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ABSTRACT

In this paper upperboundson the bit error probability of an
OFDM/CDMA systemin a single user contet are derived for
a linear minimum mean-square-errdMMSE) recever structure.
All thecalculusareperformedn presencef afrequeng-selectve
Rayleighfadingchannebothin a coded(convolutive Forward Er-
ror Correctingscheme)and uncodedscenario. Surprisingly we
shav that codedSOFDM outperformsCOFDM if the signal to
noiseratio is greaterthana given thresholdwhich only depends
on coderate andnot on the codestructure.Thesetheoreticalre-
sultsprovide toolsto optimally combinecodingandspreadingor
increasinghe spectrakfficiengy of OFDM/CDMA schemes.

1. INTRODUCTION

A multi-carrier OFDM system[1] usinga Cyclic Prefix for pre-
ventinginter-block interferencas known to be equivalentto mul-
tiple flat fading parallel transmissionchannelsin the frequeng
domain. In sucha system the informationsenton somecarriers
mightbesubjecto strongattenuationgindcouldbeunrecaerable
at the recever. This hasmotivatedthe proposalof more robust
transmissiorschemesombiningthe advantagesof CDMA with
the strengthof OFDM known asOFDM-CDMA [2], in which the
informationis spreadacrossall thecarriersby apre-codingunitary
matrix (e.g. the Walsh-Hadamard).This combinationincreases
theoverallfrequeny diversity of the modulator sothatunreliable
carrierscanstill berecoreredby takingadwantageof the subbands
enjoying a high Signalto NoiseRatio (SNR). Althoughoriginally
proposedor a multiuseraccesschemethis conceptis extended
to all single user OFDM systemsand is referredin the sequel
asSpreadOFDM (SOFDM). Dueto the inter-carrierinterference
generatedby thespreadingthefrequeng domainchannetransfer
function of a single antennaSOFDM systemcanbe modeledus-
ing a full MIMO flat fading(scalar)matrix. Eventhoughoptimal
maximume-likelihood (ML) detectorclearly outperformsMMSE
recevers,for compleity andpracticalimplementatiorissuesthis
papewill only focuson MMSE equalizers[3][4] shavedby sim-
ulationsthatthe diversity improvementinducedby the spreading
matrix is considerablyreducedwhen codingis applied. Indeed,
the high redundang of low coderates(which alreadyperforms
a kind of spreading)n conjunctionwith the suboptimalityof the
MMSE receverreducegheperformanceavith respecto COFDM.
Thepurposeof this paperis to analyzemorerigorouslythis obser
vation.

Therefore,analytic expressionsof upperboundsof the bit er
ror probability provided by the MMSE recever are derived for
a Rayleighfading channel,both in the uncodedand codedsce-

nario, whenthe numberN of carriersis large enough. Basedon
theseresults,we studythe influenceof the codingrateanddeter
minewhetherthe MMSE recever still outperformsCOFDMwhen
combinedwith codingandinterleaving. It is shovn in particular
thattheperformancef COFDM with respecto SOFDMdepends
only on the coderate. More precisely for ary codeof rateR,
codedSOFDM outperformsCOFDM if Ep/Np is greaterthana
giventhresholdvhich onlydepend®nR andnotonthecodestruc-
ture. Thisresultis believedto bequiteusefulsinceit providesnen
insightsfor choosingbetweera COFDM or codedSOFDM mod-
ulationschemean a givencontext.

The systemand channelmodelaredescribedn section2, fol-
lowed by a theoreticalanalysisof the MMSE recever in the un-
codedcase(section3) andin the codedscenario(section4). Fi-
nally, section5 is devotedto simulationswhich confirmour theo-
reticalclaims. Someconclusionsareprovidedin Section6.

2. SOFDM TRANSCEIVER MODEL

In the following, upper(lower boldface)symbolswill be usedfor
matrices(column vectors)whereadower symbolswill represent
scalarvalues,(.)T will denotetranspos@perator(.)* conjugation
and ()" = (()T)* hermitiantranspose.lpxp will representhe
P x P identity matrix.

