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ABSTRACT

In this paper, we present the most general form for error
control coding using finite field multi-rate filters. This method
shows how different types of codes can easily be generated
by multi-rate filters and filter banks. In all previous works,
codes and syndromes were generated using prefilters. Here
we present simple multi-rate structures for encoding and
generating syndrome. We show that all kinds of arbitrary
rate ���, circulant linear codes can be generated by these
structures. Then we claim that a similar simple structure for
syndrome generation in all presented cases exist.

1. INTRODUCTION

As all linear codes constitute a vector space on finite fields,
it seems to be a good idea to map message space into the
code space using linear systems by circular convolution of
the message with a fixed filter, called a generator filter.

In previous works [1, 2], many kinds of structures for
generating codes have been discussed. Mathematical con-
cepts of filter bank structures in finite fields have been stud-
ied carefully [3, 4, 5, 6, 7, 8, 9]. Recently a filter bank struc-
ture using finite field wavelet transforms have been consid-
ered [10] to produce double circulant codes with the struc-
ture shown in Figure 1. In this paper we generalize and

Fig. 1. Code Generator

simplify this two-band biorthogonal filter bank structure by
eliminating the prefilter ���� and reducing the two-band
structure into a simple upsampler followed by a FIR fil-
ter, as shown in Figure 2. We carefully discuss the types
of codes that can be generated by this structure and show
that this simple structure has all capabilities of previously

introduced systems. Then we consider the syndrome gen-
erator for codes produced using this method. We also show
that the syndrome generator with a similar simple structure
exists by proving some relevant theorems, and strong evi-
dences leading to a conjecture.

Arbitrary rate circulant codes with complex structures
have been studied previously [11, 12, 13]. Here we also
present a simple structure without any prefilters to generate
arbitrary rate codes and the corresponding syndromes.

So, while keeping the simplest multirate structure for
code and syndrome generation, we still have the capabilities
of other structures presented before.

2. GENERAL FILTER BANK STRUCTURE FOR
DOUBLE CIRCULANT CODES:

In this section we discuss the encoding of double circulant
codes with a rate of ���. For this type of encoding we
should map the �� n-bit message to a subspace of ��-bit
codes. Thus the structure in Figure 2 seems to be a good
generator for double circulant codes. In this type of struc-

Fig. 2. Code Generator

ture, filter � is the generator filter and can be selected to
produce different codes. The matrix representation of the
system can be written as follows.

� � �	
 (1)

where � is defined by
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Now, consider a class of half-rate codes with a parti-
tioned generator matrix given by �� � ��� �� 	� in which
L and R are two �� � one-circulant matrices.

Theorem 1. Suppose C is a code over a field F with
generator matrix�� � ��� �� 	� in which L and R are two
� � � one-circulant matrices. Then the system of Figure
2 constructs the code ��, an equivalent code to C, if we
choose �� � ���. Here � � ����� 	 is the matrix

������� � � ��
 � � �� 			� ��

���� � � � �� ���� (2)

in which � is a permutation of the set �� �� 			� ��, defined
by :

���� � ��� � ��
 � � �� 			� �

���� � ���� �� ��
 � � �
 �� 			� �� (3)

Proof: Let � be a ����� �� half-rate code generated
by ��. Then, the new code �� that is obtained by the ap-
plying the permutation defined by � to the code C, has the
generator matrix �� � ���. It is obvious that the rank of
� is equal to �, the rank of ��. It can also be shown that
the matrix �� is an � � �� two-circulant matrix. Thus, if
we take � to be equal to the first row of �� , then diagram
of Figure 2 generates the code��, an equivalent code to C �

To reach the format of a two band filter-bank, the sys-
tem in Figure 2 can be divided into two (or more) branches
as shown in Figure 3. In each branch, a prefilter can also
be added as was previously proposed in [10] and shown in
Figure 1 for the two-band case.

It is obvious that diagrams of Figure 2 and Figure 3 are
equivalent if we take

� � �� 
 �� (4)

Fig. 3. Two-Band Code Generator

3. SYNDROME GENERATOR STRUCTURE

The important issue for syndrome generator is that if its
structure can be as simple as that of the code generator.

Theorem 2. Let �� � � be a subspace of � , the space
of 
� -bit codes, be 
-circulant. Also let �� � �� be an-
other subspace of V. Then �� is also 
-circulant.

Proof: It is sufficient to prove that if � � �� then

���
���� is also in ��. If � � �� then � is perpendicular to
all elements of ��. Now we show that 
���
���� is also per-
pendicular to all elements of ��, thus 
���
���� � ��. Con-
sider � � ��, as �� is 
-circulant then �� � ��
 � ��
����
� �� so � �(N-1)r-circ(y) which is equivalent to 
���
����
� �. Hence �� is also 
-circulant �

Previous theorem shows that the subspace generated by
syndrome generator that is perpendicular to code space is
also circulant. Using the results of many computer searches
and proofs for special cases, we believe that the following
conjecture is true but the complete proof is still an open
problem. We use the following conjecture to present a syn-
drome generator structure for double circulant error correct-
ing codes.

