
BOUNDSFOR THE MIXING PARAMETER WITHIN THE CC-CMA ALGORITHM
APPLIED IN NON IDEAL MULTIUSER ENVIRONMENTS

Y. Luo
�

and J.A. Chambers
�

�
Communicationsand Signal Processing Group, Dept. of Electrical and Electronic Engineering

Imperial collegeof Science, Technology and Medicine, London, SW7 2BT, U.K.
Email: Yuhui.Luo@ic.ac.uk�

Dept. of Electronic and Electrical Engineering
University of Bath, Bath, BA2 7AY, U.K.

ABSTRACT

We derive new bounds for the mixing parameter, � , within
thecross-correlationconstant modulusalgirithm(CC-CMA)
for blind source separation and equalization in non-ideal
multiuser environments. Channel undermodellingandnoise
areconsideredwhenthecomplex sourcesarecircularly sym-
metric. These tighter bounds are obtained by surface to-
pography of theerror performancesurface of theCC-CMA
algorithm, and replace earlier work which suggested that���	��

��� The validity of the bounds is con� rmed by simu-
lation studies.

1. INTRODUCTION

In multiuser wireless communications, space division mul-
tiple access (SDMA) may be exploited when multiple i.i.d.
digital signalsthat originatefromspatially separatedsources
aretransmitted through linear channelsand picked up by an
array of antennas. As the result of multipath propagation
and the presence of cochannel system users, the received
signals are distorted not only by intersymbol interference
(ISI) but also by interuser interference (IUI). Many blind
adaptive channel equalization algorithms with implicit sig-
nal separationcapability havebeen proposed in thiscontext.
Among which, the cross-correlation and constant modulus
algorithm (CC-CMA) [5] reconstructs the underlying con-
stant modulus property of communication signals. To pre-
vent repeated retrieval of thesamesource, a term which pe-
nalizes cross-correlation between multiple output signals is
introduced. In [3], based on theuseof sequential start-up of
equalizers, asimpli � ed CC-CMA cost function isproposed,
where only the previous retrieved sources are included in
thecross-correlation term. Assuming areal system and that
the outputs of the previous equalizers are perfect, the au-
thors show that the mixing parameter � should be greater
than ���
� to avoid ill convergence. However, in practice,
due to channel undermodelling or noise, perfect equaliza-

tion isnot alwayspossible. Meanwhilecommunication sig-
nals are generally complex rather than real. Therefore we
relax theperfect equalization condition and, by studying the
surface topography of the CC-CMA cost function, we ob-
tain a tighter bound for the mixing parameter in a complex
system.

2. CC-CMA ALGORITHM

Weassumea � user and � antennasystem. Themultiplean-
tenna output is processed with � parallel space-time equal-
izers to retrieve all the sources. Notations ������� �"!$#�%'& and(*)�+�,

denote respectively hermitian, transpose and complex
conjugate. The orders of the channel and the sub-equalizer
are respectively - and . . The /*021 source signal at time3

is written as 4
526�798;:=< >@?BADC9EGFHFIFHJHK2L�MONQPSRQTVUXWZY and
the source vector for all sources is represented by []\�^9_a`b c
d egf*h9ikjIjHj�l]mnpo�qsrXtZu

. Let vxwHy*z|{~}�� ���H���9�G�H�I�I�9�H�D�����V�X���
be the �|�B� antenna output vector. The space-time equalizer
regressor is �����|�;�=� ��� �x �¡s¢G£I£H£�¤p¥¦�§�¨9©«ª­¬¯® De° ning ±³² as
thechannel convolution matrix, weobtain ´pµD¶9·¹¸»º³¼"½]¾�¿9À�Á
Describe the ÂÄÃ2Å space-time equalizer tap vector as ÆÈÇÊÉ�Ë9Ì .
Its output is ÍsÎÊÏDÐsÑÓÒÕÔ³Ö×ÙØDÚsÛZÜ�Ý*Þ9ß�àâáÙãäpåDæ9ç�è]é�ê9ëDì whereíÙî«ïDð9ñóòõô�öO÷XøDù9ú

