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ABSTRACT

Estimating a channel that is subject to frequency selec-
tive Rayleigh fading is a challenging problem in an orthog-
onal frequency division multiplexing (OFDM) system. In
this paper we propose an enhanced channel estimation al-
gorithm that combines the EM-based algorithms proposed
previously and a Least Squares polynomial fitting (LSPF)
approach. The combined algorithm can efficiently estimate
the channel response of an OFDM system operating in an
environment with multipath fading and additive white Gaus-
sian noise (AWGN). The algorithm can improve the channel
estimate obtained from the EM-based algorithms by poly-
nomial fitting. Simulation results show that the bit error
rate (BER) as well as the mean square error (MSE) of the
channel can be improved by the algorithm. In particular,
with these additional computations and demodulation delay,
the MSE can be made smaller than the Cramer-Rao lower
bound (CRLB).

1. INTRODUCTION

An efficient and accurate channel estimation procedure is

necessary for coherent demodulation in OFDM systems. Many

channel estimation algorithms have been reported in the lit-
erature [2]-[4]. Recently we proposed three different EM-
based channel estimation algorithms (refer to [5]-[7]) that
can achieve the CRLB in the high SNR region. In these al-
gorithms the channel is estimated frame by frame by assum-
ing the channel is changing from one frame to another. If
we further assume the channel variation is smooth, then we
might do a better job by considering several OFDM frames
together. Obviously, if the channel does not change dur-
ing several OFDM frames, we can certainly apply the EM-
based algorithm [5]-[7] or just average the channel estimates
of those OFDM frames to obtain a better estimate. However,
in a mobile environment with fast moving objects this as-
sumption fails. Fortunately, the channel changes smoothly
along the time axis in a real mobile environment. This
smoothness motivates us to use well designed curve fitting
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methods (or time-domain smoothing), e.g., least squares poly-
nomial fitting, in order to further improve the channel esti-
mation accuracy. This basic idea is discussed in [8] and [9].
Similar time-frequency polynomial models are adopted in
these two referenced papers. Both of them concentrate on
the channel frequency response which contains many more
components than the corresponding CIR in a typical OFDM
system. Thus in their methods, the complexity to establish
model coefficients is high. Furthermore, they need a large
amount of pilot symbols in the time-frequency grid of the
OFDM systems to minimize the model mismatch. This de-
grades the overall system capacity or spectral efficiency.

The main objective of this paper is to investigate the
use of the polynomial fitting method in the time domain for
channel estimation of an OFDM system subject to slow time
varying frequency selective fading. An EM-based channel
estimation algorithm is carried out first to obtain near opti-
mal channel estimates using the information of the current
OFDM frame only. Then, polynomial fitting is adopted by
gathering channel estimates of several consecutive OFDM
frames. By applying this concatenated channel estimation
(EM-based algorithms followed by polynomial fitting), bet-
ter channel estimates can be obtained.

2. EM-BASED CHANNEL ESTIMATION
ALGORITHM

The most important step in an EM-algorithm is determining
what is known as “complete” data. Different selections of
“complete” data result in different algorithms. Three differ-
ent EM-based channel estimation and signal detection al-
gorithms have been proposed in [5]-[7] by carefully defin-
ing different “complete” data for each algorithm. Their ad-
vantages and disadvantages are discussed therein. Basi-
cally, they have almost the same performance as measured
by BER and MSE. The only difference is the rate of conver-
gence and computational burden. The second EM-based al-
gorithm [6] has the fastest convergence speed as seen from
the simulations. Thus, we suggest using this algorithm as
the first stage channel estimation method. Furthermore, one
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simplified version that does not need the channel statistics
has negligible performance deterioration. The correspond-
ing simplified algorithm is the one adopted.

The system model can be expressed in vector form for a
particular OFDM frame as (refer to [6] for details)

Y =XW_yh+N, 1)

where L is the channel delay spread, M is the number of
subcarriers and Wz, is the submatrix of the FFT matrix with
first L columns. We assume that the channel is static over
the period of one frame.

The “incomplete” and “complete” data are defined as
(Y) and (Y, h), respectively. Each iterative process p =
0,1,2,---, in the EM algorithm for estimating X from Y
consists of the following two steps:

Q(X|X,) = E {log f(¥, b X)|Y, X, {2)

E — step:
M — step :

Xp—‘,—l = arg mXaX Q(l|lp)7 (3)

Detail derivations and discussion are included in [6].

