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ABSTRACT

We investigate the performances of pilot-aided channel estimation
and data detection for Multi-Input Multi-Output (MIMO) systems.
We analyze and compare the Cramer-Rao Bound (CRB) on chan-
nel taps estimation error for different design models of the pilot
sequences. Then, Minimum Mean Square Error (MMSE) estima-
tion method with deflation is performed for channel identification
for the embedded pilot scheme.

1. INTRODUCTION

The potential capacity of MIMO channels has recently been rec-
ognized [1]. High data rates with low error probabilities could be
achieved especially when the wireless channel response is known
at the receiver. Pilot symbols insertion had been introduced to
make channel estimation for coherent detection. Accuracy of the
channel estimator depends on the pilot symbol design and place-
ment [2]. Many studies have been performed to find out the opti-
mal design according to different criteria such as maximizing the
channel capacity [3], minimizing the MSE or minimizing the CRB
[2]. The objective of this paper is to compare the CRB for differ-
ent pilot insertion schemes, and to introduce a channel estimation
method for the embedding pilot case.

2. PROBLEM STATEMENT

2.1. Data Model

Assume that we have
�

-input and � -output channels. The chan-
nels are assumed to be frequency-selective block-fading, i.e., the
random channels taps remain constant for some data packets and
change to independent values for the next. The baseband received
signal can be written as:
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the channel impulse response vector from the E G H transmit antenna
to the � receive antennae and D #

is the channel order for all �
subchannels. For simplicity, we assume the same channel length
for all users, i.e, D # 
 D for all E . / #

denotes the transmitted sym-
bol from the E G H antenna and n � � � represents additive noise. We
consider the stretch of output vector � 
 � � � I � � � � � � � M � � � � , I
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Sylvester matrix associated to the E G H channel which is given byc # 
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# � D � � . Due to the commutativity of con-

volution, the stretched received vector could as well be expressed
by the following expression:� 
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s denotes the Kronecker product and k m n � � � is the column vec-
torization operator. In the sequel, we make the following assump-
tions:

1. Data symbols are i.i.d. with probability density function1 � � � � � �
with zero mean and variance � ��

2. Taps of the channel h are random i.i.d. with probability
density function � H � � � and variance � �H .

3. The noise vector 5 is complex circular white gaussian with
zero mean, and variance � �� per complex dimension.

4. The noise vector 5 , the channel taps , and data symbols
are jointly independent.

2.2. Pilot Design

We propose to analyze and compare the effect of pilot symbol de-
sign on the CRB. We will calculate the performances of the tra-
ditional scheme in which pilot symbols are time-multiplexed with
data symbols, and the so called embedded scheme in which pi-
lots are transmitted simultaneously with linearly precoded or non
precoded data.

2.2.1. Time-multiplexed pilot and data

This is the conventionally used pilot insertion method where each
antenna transmits a sequence of � pilot symbols / � # � - � and a se-
quence of I X 1 � data symbols / � # � - � (see Fig. 1). One desired

1For simplicity, we assume the same power and probability distribution
for all users.
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property of such pilot sequences is the orthogonality which is re-
strictive in practice, especially for short pilot sequences [2]. Using
the scheme of staggered small pilot clusters simplifies the pilot
design in MIMO systems [2]. However, the channel estimation
problem becomes more difficult. The optimal placement for time-
multiplexed pilot and data is proposed in [2]. If we assume that

� � � � �� � � � �� � � � �� � � � �� � � � �� � � � �� � � � �� � � � �Pilot Symbols Data Symbols

Fig. 1. Time multiplexed pilot and data symbols

� � � � � 
 � � (resp. � � � � � 
 � � ) when a data (resp. pilot) symbol is
transmitted, the � � � transmitted symbol from the � � � antenna can
be expressed as: � � � � 
 � � � � � � 
 � � � � � � 
 (4)

Hence, the FIR channels response in (1) and (2) could be expressed
as follows: � � � � � 
 ! � � � � � 
 ! � � $ (5)� � & � � & � 
 h � n (6)

where ! � and ! � (resp. & � and & � ) are the vectors (resp. the block
Hankel matrices, i.e., & � � ( � ) + - and & � � ( � ) + - ) cor-
responding to the data symbols and to the pilot symbols, respec-
tively.