is the combined channel + ûXü2ý equalizer
impulse response. The CC-CMA algorithm cost function
for the þXÿ�� equalizer iswritten as
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where ^�_�`�a b
c�d�e
f�g�hjilknmporq[s is the constant modulus cost,t u vxw�y�z�{�|O}�~;������W�"�[��� � is the cross-correlation cost
between the �0��� equalizer and the retrieved sources, �n�������� ��� �&������ ���  �¡ is the so-called dispersion constant and ¢¤£¦¥j§ is
themixing parameter.



3. SURFACE ANALYSIS

It can be observed from eq (1) that the accuracy of the re-
trieved sourcesaffectstheconvergenceof thecurrent equal-
izer. In practice, due to hardware constraints on equalizer
length and channel noise, residual error at theequalizer out-
put isunavoidable. Thereforewemodel thepreviousequal-
izer output as the retrieval of a particular source symbol
with possible delay, together with residual ISI and IUI. For
clarity, we present the deviation for two users. But simi-
lar deviation can beextended to moreusers. Denoting ¨;©«ª¬®­°¯²±�³D´lµ·¶�¸®¹xº.»�¼�½¿¾&À,Á ÂÄÃ Å«ÆÈÇ&ÇpÇ�É;Ê�Ë�Ì�Í�ÎÐÏ6ÑÈÒ&Ò&ÒÔÓÖÕ�×ÔØ
and ÙÖÚ.ÛÝÜ Þàß2á;âÈã&ã�ãpäOå�æÔç . Without loss of generality, we
assume that the è rst equalizer reconstructs source-1, i.e.,é�ê@ëíìïîñð�ò@óõôBöG÷"øùûú and üYýÿþ��������	� . The 
 rst equalizer
output isgiven by
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where R�S�TVU/W;X is the Y;Z	[ element of the vector \�];^�_�` The co-
ef a cients bdc�e5fhgjikml"nporqts$u�v�w�x	y/z and {�|h}	~�������"�p�r������������/�

respectively contribute to theresidual ISI and IUI.
With respect to eq (1), the cross-correlation cost for

equalizer-2 iswrittenas ��������������������� �¡£¢�¤O¥ ¦�§�¨	©
ª« ¬;­¯®±°�²�³�´¶µ�·
We replace ¸
¹º »�¼¾½À¿�Á with the expression shown in eq (2).
Using the independent property of the sources and consid-
ering that thecross terms Â Ã Ä Å�Æ	Ç�ÈÉBÊ�Ë�Ì5ÍÏÎÐ�ÑBÒÓÕÔ�Ö,×�Ø;Ù�Ú�Û ,Ü Ý Þ ß�à5á�âãåä�æJçéèhêë�ìîíï@ð�ñ òpó�ôöõ,÷�ø�ù ú û üöý�þ�ÿ��������	��
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and therefore can be neglected,

as [4], thedecorrelation cost isapproximated by
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where for notational convenience °�±n² ³/´µL¶B·�¸]¹8º:»6¼ , ½�¾�¿À ÁLÂ$Ã/ÄÆÅ�Ç�È ÉQÊ:Ë6Ì
and ÍQÎÏ is the signal variance. Notice that

as source-1 is assumed to be reconstructed, with very high
probability the energy contribution of source-1 is greater
than that from source-2 at the equalizer-1 output, i.e.,Ð/ÑÒLÓBÔ�Õ]Ö8×ÙØ6ÚÜÛ Ý ÞLß$à/áZâ8ã�ä åçæ:è6éëê or equivalently ì_íQîðï/ñ .

Combining theexpressionof constant moduluscost given
in [1], the cost function for the second equalizer ò�ó is writ-
ten as
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where  e¡�¢¤£�¥§¦ ¨§©Fª�«�¬ ­�®¯�°± is thesourcekurtosisand ²!³X²?´ is the
two-norm of the vector. In the complex case, as in [2], we
study signal constellations that satisfy thecircularity condi-
tion µ ¶<·]¸4¹lº »½¼ , which holds for most constellations.