3. LEAST SQUARES POLYNOMIAL FITTING

A typical mathematical procedure for finding the best fit-
ting curve to a given set of points is to minimize the sum of
the squares of the offsets (the residuals) of the points from
the curve. The linear least squares fitting technique is the
simplest and most commonly applied form of linear regres-
sion and provides a solution to the problem of finding the
best fitting straight line through a set of points. However,
it also introduces large fitting error because of the model
mismatch. Polynomial fitting is one of the nonlinear curve
fitting methods that is often used due to its good proper-
ties. First, it is easy to realize and the computation is low
compared to other nonlinear fitting techniques. More im-
portantly, polynomials of different degrees can simulate a
variety of curves.

Suppose we try to fit a set of given data with a £t" degree
polynomial

y=ao+amz+- -+ apa’. (4)

A set of observed data {(x;,y;)|1 < ¢ < n} are given. The
objective is to find a kt" degree polynomial that has the least
offset

R:Z[y—(ao—i—almi—}—---—i—akmf)]?. (5)

i=1
The coefficients of the least squares polynomial fitting
can be easily expressed as

a=XTX)"'XTy. (6)
where where y = (y1,---,yn)", a = (ao, -+, ax)” and
Xij=a]"

4. CONCATENATED CHANNEL ESTIMATION

A number of OFDM channel estimation methods have been
reported in the literature. Shortcomings of the existing al-
gorithms are (1) a large error floor that may be incurred by
a mismatch between the estimated and real CIRs, (2) dif-
ficulty in obtaining the correlation function of the channel
impulse response and inevitable error due to channel statis-
tics mismatch, and (3) spectrum inefficiency due to the use
of a high percentage (typically 20%) of pilot symbols. On
the other hand, several kinds of blind channel estimation
algorithms have been proposed in order to improve trans-
mission efficiency. These algorithms are based on the sta-
tistical nature of the received signals, virtual carrier, and
finite-alphabet property of the transmitted signals. How-
ever, most of them need a large amount of data to obtain reli-
able channel estimates. Thus, these blind algorithms can not
be used in a high mobility environment (i.e., large Doppler
spread). We, on the other hand, have extended the existing
pilot-based channel estimation algorithms and reduced the
number of pilot symbols by using the EM-algorithm [5]-
[7]. These EM-based algorithms are only suitable when
the D blocks of the channel are constant. If the channel is
not constant, the algorithms developed fail to give reliable
channel estimates. Therefore, it is desirable to use them for
only one OFDM frame. Consequently, the accuracy of the
channel estimates is limited by these frame-based channel
estimation algorithms. More precisely, we observe that the
CRLB for channel estimates is given by

CRLB(h) = ]\246;, (7)

where D is the number of frames in which the channel is
constant. The larger the D, the smaller the CRLB will be.
In a typical mobile environment D can be as small as 1.

In the packet or block OFDM transmission (e.g. IEEE802.11a),

one coded data packet always occupies several OFDM frames.
Consequently, channel estimation among consecutive OFDM
frames is required to further improve channel estimation ac-
curacy. In such applications, one stage of channel estima-
tion may not be accurate enough to meet the system per-
formance requirement. Although iteration between channel
estimation and channel decoding is also possible to improve
channel estimation accuracy, the computational complex-
ity is prohibitively high due to the Viterbi trellis search in
each iteration. We, on the other hand, propose a so called
concatenated channel estimation that combines EM-based
channel estimation algorithms and LSPF as shown in Fig.
1. This concatenated channel estimation can be extended in
an iterative fashion if the output performance is not satis-
factory. Furthermore, this concatenated channel estimation
idea can be extended to other channel estimation methods.
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Fig. 1. Concatenated channel estimation algorithm.

5. SSMULATION RESULTS

In our channel estimation problem, y is the estimate of the

I*" tap of CIR at consecutive OFDM frames (A (1), - - -, hy(n)),

x; denotes the ¥ time instant and a is the polynomial co-
efficients from the LSPF (6).

The simulation model we use in this paper is the same as
that in [6]. As previously stated, we will only show the sys-
tem performance in which the described EM-based channel
estimation algorithm is used in the first stage of the con-
catenated algorithm. Extensive simulations show that the
concatenated algorithms adopting the other two EM-based
channel estimation algorithms in the first stage result in sim-
ilar performance. For the LSPF (the second block), we con-
sider three different scenarios:

1. The LSPF is carried out every 8 OFDM frames.

2. The LSPF is carried out every 16 OFDM frames.

3. The LSPF is carried out every 24 OFDM frames. Only
the channel estimates of the middle 8 frames are ac-
cepted as the final estimates. Thus, there is overlap
between two consecutive LSPFs.

