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ABSTRACT

Multichannel imaging systems provide several observations of the
same scene which are often corrupted by additive noise. In this
paper, we are interested in multispectral image denoising in the
wavelet domain. We adopt a multivariate approach in order to ex-
ploit the correlations existing between the different spectral com-
ponents. Our main contribution is the application of Stein’s prin-
ciple to build a new estimator for arbitrary multichannel images
embedded in Gaussian noise. Simulation tests carried out on mul-
tispectral satellite images show that the proposed method outper-
forms conventional wavelet shrinkage techniques.

1. INTRODUCTION

Image recording/transmission systems are not perfect: most of the
time, images are contaminated by noise. Hence, denoising is a
crucial step before image analysis. Many denoising methods have
been reported. The earlier ones are based on spatial filters or or-
der statistic filters. The problem of noise removal may also be
viewed as a regression problem, which can be solved by shrink-
age methods. Usually, these are applied in a transform domain,
the transformation being expected to decorrelate the input data or
at least to allow a tractable statistical modelling of them. To this
respect, the Wavelet Transform (WT) has been retained in many
works [1] since the WT of the signal of interest mostly concen-
trates its energy in a few low resolution coefficients whereas the
WT of the noise spreads out over all coefficients. Wavelet shrink-
age is thus effective for signals with sparse representation in the
WT domain. In this context, the key issue is the threshold com-
putation. Donoho and Johnstone derived the so-called universal
threshold from an asymptotic minimax analysis. By exploiting
Stein’s Unbiased Risk Estimator (SURE), they have subsequently
proposed the SUREshrink method [2]. Further improvements of
this pioneering work have been realized [3, 4, 5].
In parallel to these works, much attention was paid to noise re-
duction in multicomponent images. Indeed, in many applications
such as remote sensing, imaging systems tend to have increas-
ing spatial and spectral resolution. Operating in different spectral
ranges, these instruments deliver several spectral components (cor-
responding to a multichannel image) for a single sensed area. Two
alternatives could be envisaged for denoising multispectral images.
The first one consists in processing the spectral components sep-
arately whereas the second one attempts to exploit their mutual
correlation using multivariate approaches [6]. In this paper, we
are interested in developing a new multivariate estimation method
based on the WT. It must be pointing out that most of the work

done so far about image denoising using wavelets is concerned
with single-component images. The problem of multivariate esti-
mation in a wavelet representation has however been lately formu-
lated in [7]. Our main contribution in this paper is the application
of Stein’s principle [8] to build a new estimator for multichannel
images embedded in Gaussian noise. Our approach relies on suit-
able multivariate Bernouilli-Gaussian (BG) models to reflect the
sparseness of the wavelet representation as well as the statistical
dependencies existing between the different components.
The paper is organized as follows. In Section 2, we present the
relevant statistical background. Section 3 describes the new mul-
tivariate SURE approach proposed in this work. In Section 4, ex-
perimental results are provided so as to evaluate this method and,
finally, some concluding remarks are given.

2. STATISTICAL BACKGROUND

2.1. Observation model

The “clean” multispectral image consists of B spectral compo-
nents s(b) (with b = 1, . . . , B). These components are assumed to
be corrupted by an additive noise and the observation vector is ex-
pressed as r = s+n where the vector noise n = (n(1), . . . , n(B))T

is iid N (0, Γ(n)), independent of s = (s(1), . . . , sB))T . In the se-
quel, we treat Γ(n) as known. In order to simplify the notations,
the spatial index has been systematically dropped.
The orthonormal 2D separable wavelet expansion of the observa-
tions is computed for each component b over J resolution levels.
In the vector approach, the wavelet coefficients of all the B chan-
nels at the same spatial position in a subband oriented either hor-
izontally (o = 1), vertically (o = 2) or diagonally (o = 3), at a
given resolution level j, are grouped into B-dimensional vectors:
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j )T . Hence, in the wavelet domain, the

observation model becomes r
(o)
j = s

(o)
j + n

(o)
j . The noise coeffi-

cients n
(o)
j have a Gaussian distribution N (0,Γ

(n,o)
j ). Besides, it

is easy to show that Γ(n,o)
j = Γ(n) for j = 1, . . . , J .