Lemma 1 1. Anecessaryconditionon ¾ for theelimination
of undesirableminima in a two-user scheme is¿�À�Á�Â!ÃlÄ�Å§Æ!ÇÈ]É<ÊlË�Ì!ÍÏÎ§ÐÒÑÔÓÖÕØ×§Ù§ÚÛ]Ü
Proof outline: Given Ý Þ�ß?àâá?ã ä½å , thegradient of eq (4)
is given by æèçêé]ë4ì�íïîñð�ò�ó

(5)
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diagonal of theHessian matrix isbdcfe chg i�jlkm
npo�n[qsr�tvu�wyx{zy|~}��l���U�p�����"������s�"�
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Theoff-diagonal termsare±³²µ´ ¶S·<¸�¹lº»
¼y½¿¾ÁÀÂÄÃ�ÅMÆÈÇ³ÉfÊ Ë�Ì<Í¤ÎÏ.Ð Ñ (7)

Weconsider theproperty of thefollowing classesof station-
ary points.

(1) Ò�Ó]Ô�Õ�Ö
With respect toeq (6) andeq (7), theHessianof thistype

of stationary point is ×ÙØÈÚ
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Astheequalizer-2 givestriv-

ial output, positive de� nite Hessian matrix is undesirable.
Therefore thecondition on � is

�������	���� (8)

(2) One ����� "!$#&%�')(+*	,�-/.10 and otherszeros.
Tozero thegradient, according toeq(5), thenon-zero 243

satis5 es 687�9;:=<?>A@CBEDGFIHJIKML&N The Hessian is a diagonal matrix
with threevalues, i.e.,
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(9)

Since thiskind of stationary point indicates therepeated re-
trieval of source-1, we don’t expect this stationary point to
beaminimum. Hencethecondition on ¹ is
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where we assume the source is sub-Gaussian, i.e., Ï	ÐCÑEÒ�Ó
and Ô$Õ×ÖÙØ for a complex-valued Gaussian process. This
assumption is, in fact, acondition for perfect equalization.

(3) One Ú�Û~ÜÝßÞ$àgáãâ�äUå�æ�çeè�é and otherszeros.
To zero the gradient, the non-zero ê�ë satisì es í8î�ïñð=ò�óô?õ÷öGø�ùúMûMü . The Hessian is a diagonal matrix of three values,

i.e.,
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As the stationary point indicates the retrieval of source-2,
which is the desirable source, positive det nite Hessian is
desired. Thecondition on u is

vxwzy7{�|}�~ (12)

Notice that this is thesamecondition aseq (8).
(4) �>����;� for � values of � , ����� and ���.� �����4��� and

all othersarezeros.
Zeroing the gradient yields �_�>������� �¢¡�£]¤¦¥¨§§�©

ª�«�¬0­¯® °[±�²´³µ¯¶0·�¸ .
Since the right-hand side of the equation is a constant, all
non-zero ¹>º s have equal magnitude and we obtain »_¼>½�¾�¿EÀÁ�Â�ÃNÄ´Å Æ[Ç�È´ÉÊ�Ë[Ì0Í¦Î�Ï¢ÐLÑ[Ò�Ó Let Ô be a diagonal matrix with elements:Õ´Ö9×Ø�Ù�Ú¢Û�Ü�Ý´ÞJß¯à�áãâ4ä´å�æèç¦éNê�ë�ìãí0î¯ï ð�ñ¢òôó¯õ÷ö�ø�ùJú�ûü�ý[þ0ÿ��������	� . Denotematrix 
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where ZN[�\4]�^`_Ya�b�c�dYe for f`gih j�kmlonqp . The Hessian matrix

in thiscasecan beexpressed in the form of
r s
s t . As

u4vxw , there exist principal minors in y of the following
form
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As ®%¯±°³²@´�µ provided the sub-Gaussian source condition
( ¶Y·¹¸»ºK¼ holds and the condition stated in eq (8) is satis-½
ed, the determinant of eq (14) is negative and therefore ¾

is inde¿ nite. It is concluded that the stationary points are
saddles [1].