Figs. 2 and 3 illustrate the BER and MSE performance
by applying the proposed concatenated channel estimation
algorithm in the system described above. The BER im-
provement due to the LSPF is negligible since the BER af-
ter the EM-based channel estimation procedure is already
good. However, the MSE improvement due to the LSPF is
significant compared with the MSE of the EM-based chan-
nel estimation algorithm only. When the SNR is larger than
5dB, a MSE that is lower than the CRLB is achieved. Of
course, this MSE improvement is obtained by increasing
the demodulation delay. Theoretically, the longer the ob-
served date, the more improvement we can get. In practice,
we should specify the transmission delay according to the
system requirement. For LSPFs with longer observed data
sequence, higher degree polynomials should be considered
to minimize the model mismatch. However, the complex-
ity also becomes higher. Thus, a tradeoff must be carefully
considered according to different system parameters and re-
quirements.

Fig. 4 shows a realization of the amplitude of the first
channel tap h;. The curve of initial channel estimates is
a step function, which results in a large deviation from the
real channel. The curve of EM-based channel estimates os-
cillates around the real channel. The channel mismatch is

higher when the deep fades occur. By filtering out spikes
in the estimates of the EM-based algorithm, the curve of
channel estimates after applying the LSPF is very smooth.
It is also fairly close to the real channel response. It demon-
strates the effectiveness of the concatenated channel estima-
tion algorithm.

There are two underlying reasons for the MSE improve-
ment. The obvious one is that the concatenated algorithm
uses additional information from other OFDM frames which
are located close to the current OFDM frame. The more im-
portant reason is that the channel estimates obtained by the
EM-based algorithms can be approximated as

ﬁEM(t) = h(t) + ngp(t), (8)

where A, (t) is the channel estimate obtained from the
EM-based algorithms at time t, h(t) is the true CIR and
ngy(t) is the residual estimation error. After EM-based
iterations, n g ,, (t) can be considered as independent Gaus-
sian noise for different OFDM frames, as is justified in Fig.
5(a) and 5(b). The empirical distribution is close to the
Gaussian distribution with zero mean and variance o%,,.
The analytical curve is the Gaussian density function with
zero mean and variance equal to the MSE after the EM-
based channel estimation procedure.
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Fig. 2. BER of channel estimates for OFDM systems EM-
based algorithm concatenated with LSPF.

Therefore, the LSPF can reduce the channel estimation
error by taking advantage of the Gaussian-like errors. If
there is a common residual error (bias) in all the channel
estimates used to do LSPF, this residual error can not be
cancelled. This can happen if we take channel estimate of
the previous frame as the the channel estimate of the cur-
rent frame. Polynomial interpolation will cause a similar
problem. Thus, in order to make the concatenated channel
estimation idea work properly, the first stage should yield
Gaussian-like estimation errors. EM-base algorithms ex-
actly provide such estimates through their iterative proce-
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Fig. 3. MSE of channel estimates for OFDM systems EM-
based algorithm concatenated with LSPF.
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Fig. 4. The realization of the amplitude of ~; when SNR
equals to 10dB.

(a) PDFs of the estimate of (b) PDFs of the estimate of
R(h1) S(h1)

Fig. 5. Simulated and analytical PDFs of the estimate of
R(hy) and S(hy) when SNR equals to 10dB.

dures. Another merit of EM-base algorithms is the good
MSE performance that is close to the CRLB. Otherwise, a
MSE lower than the CRLB could not be achieved. That
is why the concatenated channel estimation algorithm with
the various EM-based algorithms in the first stage will yield
similar final performance after applying the LSPF.

6. CONCLUSION

In this paper we proposed a concatenated channel estima-
tion algorithm for OFDM systems in order to enhance sys-
tem performance. In particular, EM-based channel estima-
tion algorithms followed by LSPF is proposed and tested.
Simulation results show a significant MSE improvement,
compared to the EM-based algorithm alone. The proposed
concatenated channel estimation method can be used in other
applications such as single carrier systems with frequency
domain channel estimation. In order to make the concate-
nated channel estimation work, Gaussian-like estimation er-
rors should be generated from the first stage.

Note: Additional details in a longer paper and larger fig-
ures can be found at http://www.ee.princeton.edu/xma/fit.pdf.
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