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ABSTRACT

A performance analysis of multiuser detectors for MC-CDMA
over a fading channel in the presence of carrier frequency
offset is presented in this paper. A theoretical analysis of the
bit error probability of the detectors is derived. The theoret-
ical analysis shows a close agreement to simulation results
for a low value of the frequency offset and a high number of
subcarriers. Based on the performance evaluation, multiuser
detectors can tolerate only a small amount of frequency off-
set.

1. INTRODUCTION

Multicarrier code-division multiple access (MC-CDMA) has
been proposed as one of the candidates for the next genera-
tion of wireless communication systems. MC-CDMA sys-
tem is a combination of direct-sequence CDMA and mul-
ticarrier modulation systems. A drawback of MC-CDMA,
which is due to the use of multicarrier modulation, is its
sensitivity to a frequency offset. This frequency offset re-
sults from a Doppler shift, due to mobile movement, and a
mismatch between the carrier frequencies at the transmitter
and receiver [1, 2]. As a result of the offset, the subcarri-
ers’ orthogonality of one user is lost, causing inter-carrier
interference (ICI). The frequency offset also causes a rota-
tion of the constellation of the desired signal at each subcar-
rier, hence introducing inter-rail interference between the I-
and Q-rails, further reducing the carrier to interference ratio
(CIR) [3].

A performance analysis of the maximal-ratio combin-
ing (MRC) receiver on the MC-CDMA was conducted with
the presence of frequency offset in [2] and without the fre-
quency offset in [5]. In this paper, we develop a bit error rate
(BER) analysis of the multiuser detectors for MC-CDMA
in the presence of frequency offset. An alternative Gaussian
approximation (AGA) [6] was applied in order to derive the
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BER of the detectors employing a maximal-ratio combining
(MRC) equalisation.

The rest of this paper is organised as follows. In sec-
tion II, the MC-CDMA system model in the presence of
frequency offset is introduced. Section III contains per-
formance analysis for the implemented multiuser detectors.
Numerical and simulation results are presented in section
IV. Section V contains conclusions of this paper.

2. SYSTEM MODEL

2.1. Channel Model
In the evaluated MC-CDMA system, each user undergoes
independent frequency-selective fading channel. It is as-
sumed that each subcarrier has independent frequency non-
selective Rayleigh (flat) fading. The equivalent time- vary-
ing complex low-pass impulse response of the fading chan-
nel for the kth user, nth subcarrier is given as:

Hk,n(t; τ) = βk,n(t)ejθk,n(t)δ(τ − τk) (1)

where Hk,n(t; τ) is a zero mean complex Gaussian random
variable, τk is the propagation delay for the kth user and
δ(.) is the Dirac delta function. The amplitudes βk,n(t)
are independent and identical distributed (i.i.d.) Rayleigh
random variables (r.v.’s) and the phase offsets due to chan-
nel fading θk,n(t) are identical r.v.’s uniformly distributed
over [0, 2π). For the downlink, Hk,n is the same for all k,
k = 0, 1, . . . ,K − 1.
2.2. Receiver Model
The MC-CDMA received signal model for the performance
analysis is described as follows.

r(t) =
√

2P/N

K−1
∑

k=0

M−1
∑

m=0

N−1
∑

n=0

βk,n(t)ck(n)bk(m)

× cos(2π(fc + n/Ts)t + θk,n(t))

×pTs
(t − mTs − τk) + n(t) (2)

where P is the power of data bit, M is the packet size,
ck[0], ck[1], . . . , ck[N − 1] represents the spreading code
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of the kth user, pTs
(t) is the rectangular pulse defined over

[0, Ts]. Ts is the symbol duration, bk(m) represents the in-
put data bits, where m denotes the mth bit interval. The
subcarrier spacing, ∆f , is 1/Ts. ck ∈ {−1,+1} and bk ∈
{−1,+1}. n(t) is the additive white Gaussian noise (AWGN)
with a double-sided power spectral density of No/2.

Due to the assumption of flat fading on each subcar-
rier, the channel fading and phase shift variables are con-
sidered to be constant over a symbol duration and denoted
by βk,n(m) and θk,n(m). Thus, Hk,n(m) = βk,nejθk,n(m).

In the MC-CDMA system, an equaliser can be inserted
in the frequency domain in order to improve the perfor-
mance of the system. This can be done by using a one-tap
frequency domain equaliser, which multiplies each subcar-
rier by a factor Gk,n(m) in the mth bit interval. The Max-
imal ratio combining (MRC) scheme is applied for equali-
sation. This scheme is based on correcting the phase shift
and weighting the received signal with the attenuation of the
channel fading. The equalisation coefficient is given as:

Gk,n(m) = Ĥ∗
k,n(m) = βk,ne−jθk,n(m) (3)

In this paper, without the loss of generality, the signal
from the first user is considered to be the desired signal and
the signals from all other users are interfering signals. The
carrier frequency offset, fo, is introduced at the receiver be-
cause of the nonideal frequency down conversion. The de-
cision variable v0 of the mth data bit of the first user is given
by:

v0 =
1

Tb

∫ (m+1)Tb

mTb

r(t)

N−1
∑

n=0

c0(n)β0,n(m)

× cos(2π(fc + n/Ts + fo)t − θ0,n(m))dt (4)

where Tb is the bit duration and, on the MC-CDMA sys-
tem, one data bit occupies all subcarriers and the receiver is
synchronised with the desired user (k = 0).