(5) ÀÂÁ`ÃÄÆÅ for Ç values of È , ÉËÊÍÌ and ÎÐÏÒÑÔÓÖÕ�×mØ@Ù and
all othersarezeros.

Similar to case (4), all non-zero ÚÂÛ s are of equal mag-
nitude: Ü�ÝEÞ	ßáàÒâ ã�ä�åçæ�è éIê�ëNìí�î0ïoð�ñ�ò�óÖôöõ . The Hessian matrix is given

by
÷ ø
ø ù , where ú is a diagonal matrix. When the

sourcesaresub-Gaussian ( û%üþý
ÿ�� theconditionstated ineq
(8) is satis� ed, it can be proven that � is inde� nite. Hence
thestationary pointsaresaddles.

(6) ���	�
�� for 
�� values of � , ���	��� , ����� �����! #" and$&%(')+* for ,.- valuesof / , 0.1�243 and 57698;:!<>=@?�ACB
To zero the gradient, the non-zero DFE s are given byGIHFJ.KILNMPO>Q>RTSVU WCXZY\[>]T^V_a`cbed>f>gihVjlk;monqp\r>sit\uv>wyx{zo|~}����{�>�\���C� . Theexistenceof �I�F�.�e�

requires � � �\���I���!�\������ �y�����I o¡{¢>£y¤¦¥{§o¨y©IªV«�¬®­�¯�°�± However, since²\³>´Iµo¶{·\¸y¹º�» ¼y½>¾>¿IÀoÁ{Â\ÃyÄ¦Å{ÆoÇ�È~É�Ê�ËTÌ>Í�ÎÐÏÒÑIÓVÔ®Õ�Ö�×ÙØ>Ú\ÛÜ�ÝoÞyß!à\áCâ\ãåä when eq (10) is satis-æ
ed, çIèFé.êeëíìïî and thus this kind of stationary point does

not exist. Although the term stationary points isused in the
preceding analysis for the complex case, the minima cor-
respond to a continuum of minima that span the complete
range ð�ñ�ò�ó�ôöõ of valid phasevalues [2].

The analysis for a ÷ùøûú system is analogous to that
in the two user case. Write the previous equalizer-ü output
as ýcþVÿ������ ���
	���
��������������� �����  "!�#�$&%('�)+*-,/.&0 where 13254768-9;:=<

De> netheparameters ?�@�AB/C�D EGF�HIKJ�LNM
OQP&R S"T
UWVYX�Z , [\[][ ,^`_�abdc�e f]gKhji�kmlon�p"qsrtKuov
w(x�y{z"|
}�~������-�Q�
����� �"�����5����� Thenecessary con-
dition for the mixing parameter � to avoid ill convergence
is given by
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(15)

Since the calculation of the desirable range for 8 requires
knowledgeof thecombined channel + equalizer impulsere-
sponse, which is dif 9 cult to estimate in practice, it would
be advantageous if the lower and upper bounds of : are
constants. Therefore, in the two-user case, which is ap-
plicable to the example of cross-polarization transmission,
we assume automatic gain control (AGC) so that the re-
constructed power is equal to the transmitted power for the
same time interval, i.e., ;=<�>@?BADCFE . By considering the
worsecaseasthat for which theretrievedsequencehasequal
contributions from the desired source and the interference
source, i.e., G=HJILKBM , we suggest that the mixing parame-
ter is chosen as NPORQ and this is the value at which the up-
per and lower bound for S coincide. For a multiuser sys-
tem, an ad-hoc solution would be to use hard decision on
the previous equalizer when it is estimated to give an open
eye pattern and therefore the decorrelation cost becomesT U V WYX�Z\[�]�^`_ba=ced�f�gihj=kblnmpoeq
q�r s after the blind start-
up period.