Conjecture 1. Let V be a vector space of codes with
length ��. W is a double circulant subspace of V that its
rank is � and it is generated by a code � and its double cir-
culant shifts. There exists a subspace of V named U whose
rank is equal to � and it is orthogonal to W. We state that
U can also be generated by a code named �� and its double
circulant shifts.

Proof for a Special Case: Suppose that U and W are
disjoint subspaces of V. Thus we can write V � U � W.
Now we define a linear function � � V 	 V� � ��� �
���, where � ��� is 2-circulant shift of �. It is obvious that
U and W are invariant under � . As U includes a vector
whose double circulant shifts form a base for U, we know
that the minimal polynomial of � over U is �� � �. It is
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sufficient to prove that the minimal polynomial of � over
W is also �� � �. It is obvious that � ���, the minimal
polynomial of � over W, divides �� � �. So it is suffi-
cient to prove that degree of � ��� is equal to �. Now sup-
pose that ����� � � �. We have � �� ��V� � � �� ��U� �
� �� ��W�, thus P(T)(V)=P(T)(U). So dimension of P(T)(V)
is equal to the dimension of � �� �(U) that is � � �. Now
we have V=�� � �� such that �� is a subspace generated
by �� and its double circulant shifts where �� is a vector
that only its �th component is 1 and others are 0. Thus,
� �� �(V)=� �� ����� � � �� �����. As the minimal poly-
nomial of � over both �� and �� is �� � � dimension of
� �� �(V) is equal to ��� � ��. So � � � � ��� � �� then
� � � �

Other Evidences: We have verified the truth of the pre-
vious conjecture by exhaustive search and verification for
codes of length up to 16.

Now suppose that we have generated a double circulant
code with the diagram shown in Figure 2. The subspace of
code-words named C has rank � and it is generated by the
vector g and its double circulant shifts. Using Conjecture 1
the subspace that is orthogonal to C can also be generated
by a vector named h and its double circulant shifts, so the
following structure for syndrome generation always exists.

Fig. 4. Syndrome Generator

Example: To generate a linear (12,6,4) code, � can be
�������������	. Its corresponding � vector will be
�������������	.

4. GENERAL MULTI-RATE STRUCTURE FOR
ARBITRARY RATE ERROR CODING:

In this section we generalize the discussions presented in the
previous sections to generate codes with the arbitrary rate of
��� using the following structure. Here the code generated
can be computed by :

� � �	
 (5)

where � is defined by,

Fig. 5. Generator for arbitrary rate
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A theorem similar to Theorem 1 for arbitrary case is as
follows.

Theorem 3. Let � be a code over a field ! with gen-
erator matrix �� � �"�

� "�
� 	 	 	 "�

	 	
� in which "�# are

( �


� ���-circulant matrices. Then the diagram of Figure

4 constructs the code ��, an equivalent code to �, if we
choose �� � ��� where � � ����� 	 is the matrix

������� � � ��
 � � �� 			� ��

���� � � � �� ���� (6)

in which � is a permutation of the set �� �� 			� �� defined by :

���� � ��� ���
 � ��
 � � �� 			�
�

�

���� � ���
�

�
� ���
 � ��
 � �

�

�

 �� 			� �

�

�

...

���� � ��� �
�

�
���� ��� ���
 � ��


� �
�

�
��� �� 
 �� 			� �

�

�
(7)

Proof: The proof is similar to the proof of Theorem 1 �

Again this structure can be broken into a �-band struc-
ture as shown in Figure 6. As in [10], prefilter can also be
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added to this multi-band structure. Thus we show that the
presented simple multi-rate structure of Figure 5 covers all
previously presented systems.

Fig. 6. �-band Generator for arbitrary rate

5. STRUCTURE OF THE SYNDROME
GENERATOR FOR ARBITRARY RATE CODES

Here we claim that a syndrome generator with a similar sim-
ple structure exist.

Fig. 7. �-band Generator for arbitrary rate codes

A conjecture similar to Conjecture 1 provides the de-
sired structure for the syndrome generator.
Conjecture 2. Let V be a vector space of codes with length
�����. $�,$�, 	 	 	 and$	�� are�-circulant subspace
of V that each one has rank equal to ��� and is generated
by a code � and its �-circulant shifts. There exists a sub-
space of V named U that its rank is equal to � � � and it is
orthogonal to all $�s. We state that U can also be generated
by a code named �� and its �-circulant shifts.

6. CONCLUSION

In this paper, we presented a simple but general multi-rate
structure for encoding and syndrome generating for arbi-
trary rate codes. We stated a conjecture in finite fields whose
truth has been partially proved and verified with exhaustive
search for small codes (up to length 16). By solving these
open problems, one can make sure that such structures can
be used for syndrome generation of arbitrary rate circulant

codes. In the future, we tend to generalize the basic con-
ditions for existence of these simple structures to generate
arbitrary rate codes with a desired minimum distance.
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