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ABSTRACT

In this paper, upperboundson the bit error probability of an
OFDM/CDMA systemin a single user context are derived for
a linear minimum mean-square-error(MMSE) receiver structure.
All thecalculusareperformedin presenceof afrequency-selective
Rayleighfadingchannelbothin a coded(convolutive ForwardEr-
ror Correctingscheme)and uncodedscenario. Surprisingly, we
show that codedSOFDM outperformsCOFDM if the signal to
noiseratio is greaterthana given thresholdwhich only depends
on coderate andnot on thecodestructure.Thesetheoreticalre-
sultsprovide toolsto optimally combinecodingandspreadingfor
increasingthespectralefficiency of OFDM/CDMA schemes.

1. INTR ODUCTION

A multi-carrierOFDM system[1] usinga Cyclic Prefix for pre-
ventinginter-block interferenceis known to beequivalentto mul-
tiple flat fading parallel transmissionchannelsin the frequency
domain. In sucha system,the informationsenton somecarriers
mightbesubjectto strongattenuationsandcouldbeunrecoverable
at the receiver. This hasmotivatedthe proposalof more robust
transmissionschemescombiningthe advantagesof CDMA with
thestrengthof OFDM known asOFDM-CDMA [2], in which the
informationis spreadacrossall thecarriersby apre-codingunitary
matrix (e.g. the Walsh-Hadamard).This combinationincreases
theoverall frequency diversityof themodulator, sothatunreliable
carrierscanstill berecoveredby takingadvantageof thesubbands
enjoying a high Signalto NoiseRatio(SNR).Althoughoriginally
proposedfor a multiuseraccessscheme,this conceptis extended
to all single user OFDM systemsand is referredin the sequel
asSpreadOFDM (SOFDM).Dueto the inter-carrierinterference
generatedby thespreading,thefrequency domainchanneltransfer
functionof a singleantennaSOFDMsystemcanbe modeledus-
ing a full MIMO flat fading(scalar)matrix. Eventhoughoptimal
maximum-likelihood (ML) detectorclearly outperformsMMSE
receivers,for complexity andpracticalimplementationissues,this
paperwill only focusonMMSE equalizers.[3][4] showedbysim-
ulationsthat thediversity improvementinducedby thespreading
matrix is considerablyreducedwhencoding is applied. Indeed,
the high redundancy of low coderates(which alreadyperforms
a kind of spreading)in conjunctionwith thesuboptimalityof the
MMSE receiver reducestheperformancewith respectto COFDM.
Thepurposeof thispaperis to analyzemorerigorouslythisobser-
vation.

Therefore,analyticexpressionsof upperboundsof the bit er-
ror probability provided by the MMSE receiver are derived for
a Rayleighfading channel,both in the uncodedand codedsce-

nario, whenthe numberN of carriersis large enough.Basedon
theseresults,we studythe influenceof thecodingrateanddeter-
minewhethertheMMSE receiverstill outperformsCOFDMwhen
combinedwith codingandinterleaving. It is shown in particular
thattheperformanceof COFDMwith respectto SOFDMdepends
only on the code rate. More precisely, for any codeof rate R,
codedSOFDM outperformsCOFDM if Eb

�
N0 is greaterthan a

giventhresholdwhich onlydependsonRandnotonthecodestruc-
ture.Thisresultis believedto bequiteusefulsinceit providesnew
insightsfor choosingbetweena COFDM or codedSOFDMmod-
ulationschemein a givencontext.

Thesystemandchannelmodelaredescribedin section2, fol-
lowed by a theoreticalanalysisof the MMSE receiver in the un-
codedcase(section3) andin the codedscenario(section4). Fi-
nally, section5 is devotedto simulationswhich confirmour theo-
reticalclaims.Someconclusionsareprovidedin Section6.

2. SOFDM TRANSCEIVER MODEL

In thefollowing, upper(lower boldface)symbolswill beusedfor
matrices(columnvectors)whereaslower symbolswill represent
scalarvalues,��� � T will denotetransposeoperator, ��� ��� conjugation
and ��� � H 	�
 ��� � T � � hermitiantranspose.IP 
 P will representthe
P � P identitymatrix.