Overall systemmodel Sincea N carrier OFDM system[1]
usinga cyclic prefix is equialentin the frequeny domainto N
flat fading paralleltransmissiorchannelsthe basebandliscrete-
time block equivalent model of a SOFDM systemcan be de-
pictedin figure 1. Actually the N x 1 receved vectorat time n,
r(n) = (ry(n),---,rn(n))t canbe expressedas a function of the
emitted symbol vector at time n, s(n) = (s¢(n),---,sn(n))t and
of the additive noisew(n) = (wy(n),---,wn(n))T vectorusinga
MIMO flat fadingchanneimatrix M(n):

r(n) =M(n)s(n) +w(n) ()

where M(n) consistsin the productof the spreadingmatrix T
(usuallya WalshHadamardransform),which canbe interpreted
as a sourceof inter-carrier interference by the diagonalmatrix
C(n) = diag(c1(n),---,cn(n)) of the frequeng domainchannel
attenuationsat time n: M(n) = C(n)T = (my(n),--- ,mn(n)). In
the following, the QPSK symbolss (n) are assumedo be inde-
pendentand identically distributed (i.i.d.). We will alsoassume
channeknowledgeandperfectchannelynchronizatiorat there-
ceiver.



3. THEORETICAL PERFORMANCE OF UNCODED
SOFDM WITH MMSE EQUALIZA TION

First let study the performanceof OFDM and SOFDM with
MMSE equalizationin the uncodedcase. Theseresultswill be
usedto obtain upperboundson the bit error probability in the
codedcase.In thefollowing, wewill assumehatthechannektoef-
ficients (ci(n))i=1,... N,nez areindependenidentically distributed
circularcomplex Gaussiamandomvariableswith variance3?. The
independencassumptiorcanbejustified whenassuminghatfor
COFDM (time andfrequeng) interleaving is performedsuchthat
theemittedsymbolsaretransmittecon distinctfrequeny carriers,
separatedy more than the frequeng coherencechannelband-
width. In the caseof SOFDM, the spreadsymbolsx(k) aretime
andfrequeny interleaved on independantarriers(fig.1). How-
ever, in thiscaseadecodinglelayincursatthereceverto retrieve
theN symbolsx(k) andperformblock equalizationIn thissection,
sincedependencentimeis notuseful,wewill omitthetimeindex
for sale of simplicity. Denoteby (a;)i=1,.. N thesequenceéefined
by a = |c|. Thisis ani.i.d sequencef Rayleighdistributedran-
domvariables.

3.1. UncodedOFDM

Letfirstrecalltheperformancef uncodedOFDM. Theexpression
of the receved signal on the Kh carrieris ry = ¢S« + Wy where
the additive noisesequencewy)k=1,... N iS White, and Gaussian
circular with variancea?. SinceQPSK symbolsaretransmitted,
the conditionalbit error probability givency is:
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3.2. SOFDM with Walsh Hadamard spreading matrix

A SOFDM transmissiorschemewith a WalshHadamardspread-
ing matrix andWienerFiltering attherecever is consideredere.
Wewill focusonits asymptotiqperformancen presencef alarge

numberof carriers.The outputof the Wienerfilter is the vectory

givenbyy = Gr, wherethematrix G is definedas

G = amgminy|WHr g
c; Cx
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Sucha decodingstrateyy is motivatedby its very simple im-
plementation(scalar channelequalizationfollowed by a Walsh
HadamardTH = T) matrix multiplication). The Wienerestimate
yk of symbolsy is easilyseerto beequalto yix = as, + ok where:
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Ti x isthe(l,k) termof theWalshHadamardnatrix, ie T x = iﬁ

andy = 312%202. It is shavnin [5] thatthedistribution of theresid-

ualinterference-plusioise(SINR) atthe outputof alinearMMSE
filter canbe consideredas Gaussiarnif N is large enough. After
somestraightforvard calculationswe get that its varianceA? is
givenby
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Thefirst termof therighthandsidef (2) representthevarianceof
the contrikution of the additive noiseto the Wienerestimate and
its secondermthevarianceof themultiuserinterferencegyenerated
by the Wienerfilter. Sincey jc Ti1,j T3 j =3(11—12) — Ty kT3
this lasttermcanberewritten as:
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We now evaluatethe behaior of a andA2 whenN — +o in order
to obtaininterpretableexpressionsa coincideswith the empirical
mean% Z|N: 1 1. Thereforejt corvergesalmostsurelytowardthe
mathematicabxpectationof variables(y )=1,.. n. Eachrandom
variablea,2 is x2 distributedwith two degreesof freedom. There-
fore,