3. PERFORMANCE ANALYSIS

In this paper, an alternative Gaussian approach (AGA) [6] is
applied to evaluate the BER of the detectors on MC-CDMA.
In this approach, the Q-function is presented as:

Q(x) =
1

π

∫ π/2

0

exp

(

−
x2

2 sin2 α

)

dα, x ≥ 0 (5)

Orthogonal Walsh-Hadamard codes are employed as spread-
ing codes. Assuming that the users are time synchronous af-
ter demodulation and combining subcarrier signals, the de-
cision variable in ( 4) can be written as

v0 = S + I + η (6)

where S represents the desired signal term, I is the multi-
ple access interference (MAI) from other users, and η is the
AWGN term.
From (4) and (6), the desired signal is obtained as

S =
√

(P/2N)

N−1
∑

n=0

b0(m)β2
0,n cos(2πfo) (7)

where the frequency offset fo is normalised by the subcar-
rier spacing ∆f . Also from (4) and (6), it can obtained that
η is a Gaussian random variable with zero mean and vari-
ance

σ2
η =

No

4Tb

N−1
∑

n=0

β2
0,n (8)

Then, the MAI term can be expressed as

I =
√

(P/2N)
K−1
∑

k=1

N−1
∑

n=0

bk(m)ck(n)c0(n)βk,nβ0,n

× cos(2πfo + θ̃k,n) (9)

where θ̃k,n = θ0,n − θk,n. θ0,n and θk,n are i.i.d. r.v.’s,
uniformly distributed over [0, 2π). The term 2πfo only ro-
tates the phase θ̃k,n. If we set φk,n = 2πfo + θ̃k,n and
φk,n ∈ [0, 2π). Then, E[cos(φk,n)] = 0. Since βk,n and
θk,n(k = 1, 2, . . . ,K − 1) are i.i.d. r.v.’s, all (K − 1) × N
terms in the summation of (9) are uncorrelated with zero
means. Without the presence of the near-far effect, the MAI
can be approximated by a Gaussian r.v. with zero mean and
variance

σ2
I = E[I2] =

P (K − 1)

4N
E[β2

k,n]

N−1
∑

n=0

β2
0,n (10)

where E[cos2(φk,n)] = 1/2. It can be seen that v0 is a
conditional Gaussian conditioned on β0,n. Since η and I are
mutually independent, the probability of error conditioned
on β0,n is given by

Pr(error | β0,n) = Q

(

S
√

(σ2
η + σ2

I )

)

(11)

To compute the average BER, the equation in (11) must be
averaged statistically over the joint probability density func-
tion of the fading amplitudes. With the assumption of in-
dependent fading among different subcarriers, the average
BER is derived using the alternative Q-function (5) as fol-
lows [6]

Pe =

∫ ∞

0

. . .

∫ ∞

0

1

π

∫ π/2

0

exp



−

S2

(σ2
η+σ2

I
)

2 sin2 α



 pβ0,0
(β0,0)

. . . , pβ0,N−1
(β0,N−1)dβ0,0 . . . dβ0,N−1dα

=
1

π

∫ π/2

0

ΠN−1
n=0 I0,n(γ̄0,n, α)dα (12)
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where γ̄0,n is the average signal to interference plus noise
ratio (SINR) for the nth subcarrier of the first user. In a
Rayleigh fading channel, I0,n(γ̄0,n, α) is given as [6]

I0,n(γ̄0,n, α) =
(

1 +
γ̄0,n

sin2α

)−1

(13)

The average SINR γ̄0,n can be obtained as follows

γ̄0,n =
S2

σ2
η + σ2

I

(14)

When all N subcarrier are identically distributed with the
same average SINR per bit, then (12) can be simplified into
[5]

Pe =
1

π

∫ π/2

0

I0,n(γ̄0,n, α)Ndα (15)

For a multiuser system, the average BER of the system is
given by

BER =
1

K

K−1
∑

k=0

Pe(k) (16)

3.1. Decorrelating Detector
The decorrelating detector applies the inverse of the corre-
lation matrix of the users’ spreading codes to the decision
variable v0 in (4) in order to decorrelate the data. The cor-
relation matrix R is given by

R = C
T
C (17)

where C = [c1, . . . , cK ] and c1 = [c1(0), c1(1), . . . , c1(N−
1)]T . Due to the use of an orthogonal Walsh-Hadamard
code as the spreading code, the correlation matrix R con-
tains a value of one along its diagonal and zero on each
off-diagonal element, i.e., R = diag(1, 1, . . . , 1). Because
R is an identity matrix, the inverse of R is the same as R,
i.e., R