2.2.2. Embedded Pilot

In this case, data symbols � � � � � 
 are sent during 0 1 symbol pe-
riods simultaneously with pilot symbols � � � � � 
 (see Fig. 2). This
scheme has been already proposed for channel estimation for Space-
Time orthogonal block codes [4]. In our work, we consider only
the uniform power allocation which means that the same power2 3� is allocated to all added pilot symbols. The principal design
parameter in this scheme is the ratio 2 3� 6 2 3� . The transmitted sym-
bols can still be expressed by (4). Also, the FIR channels response
is expressed as in (5) and (6).
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Data symbols

Fig. 2. Embedded pilot symbols with data symbols

2.2.3. Precoded data

At each transmitter � , a set of 0 � < 0 1 data symbols are gath-
ered forming the vector ! � �

which is linearly precoded. Actually,
depending on the precoder, this will increase the system diversity.
At each time � , a set of symbols � � � � 
 is transmitted. We assume
that embedded within each � � � � 
 are contributions from the set of0 � data symbols ! � �

together with contribution from a training
symbol � � � � � 
 (see Fig.3). Consequently, the following model is
considered for the transmitted symbols from the � � � transmitter:! � � > ! � � � ! � �
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Fig. 3. Precoded data with embedded pilot

where > is the 0 1 D 0 � matrix of the linear precoder. Therefore,
the � � � symbol transmitted from the � � � antenna is:� � � � 
 � F G I J L M ! � � � � � � � � 
 with � � 0 N O O O N Q R T (7)

where F J
is the � � � row of the precoding matrix.

3. CRAMER-RAO LOWER BOUND

The Cramer-Rao Bound is a performance criterion that gives a
lower bound to the mean square error of estimation in the set of
unbiased estimates. It is used here as a performance measure for
the design and placement of pilot symbols.

3.1. Fisher Information Matrix

Under regularity conditions, the Fisher Information Matrix (FIM)
associated with a complex stochastic parameter vector U is defined
as [5]:V � U 
 � X Z [ \ ^ ` a � � N U 
\ U d e [ \ ^ ` a � � N U 
\ U d e g i� X Z X Z [ \ ^ ` a � � k U 
\ U d e [ \ ^ ` a � � k U 
\ U d e g o oo U i i� X Z [ \ ^ ` a � U 
\ U d e [ \ ^ ` a � U 
\ U d e g i� O 
 g denotes the Hermitian transpose conjugate and � O 
 d denotes
the complex conjugate. The CRB is defined as the inverse of the
FIM

V � U 
 , i.e., for any unbiased estimate qU of the parameter vectorU , we have: X r t � qU R U 
 � qU R U 
 g u w x V � U 
 I M
Throughout our investigation, we denote by U the complex

vector composed of the unknown parameters in (1), i.e., U �y ! z� { z | z . Under regularity condition and assumptions 1-4, the
complex FIM is given by [2]:} ~ � � � � M� �� � � � ~ � � g � ~ � � � � � 3� � � �� M� �� � � � g � � � � 3� � � (8)

where � 3� � X t k � �   � ¡ ¢ � £� � ¤ k 3 u and � 3¥ � � X [ k � �   � ¨ � ¢ ¥ � £� ¥ � ¤ k 3 e .

In the Rayleigh fading case, we have � 3� � Q 6 2 3� . Note that, in our
simulations, we chose 2 3� � Q 6 � T � Q 
 so that the total power of
the channel vector of each user is normalized to one.

3.2. Channel CRB workout

Let q{ be the vector of channel taps estimates. The CRB on the
channel taps is given by:

� ¬ � ~ ­ ® °­ � ~ ­ ® °­ � g � ³ ´ µ ·¸ 3¹ � � � g � � � � 3� � º I M
(9)
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It was assumed that data symbols are i.i.d. with zero mean. In
addition, pilot symbol sequences are assumed to be known at both
transmitters and receivers. Consequently:

� � � � � � � �	
 � � � � � � � � � � � �
...