2.2. Prior Model

In the Bayesian framework, the unknown wavelet coefficients s
(o)
j

are considered as realizations of random processes. Very often,
Bernouilli-Gaussian (BG) priors are retained since they reflect the
parcimony of the wavelet representation and they are easily tractable
[9, 10, 11, 12]. More precisely, the probability distribution p

(o)
j of

II - 9450-7803-8484-9/04/$20.00 ©2004 IEEE ICASSP 2004

➠ ➡



s
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j is expressed as:

∀u ∈ R
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where g
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is the multivariate Gaussian N (0,Γ
(s,o)
j ) proba-

bility density . The mixture parameter ε
(o)
j may be interpreted as

the probability that the s
(o)
j ’s carry useful information. In order

to avoid degenerate MAP estimates, this mixture model is coupled
with hidden allocation variables q

(o)
j which are independent binary

random variables defining the following conditional densities
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with P(q

(o)
j = 1) = ε

(o)
j ∈ [0, 1]. Under such statistical mod-

elling, the denoising problem amounts to a classical problem in
estimation theory. In [13], we have proposed a MAP estimation
procedure of s

(o)
j which is based on this Bayesian approach.

2.3. Motivation

However, this MAP estimation procedure relies on a BG distribu-
tion for the wavelet coefficients. In practice, this hypothesis is not
rigorously satisfied. As a consequence, two main limitations may
occur. At first, the model mismatch could render inappropriate
the structure of the resulting estimator with respect to the con-
sidered data. Secondly, the hyperparameters which appear in the
expression of the estimator may take suboptimal values since they
are deduced from statistical inference based on the BG model as-
sumption. Unfortunately, we cannot expect to alleviate the former
problem in the absence of additional prior knowledge on the clean
signal. In order to address the later problem, it would be prefer-
able to adjust the hyperparameters directly so as to minimize the
risk (e.g. the mean square error). More precisely, the Gaussianity
of the noise will allow us to apply Stein’s formula so as to realize
this task. In the next section, this approach is presented in more
detail.

3. EXTENDED SURE APPROACH

3.1. Stein’s formula in the multivariate case

Let us denote by ŝ
(o)
j = T

j,θ
(o)
j

(
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)
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is a (weakly) differentiable function from R
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fulfills some additional regularity conditions [8]. Our

objective is to find the parameters minimizing the quadratic risk
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Unfortunately, as the samples s

(o)
j are unknown, it may appear

impossible to calculate explicitly R̃
(o)
j . However, for Gaussian

additive noise, Stein’s formula provides an explicit expression of
E[s
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)
] in terms of the observed data only. More

precisely, we have:

E[T
j,θ

(o)
j

(
r
(o)
j

)
(s

(o)
j )T ] = E[T

j,θ
(o)
j

(
r
(o)
j

)
(r

(o)
j )T ]

−E[T ′

j,θ
(o)
j

(r
(o)
j )] Γ

(n,o)
j ,

(4)

where T ′
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is the square matrix of size B defined as follows:
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with T
j,θ

(o)
j

(u) = ([T
j,θ

(o)
j

(u)]1, . . . , [T
j,θ

(o)
j

(u)]B)T and the

operator ∇ stands for the gradient operator. Consequently, we
deduce the following expression of the risk:
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It can be noted that the risk R̃

(o)
j is composed of two parts. The

first two terms in the left hand side of (6) correspond to the error re-
sulting from the estimation of r(o)

j instead of s(o)
j by T

j,θ
(o)
j

(
r
(o)
j

)
.

The third term compensates the bias related to the above confusion
of s

(o)
j with r

(o)
j . Finally, an empirical estimator of R̃

(o)
j (θ

(o)
j ) is

easily obtained by invoking the law of large numbers and replacing
the expectations in (6) by empirical means.