4. SIMULATIONS

In a QPSK system with source alphabet tvuw xzy|{} ~�� ,

we assume ����� users, ����� sensors and six random
sub-channels of order � ��� with 20�R� additive white



0 1000 2000 3000
10 -1

10 0

10 1

re
si

du
al

 e
rr

or

(a) mixing parameter: 0.8

0 4 8 12
0

0.2

0.4

0.6

0.8
(b) mixing parameter: 0.8

m
ag

ni
tu

de

0 5000 10000 15000
10 -1

10 0

10 1

re
si

du
al

 e
rr

or

(c) mixing parameter: 4

0 4 8 12
0

0.2

0.4

0.6

0.8
(d) mixing parameter: 4

m
ag

ni
tu

de

0 5000 10000 15000
10 -1

10 0

10 1 (e) mixing parameter: 35

iteration

re
si

du
al

 e
rr

or

0 4 8 12
0

0.2

0.4

0.6

0.8

coefficient number

m
ag

ni
tu

de

(f) mixing parameter: 35

Fig. 1. The convergence of equalizer-2 in the case of
undermodelling (a) Residual error, � = 0.8 (b) Undesir-
ableconvergence: combined channel + equalizer-2 impulse
response (c) Residual error, � = 4 (d) Desirable conver-
gence: combined channel + equalizer-2 impulse response
(e) Residual error, � = 35 (f) Undesirable convergence:
combined channel + equalizer-2 impulse response

noise. The order of the � rst equalizer is chosen as ����� .
Since �=������� �¢¡P£¥¤§¦©¨bª «¢¬®­b¯ thechannel convolution
matrix is not full column rank. Indeed, this is the situation
of undermodelling of channel length, and residual error is
present [1] at the ° rst equalizer output. Due to the limita-
tion of space in the paper, equalizer-1 output is not shown.
But despite the residual error, equalizer-1 retrieved source-
1 with delay 1. The second equalizer is also assumed to
have order ±³²µ´ . Since ¶=·¹¸»º®¼�½®¾ and ¿PÀJÁµÂPÃ�ÄPÅ with
this setting, the desired bound for Æ is ÇPÈ�ÉËÊLÌÎÍ@Ï�Ð®Ñ�Ò ac-
cording to our analysis. In the simulation, we initialize the
second equalizer to a small random value and the result is
shown in Ó g 1. As indicated by the combined channel +
equalizer-2 impulse response, when ÔÖÕØ×®Ù�Ú (i.e., outside
the desirable range), the second equalizer converges again
to source-1. When the condition on the mixing parameter
is satisÛ ed, ÜÞÝFß®à desirable source-2 is retrieved. WhenáÖâØã®ä , which exceeds the upper bound, no source is re-
trieved and the equalizer converges to the origin. The mild
tolerance of the lower and upper bounds between thesimu-
lation and the analysis is due to the approximation used in
eq (3) and this isasubject of on-going research. In å g 2, the
second equalizer isassumed to haveorder æ»çéè=ê Thus the
channel convolution matrix is full column rank and wehave
suf ë cient degreesof freedom to model thechannel. Similar
result to ì g 1 isachieved.

5. CONCLUSION

By studying the surface characteristics of the CC-CMA al-
gorithm, a bound for the mixing parameter í was obtained
which preventsalgorithm ill-convergence. For the two-user
system, by considering the worse case, we suggest that the
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Fig. 2. The convergence of equalizer-2 in the case of suf î -
cient degrees of freedom in channel modelling (a) Residual
error, ï = 0.8 (b) Undesirableconvergence: combined chan-
nel + equalizer-2 impulseresponse(c) Residual error, ð = 4
(d) Desirableconvergence: combined channel + equalizer-2
impulse response (e) Residual error, ñ = 35 (f) Undesirable
convergence: combined channel + equalizer-2 impulse re-
sponse

mixing parameter bechosen as òPóRô . Simulation studiessup-
port theanalysis results.
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