. . .
...� � � � � � � �� � � � � �� � � �

with: � � � �
� � � � � � � � �� � � � � � � � �� � � � �

(10)

3.2.1. Time-multiplexed Data and Pilot

The optimal CRB for the channel taps was proposed by Theorem
4 in [2]

MSE �  � ! " # % ' ( ) * ,-* ,- . ,/ 0 # 3 4 5 6 ' * ,� 0 6 * ,� (11)

We also calculate the CRB for the channel estimate in the case
where the conventional time-multiplexed scheme is used. We re-
call that the conventional scheme is the scheme where 6 pilot
symbols are sent simultaneously from each transmitter followed
by 3 4 5 6 data symbols. In that case, using simple calculation,
the expression of (10) is given by:8 : ; => ; > @ B D F H J � � LM � � 	 � � � LM

diag
D : 
 D 
 H � � � � � � @ � � ; =� > ; � >

(12)

where O � �
is the Hankel matrix corresponding to the 3 4 dimen-

sional vector � � � � P Q � R � S T � � # 6 5 V ' Y Y Y T � � # \ 5 V ' ( _ . The
analytic computation of the inverse of the expression in (12) is not
simple because it depends on the pilot correlation matrix O �� � O � �

.

3.2.2. Embedded Pilot

We calculate (10) for the embedded pilot scheme when a sequence
of length 3 4 is transmitted from each transmitter. For large sample
sizes, i.e, 3  \ , and in the case where pilots are drawn from i.i.d.
sequences, we can use the following approximation:a � O �

� O � ( c 3 * ,� d e f � 0 O �� � O � �
! 3 # * ,� 0 * ,� ' d e f �

Consequently, the MSE of the % h / channel impulse response  � ! " # % '
from the i h / transmitter to the " h / receiver is lower bounded by:

MSE �  � ! " # % ' ( ) * ,-* ,- . ,/ 0 3 # * ,� 0 * ,� ' (13)

3.2.3. Precoded Data

Obviously, when we calculate (10) the channel CRB depends on
the precoding matrix k by means of a � O �� � O � � ( .

a � O �� � O � � ( l " c * ,� Q R �m
# n p q Q � R � f l R # q �Q � R � f " R # (14)

When we make the assumption of large sample sizes or pseudo
random pilot sequences we can use the same approximation as in
subsection 3.2.2, i.e,O �� � O � �

! * ,� 3 d e f �

To get more insight into the CRB in the precoded data case, we
consider the Trailing-Zero OFDM (TZ-OFDM) case [6], where
the precoding matrix is given by k c � $ _ Q � _ e � Q ( _ , $ Q being
the 3 u 3 Fourier transform matrix (we chose here 3 � c 3 ). In
that case, the expression of (10) becomes:a � O �

� O � ( c * ,� diag # � 3 y 3 5 \ y Y Y Y 3 5 V ( ' 0 O �� � O � �
! * ,� diag # � 3 y 3 5 \ y Y Y Y 3 5 V ( ' 0 * ,� 3 d e f �

Then

MSE �  � ! " # % ' ( ) * ,-* ,- . ,/ 0 # 3 5 % ' * ,� 0 3 * ,� (15)

3.3. Power Allocation Scheme

Let us denote by * ,� and (resp. * ,� ) the per-data-symbol (resp.
per-pilot-symbol) power transmitted in the embedded scheme and* ,� (resp. * ,� ) per-data-symbol (resp. per-pilot-symbol) power
transmitted in the time-multiplexed scheme. The power alloca-
tion scheme is such that the energy allocated to 3 4 data symbols
superposed with pilot symbols is the same as that allocated to dis-
jointly sent 3 4 5 6 data symbols and 6 pilot symbols.3 4 # * ,� 0 * ,� ' c # 3 4 5 6 ' * ,� 0 6 * ,�

4. CHANNEL ESTIMATION ALGORITHMS FOR THE
EMBEDDED PILOT CASE

We propose an iterative MMSE algorithm to estimate the MIMO
channel and perform data detection. The first step of the algorithm
consists in an MMSE channel estimation according to :�h � c # � �� � � � � ' R � � � �

� �
where � � � c O � � � d � . The estimation error yielded by this
estimator is :

%
h

� c # � �� � � � � ' R � � �� � �� � � h 0 �m
# n � ! # &n � � � # h #

�� 0 # � �� � � � � ' R � � � �
n

with � � c O � � d � . This expression shows that the estimation
error depends on the correlation between data and pilot symbols
and the correlation between the pilot symbols of the different users.
If data and pilot sequences are orthogonal this interference term
will be null (this orthogonality condition is approximately verified
for long quasi-random sequences). Otherwise, at high SNR, when
the noise could be neglected, an estimation error will always be
present due to this interference term [7]. For this reason, we use the
MMSE estimation in conjunction with a deflation for interference
mitigation. It consists in an iterative process where each iteration
is composed of the following two steps.

1. A Least Squares pilot-aided estimation of each channel i :�h P l f � S� c # � �� � � � � ' R � � �� � �� c � 5 �m
# n � ! # &n � � � # �h P l S# 5 �� P l S� �h P l S

�h P l S and �� P l S� # denote the channel estimate and the estimated
data block Hankel matrix at the % h / iteration. We initialize
our algorithm by �� P p S c � and �� P p S� c � .
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2. The second step of the algorithm consists in a data equaliza-
tion followed by data detection. For that, MMSE (or zero
forcing) equalizers are used (calculated from the previously
estimated channel coefficients) and applied to the enhanced
observation vectors

�� given by:

�� � � � � � 	

� � 
 � � � ��

� � � � � �� � 	� � �
�� � 	h

� 
 �
�

A hard (eventually a soft) decision is applied after data
equalization.

The iterative method is stopped when there is no significant differ-
ence between two successive channel estimates.

5. EXPERIMENTAL RESULTS

5.1. Cramer-Rao Bound plots

We plot global channel CRB given by the trace value of the matrix
in (9) for the three previous schemes of pilot symbol design. For
the conventional pilot scheme, we average the CRB for different
pilot sequences generated randomly at each run (over 100 runs).
The simulation context corresponds to: � � � , � � � � , � � 	 �
and �  � " �  � � 	 for the time multiplexed scheme. As observed in
Fig. 4, the optimal time multiplexed scheme and the embedded
one have almost the same CRB. They outperform slightly the con-
ventional and precoded scheme.
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Fig. 4. Comparison of the Channel CRBs for different pilot design
schemes

5.2. Channel estimation for the embedded scheme

The performance metric that is used throughout the simulations
is the channel estimate MSE. The simulation results are obtained
by averaging the MSE over 500 random channel realizations. For
each channel realization we consider random BPSK data and pilot
sequences chosen such that �  � " �  � � � ' � . In Fig. 5, we compare
the performances of the method with (after iteration) and without
(before iteration) deflation. Note that by increasing the number of
receivers we decrease the gap between the CRB and the perfor-
mance of the proposed iterative MMSE algorithm.
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Fig. 5. MSE on channel taps.

6. CONCLUDING REMARKS

This paper presents a comparative study of different pilot design
strategies for channel identification. In addition, it introduces an
iterative MMSE channel estimation method for the embedded pi-
lot scheme. The following observations can be made out of this
study: (i) For large pilot sizes, the obtained CRBs are very close
and almost independent from the design strategy.
(ii) The CRB corresponding to the embedded pilot case is almost
the same as that corresponding to the time-multiplexed case for a
same averaged power. However, in the former case, there is no
waste of the channel throughput as we transmit � information
symbols during the � time periods.
(iii) The performances of the proposed iterative MMSE algorithm
become close to the CRB when we increase the number of receive
antennae as compared to the number of transmit antennae (users).
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