3.2. Retained structure of the estimator

In what follows, we will derive a tractable structure for the esti-
mator based on the BG model. The idea consists in replacing the
MAP estimator by the a posteriori conditional mean which cor-
responds to the optimal Bayesian estimator for a quadratic risk.
After some simple calculations, in the case of the BG model, the a
posteriori conditional mean is expressed as:

E[s
(o)
j /r
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j ] = γ

ε
(o)
j

(r
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j r
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where γ
ε
(o)
j

�

=
ε
(o)
j g

0,Γ
(s,o)
j

+Γ
(n,o)
j

ε
(o)
j g

0,Γ
(s,o)
j

+Γ
(n,o)
j

+ (1 − ε
(o)
j )g

0,Γ
(n,o)
j

(8)

and Q
(o)
j

�

=Γ
(s,o)
j (Γ

(s,o)
j + Γ

(n,o)
j )−1. In the sequel, we will re-

tain estimators having the form given by Eqs. (7)-(8). However,
in order to take into account the distance between the distribution
of the image of interest and the BG model, we will not preserve
the original meaning of the parameters ε

(o)
j and Q

(o)
j . By adding

degrees of freedom in the choice of these parameters, we aim at
building estimators with an increased robustness w.r.t. model mis-
match. More precisely, we assume that the parameter-vector θ

(o)
j

is formed by ε
(o)
j and the elements of Q

(o)
j . Then, we propose to

adjust these parameters so as to minimize the risk R̃
(o)
j in Eq. (6).
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3.3. Minimization of the risk

3.3.1. Preliminary remarks

Before describing the optimization procedure, the following points
should be noted. The matrix Γ

(s,o)
j was not included in the pa-

rameter vector θ
(o)
j as the optimization of this matrix would be

too complex. Hence, an estimator of Γ
(s,o)
j must be used as the

one provided by the method of moments described in [13]. Fur-
thermore, the proposed method is applicable to any differentiable
mapping γ

ε
(o)
j

from R
B to R, involving some parameter ε

(o)
j .

3.3.2. Closed form expression of the risk

Introducing the following definitions:
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and using Eq. (7), Eq. (6) becomes:
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where A
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and the matrix C

(o)
j is supposed to

be invertible. Therefore, the problem is to find the matrix Q
(o)
j and

the real ε
(o)
j which minimize the expression obtained in Eq. (11).

3.3.3. Optimization of the risk

We notice that for any matrix M, tr
(
MC

(o)
j MT

)1/2
is the Frö-

benius norm weighted by the definite-positive matrix C
(o)
j . Thus,

setting Q
(o)
j to A

(o)
j leads to the minimization of the risk R̃

(o)
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We replace Q
(o)
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j in the expression (11) and, we obtain:
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Hence, it is enough to find the real ε
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j ) where B
(o)
j and C
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given by Eqs. (9) and (10). Once the optimal value of ε
(o)
j is

determined by using simple one-variable optimization search, the
matrix Q

(o)
j is computed as Q

(o)
j = B

(o)
j

(
C

(o)
j

)−1
.

3.4. Robustness of the estimator

In very noisy environments, the contribution of the noise compo-
nents to the risk may dominate, especially in case of great sparsity
of the wavelet representation of the underlying signal. Therefore,
in this case, the computed value of the risk may become unreliable.
To alleviate such a problem, a robust estimator can be derived from
a hybrid scheme. To this respect, we adopt a strategy similar to that
proposed in [2]. More precisely, the wavelet coefficients of the ob-
servations r

(o)
j are considered as unreliable if the power level of

the “clean” data is below a given threshold λ
(b)
j and, then, they are

discarded from the estimation of the risk. In this case, it is recom-
mended to use another estimator. For instance, we can envisage to
apply a MAP estimator [13] or universal thresholding.

4. EXPERIMENTAL RESULTS AND CONCLUSIONS

We have used 2 sets of SPOT multispectral test images of size 512
× 512. The first set (“Tunis”) is a part of a SPOT3 scene depicting
the city of Tunis (B = 3). The second set (“Kairouan”) con-
sists of a SPOT4 scene (B = 4) representing the rural area near
the city of Kairouan. We have added realizations of a multivari-
ate Gaussian noise and performed Monte-Carlo simulations. The
performance of a denoising method is measured in terms of the fi-
nal average SNR snrfinal. All the subsequent reported results are
related to the Daubechies s8 symmlet but simulations with other
wavelet bases have given similar results. The proposed method
(denoted E-SURE) is compared to some existing denoising meth-
ods, namely the spatial 2D Wiener filter, the spectral Wiener filter,
the Visushrink [1], the SUREshrink [2], the BayesShrink [14] and
the BG-MAP methods [13]. We have also made a comparison with
the locally bivariate shrinkage method which is a very competitive
method based on the exploitation of the dependence between co-
efficients across scales [15].
In the first part of the simulations, we have considered a white
Gaussian noise characterized by a diagonal covariance matrix. A
four-stage wavelet transform is applied (J = 4). Tables 1 and
2 provide the output SNR achieved by the different considered
techniques. The linear methods have been discarded because they
present the lowest values of SNR’s: an improvement of more than
2.5 dB is obtained with the SUREshrink method compared to the
spectral Wiener filter in the case of the image “Tunis”. As ex-
pected, by taking into account the inter-scale relationships between
the coefficients, the bivariate method outperforms most methods.
However, it exhibits lower performances than the BG-MAP and
the E-SURE methods. For “Tunis”, the E-SURE method provides
an average gain around 1.27 dB over the bivariate method.
In the second part of the simulations, we have considered a colored
noise with the following covariance matrix Γ(n):

