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ABSTRACT

This paper introduces a new type of adaptive filter called PCP,

principle component proportionate normalized least mean

squares.  It is an extension of PNLMS (proportionate normalized 

least mean squares), an adaptive filter that has been shown to 

provide exceptionally fast convergence and tracking when the 

underlying system parameters are sparse (as in network echo

cancellation). PCP extends the application of PNLMS to certain 

non-sparse systems by applying it while using the principle

components of the underlying system as basis vectors.  Room 

acoustic echo systems are possible examples of such non-sparse 

systems.  Simulations of acoustic echo paths and cancellers

indicate that PCP converges and tracks much faster than the 

classical normalized least mean squares (NLMS) and fast

recursive least squares (FRLS) adaptive filters. 
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1. INTRODUCTION 

This paper discusses a new class of adaptive filters that 

exploits known statistics of the solution.  The idea is an 

extension of the proportionate normalized least mean squares 

(PNLMS) algorithm [1, 2, 3].  PNLMS has been shown to 

convergence and track much faster than the classical normalized

least mean squares (NLMS) adaptive filter when the solution is 

sparse in non-zero terms.  The sparseness of a vector is a 

function of the chosen basis vectors.  It is well known that a 

given set of random vectors may be expressed most succinctly as 

a linear combination of the principle components [4] of the

generating random process, i.e., the eigenvectors of the random 

vectors’ covariance matrix.  By choosing the principle 

components of a statistical sampling of solution vectors as a 

basis set, the solutions may be represented more sparsely than

otherwise.  Thus, PNLMS operating under such a basis set

converges faster than under the original basis set.  We call this 

new algorithm principle component PNLMS, or PCP. 

We demonstrate the efficacy of PCP by applying it to the 

acoustic echo cancellation (AEC) problem.  The solution of the 

AEC problem is the acoustic impulse response of a room as 

measured between the loudspeaker and microphone. This

impulse response is generally not sparse.  We simulate samples 

of room impulse responses using the so-called image derived 

model [5] where the positions of the microphone and the

loudspeaker are fixed and a perfectly absorbing sphere is located 

in random positions about the room.  This represents a first order 

model of a person using a speakerphone. 

When this acoustic model is used, the room impulse

responses are much more sparse when the eigenvectors of the 

room impulse response covariance matrix are used as the basis 

vectors. In addition, PCP converges much faster than NLMS 

and FRLS [6] (fast recursive least squares) when PCP operates 

under the new basis set. However, we must be somewhat 

cautious of any results when the image-derived model is used. It

only takes into account specular reflections and completely

ignores diffraction. The success of the experiments described in 

this paper does not necessarily prove that the method under test 

will work in a real room, but its failure would strongly indicate 

that it would not.

2. PNLMS

First, we briefly review the PNLMS adaptive filter under the

guise of the echo cancellation problem.  The signals, vectors, 

and matrices used in this paper are as follows:  is the far-end 

signal which excites the echo path, is the 

excitation vector, the true echo path impulse response vector is 
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h is the adaptive filter

coefficient vector, is the error or residual-

echo signal, 
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nLn g ,1,0 ,...,nG gdiag is the diagonal individual 

step-size matrix, is the “stepsize” parameter and is chosen in 

the range, 0 1 , and is a small positive number known as

the regularization parameter. 

An NLMS adaptive filter iteration involves the following two 

steps

1n

t

nnn ye hx , (1)

the error calculation, and 
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the coefficient vector update. 

PNLMS is similar, except that in the coefficient vector update a 

proportionate diagonal matrix, , whose elements are roughlynG
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(9)proportionate to the magnitude of the coefficient vector, h ,

is used to window the excitation vector, x ,

1n

n

ne
1

n

,1Lh

L

nG n

Multiplying both sides of (13) from the left by and recalling 

that for unitary matrices, I ,
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Now, (8) and (10) represent NLMS in the transformed domain. 

We may now apply PNLMS by defining a proportionate 

diagonal matrix as a function of ,1nb

and ),,( 1npf h , the series of steps that generate . See

Table 1.
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In addition, the PNLMS coefficient update in the transform

domain becomes,
Table 1: PNLMS  calculation nG
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To summarize, the Transformed PNLMS algorithm is shown in 

Table 2.

Table 2: Transformed PNLMS 
When is sparse and h converges to it, the filter 

becomes effectively shorter because of ’s windowing of x .

Since shorter adaptive filters converge faster than longer ones,

PNLMS’s convergence is accelerated.  On the other hand, when 

 is dispersive PNLMS has no advantage over NLMS, in fact 

its convergence is significantly slower.  PNLMS++ [2] and 

IPNLMS [3] were designed to improve the convergence rate for

dispersive impulse responses so that they converge at least as

fast as NLMS.
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4. FINDING PROPER BASIS VECTORS This property of PNLMS’s convergence speed being

dependent on the sparseness of the solution, , determines the

proper application of PNLMS. Impulse responses of echo paths 

in telephone networks tend to be sparse while those of acoustic

echo paths in offices and conference rooms tend to be dispersive.

As a result, PNLMS has been successfully used in network echo 

cancellers, but not in acoustic echo cancellers.

eph

Now that we know how to perform PNLMS under an alternate

set of basis vectors, we turn to the problem of defining what 

those basis vectors should be.  To this point we have viewed the 

solution vector, h , as fixed. In practical applications though, it 

is almost always time varying.  Otherwise, an adaptive filter

would be unnecessary.  The manner in which varies with 

time is, of course, application dependent.  In network echo

cancellation changes very little during the period of a given

telephone connection, but changes abruptly when a new 

connection is made.    In acoustic echo cancellation changes

throughout the communication session as objects in the acoustic 

echo path (such as the conversation participants) move about the 

room.
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ep
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3. PNLMS WITH ARBITRARY BASIS SET 

In this section, we investigate how PNLMS can operate under

any arbitrary basis set. In the next section, we discuss how to 

find that basis set which makes the solution PNLMS seeks

sparse.