A2

® X 1 _x
= % T e #dx
E(W) /o (x+0?) 52° dx

In the following, denoteby E;j(x) = [’ iuudu the so-calledexpo-

nentialintegral function, andF (x) = 1— LexEi(1). It is easily
seenthat E( ) coincideswith F(A) wherewe recallthatA = g—i
representshe (average)signalto noiseratio. The varianceA? of
w(k) hasa similar behaior whenN — 40, andit is possibleto

shaw that
lim A?=F(A\)(1—F()\)) almostsurely 3)
N—+c0

Thesecalculationsallow the explanationof the goodperformance
of SOFDM over OFDM. In OFDM, the amplitudecarryingsym-
bol s, is arandomvariablewith a Rayleighdistribution while in
SOFDM after MMSE equalization,symbol s, is carriedby the
terma which canbeconsidere@sdeterministiovhenN is chosen
large enough.SOFDM after MMSE equalizatiorthustransforms
the N parallelfadingchannelsof OFDM into N equivalentGaus-

sian channelswith signalto noiseratio A; = g—:. We note that
similar conclusionsaredrawn in [6] for apparentlya different(but
actually formally equialent) context of multidimensionalQAM

constellationsystems However, the analysisof [6] only focused
ontheML detectorbehaior of the symbolsequencés)k=1.... n-

Our calculusshaw that, at leastwhenN is large enough,the bit
error probability of uncodedSOFDM after MMSE equalizatioris

givenby
%ww=Q<¢f>=Q<uﬁ%m> @




The resultsprovided in this paperfor QPSK symbolscan be of
courseextendedo all othertypesof constellations.

4. THEORETICAL PERFORMANCE OF COFDM AND
CODED SOFDM WITH MMSE EQUALIZA TION

In classicalstandardize®FDM systemsthe incominginput bit-

streamis first convolutionally encodedvith acoderateof R, inter-

leaved and punctured.The resultingbits arethenmappedonto a
QPSKconstellationfor forming symbolsthataredistributedover
all the carriers. Unfortunately in SOFDM the corvolutional en-
codercannotbeappliedprior to thecarriersymbolallocationwith-

outresultingin anextremelycomple Viterbi decoding Otherwise
the metricscalculationcould notbe processen a per carrierba-
sisdueto theinter-carriernoisecorrelationsntroducecby the de-
spreadingof the receved samplesand this would exponentially
increasehe numberof statesof the Viterbi Algorithm trellis. This

is why for SOFDM, the samecodingis appliedon eachof the car

riersindependently

4.1. COFDM

It is assumedhat a soft-outputViterbi algorithmis usedto de-
code the transmittedbits. In order to specify on which sig-
nal the Viterbi algorithm operateswe denote(r(m))mez the se-
guenceobtainedafter parallelto serialconversionof thereceved
sequencefter symbol de-interle&ing, i.e. the scalarsequence
.ri(n),ra(n),...,rn(n),ra(n+ 1),r2(n+1),...,rn(n+ 1),....
Samenotationis appliedto variablesc, s andw so that we ob-
tain: r(m) = c(m)s(m) +w(m). In COFDM systemsequaliza-
tion is performedby applying the real andimaginary part oper

atorsto sequencéy/2- < m))‘ (m))mez, the correspondingeal se-

guencebeingfinally de-interleged. Thanksto the de-interleaer,
theresultingrealvalueddiscrete-timesignalis denotedby z(m) =
a(m)b(m) +u(m) wherea representani.i.d sequencef Rayleigh
distributedrandomvariablesof secondordermomentd?, b is the
BPSK sequencebtainedby mappingthe bits generatedy the
corvolutionalencoderandu is ani.i.d. sequencef realGaussian
randomvariablesof varianceo?. The Viterbi decodingalgorithm
processesequencea. In orderto evaluateupperboundson the
BER, oneusuallyfirst evaluateghe probability Pcorpm (d) of de-
ciding P; insteadof Py whereP; is the path of the Viterbi algo-
rithm trellis associatedb thetransmittedsequencandP; is apath
which differs by d bits from Py. Following [7], the probability of
thatevent,is givenby
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Usingthats9_, a2 is x?-distributed(2d degreesof freedom)we
getthat
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Definethe coderateasR an asip = 2R()\ = ?). After some
calculus(se€[7]), the probablllty Pcorpm(d) canbewrittenas
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Theevaluationof the probabilityof the above erroreventsleadsto
thefollowing BER upperbound:

0

Pcorpm <
d=dmin

BT_d Pcorpm(d) %)

Here, dmin is the minimal distanceof the code,L is the number
of input bits in the encoderand 34 is the numberof incorrectly
decodednformationbits, for eachpossiblancorrectpathdiffering
from thecorrectoneby d bits.

4.2. Coded SOFDM with Walsh Hadamard Spreading

In thecontext of codedSOFDM,oneViterbi decodeis appliedon
eachsubbandk andprocesseshe realandimaginarypartsof the
de-interle@edsignalz(m), outputof the Wienerfilter. According
to section3.2,z(m) = ab(m) + u(m) wherea is the positve am-
plitude evaluatedn section3.2, by is theBPSKsequencebtained
by mappingthebits attheoutputof theconvolutionalencoderand
Uk is arealGaussian.i.d. of variancea?. Sincea is deterministic,
the bit error probability in the pairwisecomparisorof two paths
thatdiffer by d bitsis givenby :

PcsoroM(d) = P(W(0,1)>
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W(0,1) is zeromeanGaussianvariablewith unit variance. The
overall errorprobabilityis thusboundeddy:
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4.3. COFDM versuscodedSOFDM.

The most important point of this paperlies in the obseration
that for ary rate R corvolutional code, the differencel(d) =
Pcorpm(d) — Pcsorpm(d) is positive for all d > 2 if the signal
to noiseratio Ay, is greaterthana thresholdwhich only depends
on R andseemsndependanbf d. This claimis illustratedin fig-
ures3 and4 in whichl(d) is plottedversushesignalto noiseratio
for several valuesof d = 3,...,10. Figures3 and4 correspond
to ratesof 3/4 and1/2 respectiely andthe correspondinghresh-
olds areabout7.5dB and5dB. We have alsocalculated (d) for
severalotherrates(not presentedhere),andthe conclusionsiravn
for R=3/4 andR = 1/2 arestill valid. Althoughwe were not
yet ableto prove analyticallyour claim relatedto the behaior of
I(d), all theexperimentsallow usto conjecturethatthis statement
is valid. Formulas(5) and(6) in conjunctionwith the above prop-
ertiesof I(d) imply thatfor ary codeof rate R, codedSOFDM
outperformsCOFDM if the signalto noiseratio is higherthana
thresholdvhich dependbnly onR, andnotof theparticularchosen
code.Ouranalysighusconfirmstheexperimentatesultsobsered
by simulationin [3].
5. SIMULATION RESULTS

In this sectionwe sustaimourtheoreticaklaimsby numericalsim-
ulations.In all thefollowing experimentsthenumbem of carriers
is equalto 64, andthe coeficients(cy)k=1,... N areindependent.




Uncoded Case: We first shav thatthe formulasof section3.2
arein agreementvith the numericalresults.In figure 2, we com-
parethe BER given by formula 3.2 with the BER evaluatedby
a Monte Carlo simulationsfor BPSK (the performances derived
accordingo section3.2andQPSKconstellationsThetheoretical
cune asaswell astherealcontet curve matchprettywell.

Coded case: Figure5 plots the simulatedperformanceof two

ratel/2 and3/4, constrainfengthK = 7 corvolutionalencoders.

It confirmsthe theoreticabehaior inferredfrom figures3 and4:
for eachcode,a thresholdis obsened which appearddenticalto
thetheoreticalpredictionsof figures3 and4.

6. CONCLUSION

In this paper theoreticaltools for selectingbetweena COFDM
or codedSOFDM modulationschemen a given contect arepro-
vided. We have derived efficient boundsto evaluatethe bit-error
probability knowing the transferfunction of the codefor coded
OFDM and SOFDM schemes. It has beenshavn that coded
SOFDMoutperforms€COFDMif thesignalto noiseratiois greater
than a thresholdwhich only dependson R, and not on the code
structure.
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