Γ
(n) = (σ(n))2

⎛
⎝

1 0.9 0.9
0.9 1 0.9
0.9 0.9 1

⎞
⎠ , (13)

where σ(n) is adjusted so as to get the desired value of snrinit.
Figure 1 shows the performances of all the considered methods.
Roughly speaking, we can draw the same conclusions as in the
case of a white noise.
Whatever the noise covariance matrix Γ(n) is, we have noted that it
is enough to stop the decomposition at the third stage since there is
no significant improvement (no more than 0.02 dB) by going from
a three-stage to a four-stage decomposition for both the MAP-BG
and the E-SURE methods.
In conclusion, we have proposed a new multivariate approach for
estimating multichannel images corrupted by Gaussian noise. Ac-
cording to simulations carried out on multispectral satellite im-
ages, this method leads to improved performances compared with
state-of-the-art wavelet-based denoising techniques. However, it is
more computationally intensive than basic thresholding methods.
Several directions could be investigated to extend this work. In
particular, it would be interesting to take into account interscale de-
pendencies between spectral components in addition to intrascale
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dependencies. For example, multivariate extensions of [15] could
be looked for.
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Table 1. “Tunis” image, performances in terms of SNR (in dB),
a four-stage wavelet decomposition is used (J = 4) and a white
noise is added.

Initial Visu Bayes SURE Bi- MAP E-
shrink Shrink shrink variate BG SURE

15.08 13.27 17.28 17.75 17.96 18.65 19.17
14.58 12.99 16.96 17.40 17.61 18.27 18.84
14.07 12.72 16.62 17.06 17.26 17.93 18.50
13.58 12.46 16.30 16.72 16.92 17.61 18.17
13.08 12.20 15.99 16.39 16.59 17.28 17.85
12.58 11.94 15.69 17.14 16.26 16.98 17.53
12.08 11.70 15.39 15.77 15.93 16.66 17.21
11.58 11.46 15.09 15.46 15.61 16.34 16.89
11.07 11.22 14.81 15.14 15.31 16.05 16.60
10.58 10.99 14.53 14.84 15.01 15.75 16.30
10.08 10.77 14.26 14.53 14.70 15.45 15.99
9.58 10.55 13.99 14.25 14.41 15.16 15.70
9.08 10.34 13.74 13.98 14.12 14.88 15.41

Table 2. “Kairouan” image, performances in terms of SNR (in
dB), a four-stage wavelet decomposition is used (J = 4) and a
multivariate white noise is added.

Initial Visu Bayes SURE Bi- MAP E-
shrink Shrink shrink variate BG SURE

4.93 6.71 9.42 10.04 10.23 11.23 11.95
3.92 6.35 8.94 9.55 9.68 10.71 11.42
2.93 6.01 8.50 9.01 9.16 10.21 10.91
1.93 5.70 8.08 8.49 8.66 9.74 10.42
0.93 5.40 7.67 8.06 8.17 9.29 9.95
-0.06 5.12 7.28 7.62 7.70 8.85 9.48
-1.06 4.87 6.93 7.13 7.25 8.42 9.04
-2.06 4.64 6.58 6.72 6.81 8.00 8.60
-3.06 4.43 6.25 6.38 6.39 7.62 8.18
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Fig. 1. Performances in terms of SNR (in dB) with a four-stage
decomposition of “Kairouan” in the presence of colored noise.
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