−1 = R.
For this detector, the desired signal component is given

in (7) while the multiuser interference (MAI) in (9) becomes
0, i.e., I = 0. Using the same way as given in (12)-(16),
the average BER can be obtained by replacing the average
SINR (14) with

γ̄0,n =
2P
N E[β2

0,n] cos2(2πfo)

No
(18)

This detector completely eliminates the MAI.
3.2. Minimum Mean-Square Error Detector
The minimum mean-squared error (MMSE) detector is a
linear detector which takes into account the background noise
and utilises knowledge of the received signal powers. This
detector implements the linear mapping, which is a partial
or modified inverse of the correlation matrix, to the decision
variable v0. For this detector, the mapping coefficient, L, is
given by [4]

L = [R + (No/2)A−2]−1 (19)

where A = diag[A0, A1, . . . , AK−1] and Ak =
√

(2P/N)
for the k-th user. The mapping coefficient, L, is a K × K
matrix. The matrix L can be written as

L =











L0,0 L0,1 . . . L0,K−1

L1,0 L1,1 . . . L1,K−1

...
...

...
...

LK−1,0 LK−1,1 . . . LK−1,K−1











(20)

From the above equation, the elements of matrix L for the
desired user are L0 = [L0,0, L0,1,. . . , L0,K−1]. The desired
signal component, S, for this detector is given by

S = L0,0

√

(P/2N)
N−1
∑

n=0

b0(m)β2
0,n cos(2πfo) (21)

While the interfering component, I , is expressed as follows

I =
√

(P/2N)

K−1
∑

k=1

N−1
∑

n=0

L0,kbk(m)ck(n)

×c0(n)βk,nβ0,n cos(2πfo + θ̃k,n) (22)

We consider the case without the near-far effect, thus it can
be assumed that L0,1 ' L0,2 ' · · · ' L0,K−1. Due to
the use of Walsh-Hadamard code as the spreading code,
L0,0 À L0,k, k = 1, . . . ,K − 1. Then, the variance of
the interference in (10) becomes

σ2
I =

P (K − 1)L2
0,k

4N
E[β2

k,n]

N−1
∑

n=0

β2
0,n (23)

The variance of the Gaussian random variable is given as

σ2
η = L2

0,0

No

4Tb

N−1
∑

n=0

β2
0,n (24)

The average SINR in (14) becomes

γ̄0,n =
2P
N L2

0,0E[β2
0,n] cos2(2πfo)

L2
0,0No + P (K−1)

N L2
0,kE[β2

k,n]
(25)

then, this average SINR is injected into (13) in order to de-
rive the BER for the desired user as given in (15).

4. NUMERICAL AND SIMULATION RESULTS

Performance evaluation of the multiuser detectors for MC-
CDMA system in the presence of carrier frequency offset
is performed using Monte Carlo simulations and the BER
analysis. The users’ spreading codes are Walsh-Hadamard
codes. The number of users is set to 4 and all users are time
synchronous. The presented results in this paper are for user
1 as the desired user. For the uplink transmission simula-
tions, the signals are transmitted through a multipath fading
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Fig. 1. Performance of the multiuser detectors with the pres-
ence of the frequency offset.
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Fig. 2. Performance of the multiuser detectors for a variety
of number of subcarriers.

channel and also corrupted by the additive white Gaussian
noise. The channel is a slowly time-varying channel, where
the fading coefficients do not change within a symbol du-
ration, Ts. The number of paths for the multipath fading
channel is set to 4. The channel coefficients are assumed
to be known at the receiver. All users experience the same
amount of frequency offset during uplink transmission. For
the chip waveform, a rectangular pulse is used.

Figure 1 shows the performance of the multiuser detec-
tors for two different values of the frequency offset fo. The
values of the frequency offset were set to 10% (0.1) and
20% (0.2) of the subcarrier spacing ∆f . It can be seen from
this figure that the performance of the detectors gets worse
as the value of frequency offset increases. The performance
of the decorrelating and the MMSE detectors are similar,
where the plots of these detectors are overlaid. There is a

small gap, which is about 1 dB, between the theoretical and
the simulation results for fo = 0.1∆f . While, the gap be-
comes larger for fo = 0.2∆f , see Figure 1.

The performance of the detectors with a variety of num-
ber of subcarriers is depicted in Figure 2. In this evaluation,
the value of the frequency offset is set to 10% of the ∆f .
It is shown that the gap between the theoretical and simula-
tion results becomes generally smaller for a higher number
of subcarriers. This results from the assumption that the
subcarriers are independent becomes more accurate as the
number of subcarriers increases.

5. CONCLUSIONS

A performance analysis of multiuser detectors for MC-CDMA
in the presence of carrier frequency offset has been pre-
sented. A theoretical BER expression for the multiuser de-
tectors was derived. The performance of the detectors is
limited by the amount of the frequency offset in the system.
The theoretical results closely follow the simulation results
for a low value of the frequency offset and a high number of
subcarriers.
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