comparison
with the IRS method. The CDFs of the SIR of subcarriers in
Fig. 5 indicate the superiority of the SMTE method to the IRS
method. These results elaborate the robustness of the SMTE
method to different channel models as well.

V. CONCLUSIONS AND DISCUSSIONS

A novel time domain linear equalizer design for OFDM
systems called SMTE has been derived in this paper based on
maximizing the SINR of the signal at the output of the
equalizer. We formulated the impacts of the true ISI and ICI
on the OFDM systems at the output of the equalizer and
highlighted the difference of ISI effect between multicarrier
and single carrier systems. It has been shown that each tap of
the OIR exceeding the CP interval contributes different
ISI/ICI power that not only relates to the power of the tap
coefficient, but depends on its time index as well. The
criterion of the SMTE method minimizes the effects of the ISI
and ICI, at the output of equalizer, created by the CIR whose
duration is longer than the CP interval. Simulations results
have been showed that the SMTE method improves the SIR
distribution of subcarriers compared with the IRS method and
the OFDM system without equalization.
It should be mentioned that the proposed SMTE method is
optimal in the sense of maximizing the total SINR at the
output of equalizer. The true SINR formulation proposed in
this paper, which is being different than those defined in
earlier literature, can be employed to maximize capacity,
maximize throughput for a specified BER or minimize the
BER for a specified throughput as well. These criteria are
under investigation and results would be reported in the
future.
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