Let us rotate the acoustic impulse response with a linear 

transformation, say, Therefore, we now add a time index to the solution vector

neph  and view it as the output of a random process. As such,

we may use the well know tool of PCA (principle components 

analysis) to find the most efficient, i.e. sparse, representation of

neph

thk

. That is, letting the L-length column vector, , be 

the principle component of the random process, we 

can express 

kw

neph  as 

epep Uhb . (5)

where is an L-by-L unitary matrix. We may then make the

following substitution in equations (1) and (2), 
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Then, (1) can be rewritten as
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and (2) as 
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(18)where  is an L-by-L unitary matrix whose  column is 

. According to PCA, if we define the solution process 

covariance matrix as

W
thk

kw

to compare the sparseness of 100 room impulse responses before 

and after having been transformed by the room’s principle

components. Note: ranges from )(21 xS
L

1  to one for 

maximally dispersive and maximally sparse vectors,

respectively. The 100 different responses were generated by

moving the absorbing object randomly around in the room. The

transformed impulse responses are consistently sparser than the 

untransformed ones. 
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and its diagonal decomposition as
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where  is diagonal and  is unitary, then the columns of

represent the principle component vectors and the corresponding

diagonal elements of  are proportional to the probable 

contribution of that component.  Most importantly,

tends to be sparser than 
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Fig. 4 shows the convergence of PCP compared to NLMS

and FRLS. The algorithms in these simulations use the following 

parameters: 512L , 2.0 , 01. , 01.p . The 

effective length of the forgetting factor, , in the FRLS

algorithm is L2 .  That is, 122 LL .

So to find U for the acoustic echo cancellation problem, we 

can build a sample covariance matrix from many observations of

neph , The initial convergence of PCP is much faster than NLMS 

and FRLS even though the untransformed impulse response is 

dispersive.  At 2.5 seconds, the echo path is changed. Fig. 4

shows that the re-convergence of PCP is again faster than NLMS 

or FRLS.
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where is the unitary matrix in the diagonal decomposition of 

.

Ŵ
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5. COMPUTATIONAL ISSUES 

In the simulations above, we first calculated the solution

covariance matrix off-line and then used an eigen-decomposition

to find the transform to make the solutions sparse.  The 

calculation of the covariance matrix can be done in real time by

periodically adding outer products of good echo path estimates

to the current solution covariance matrix.  Using a forgetting 

factor on the old solution covariance matrix will help the

adaptive filter to progressively forget old echo paths that may no 

longer represent the room statistics should they change with 

time, e.g., if the loudspeaker and microphone are moved. Of

course, there is still the problem of finding the eigenvectors of 

the solution covariance matrix. This is an 0  problem, but 

the eigenvectors do not need to be calculated very often. If the

locations of the microphone and loudspeaker do not change,

perhaps the calculation only needs to be done once per day or so. 

}{ 3L

5. SIMULATIONS 

Collecting hundreds to thousands of room impulse responses is a 

somewhat daunting task.  Instead, as a first order approximation 

to the real thing, we simulated the process of an object moving 

about a room with the image-derived model for finding acoustic 

impulse responses.  The microphone and speaker positions were

fixed (as is often the case in normal speaker-phone use) and a

perfectly absorbing spherical object was located at random

positions about the room.  The room was perfectly rectangular

with different reflection coefficients on each wall, ceiling, and

floor.  With each new location, the impulse response was

measured and added into the sample covariance matrix

Fig. 1 shows a typical impulse response from the

speakerphone simulation.  The transform of the vector is shown 

in Fig. 2.  Clearly, the transformed version is sparser. The salient 

parameters in the room simulation are as follows: 

The vector/matrix multiply in step (a) of table 2 is .

At the price of a block delay of L, this complexity can be

reduced to 

}{0 2L

)log(0 LL

T

by using FFT techniques.  Additional 

computational savings can be realized by not using every

eigenvector in U .

the room dimensions are 6.4’ by 8’ by 6.4’, 

the reflection coefficients of the 6 walls are 0.91, 0.87, 

0.95, 0.85, 0.8, 0.6, 

the radius of the spherical absorbing object is 1.2’, 

the source (loudspeaker) is located at coordinates, 

(0.64’, 3.2’, 3.2’), where the origin, (0,0,0) is at the 

front lower left corner (the positive directions are 

back, up, and right), 

6. CONCLUSIONS

The simulations presented in this paper provide evidence that 

PNLMS can be used effectively in the problem of acoustic echo

cancellation under a change of basis vectors.   Though the 

computation al complexity is high compared to NLMS and even

FRLS, there is a distinct advantage in the speed of convergence

over both of these established algorithms.

the microphone is located at coordinates 

(0.64’,4.8’,3.2’).

The sampling rate in most simulations in this paper is 8 kHz. 

The only exception is the internal sampling rate of the room

simulation, which was 80 kHz, but the final impulse response is 

sub-sampled to 8 kHz. 
We must be somewhat cautious with these results however,

since the image derived model is only a first order 
Fig. 3 we use the sparsness measure,
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approximation of the behavior of sound in a real room. 

However, if the simulations had shown that the new method 

failed, further work would clearly not be warranted.  However, 

since the simulations showed PNLMS to be very effective using 

PCA derived basis vectors, we propose further experiments 

using data collected from real rooms.
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Figure 3: Comparison of sparseness of 100 untransformed and 

transformed room impulse responses 

Figure 1:  Impulse response from image derived acoustic model 

Figure 4:  Convergence curves of NLMS, FRLS and PCP 
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