Overall systemmodel: Sincea N carrier OFDM system[1]
usinga cyclic prefix is equivalent in the frequency domainto N
flat fadingparallel transmissionchannels,the basebanddiscrete-
time block equivalent model of a SOFDM systemcan be de-
picted in figure 1. Actually the N � 1 received vectorat time n,
r � n� 	 � r1 � n� ��������� rN � n��� t canbe expressedasa function of the
emittedsymbol vector at time n, s� n� 	 � s1 � n� ��������� sN � n��� t and
of the additive noisew � n� 	 � w1 � n� ��������� wN � n��� T vectorusinga
MIMO flat fadingchannelmatrix M � n� :

r � n� 	 M � n� s� n��� w � n� (1)

where M � n� consistsin the product of the spreadingmatrix T
(usuallya WalshHadamardtransform),which canbe interpreted
as a sourceof inter-carrier interference,by the diagonalmatrix
C � n� 	 diag� c1 � n� ��������� cN � n��� of the frequency domainchannel
attenuationsat time n: M � n� 	 C � n� T 	 � m1 � n� ��������� mN � n��� . In
the following, the QPSKsymbolssi � n� areassumedto be inde-
pendentand identically distributed (i.i.d.). We will alsoassume
channelknowledgeandperfectchannelsynchronizationat there-
ceiver.



3. THEORETICAL PERFORMANCE OF UNCODED
SOFDM WITH MMSE EQUALIZA TION

First let study the performanceof OFDM and SOFDM with
MMSE equalizationin the uncodedcase. Theseresultswill be
usedto obtain upperboundson the bit error probability in the
codedcase.In thefollowing, wewill assumethatthechannelcoef-
ficients � ci � n��� i � 1 � � � ���N � n ��� areindependentidenticallydistributed
circularcomplex Gaussianrandomvariableswith varianceδ2. The
independenceassumptioncanbejustifiedwhenassumingthatfor
COFDM (time andfrequency) interleaving is performedsuchthat
theemittedsymbolsaretransmittedondistinctfrequency carriers,
separatedby more than the frequency coherencechannelband-
width. In the caseof SOFDM, the spreadsymbolsx � k� aretime
andfrequency interleaved on independantcarriers(fig.1). How-
ever, in thiscase,adecodingdelayincursat thereceiver to retrieve
theN symbolsx(k) andperformblockequalization.In thissection,
sincedependenceontimeis notuseful,wewill omit thetimeindex
for sakeof simplicity. Denoteby � ai � i � 1 � � � ���N thesequencedefined
by ai

	�� ci
� . This is an i.i.d sequenceof Rayleighdistributedran-

domvariables.

3.1. UncodedOFDM

Let first recalltheperformanceof uncodedOFDM.Theexpression
of the received signalon the kth carrier is rk

	 cksk � wk where
the additive noisesequence� wk � k � 1 � � � ���N is white, and Gaussian
circular with varianceσ2. SinceQPSKsymbolsaretransmitted,
theconditionalbit errorprobabilitygivenck is:
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3.2. SOFDM with Walsh Hadamard spreadingmatrix

A SOFDMtransmissionschemewith a WalshHadamardspread-
ing matrix andWienerFiltering at thereceiver is consideredhere.
Wewill focusonits asymptoticperformancein presenceof alarge
numberof carriers.Theoutputof theWienerfilter is thevectory
givenby y 	 Gr , wherethematrix G is definedas

G 	 argminW . WH r * s. 2	 THdiag / c01� c1
� 2 � σ2

� ����� � c0N� cN
� 2 � σ2 1

Sucha decodingstrategy is motivatedby its very simple im-
plementation(scalarchannelequalizationfollowed by a Walsh
Hadamard(TH 	 T) matrix multiplication). TheWienerestimate
yk of symbolsk is easilyseento beequalto yk

	 ask � αk where:
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Tl � k is the(l,k) termof theWalshHadamardmatrix, ie Tl � k 	65 17
N

andµl
	 a2

l
a2

l 8 σ2 . It is shown in [5] thatthedistributionof theresid-

ual interference-plusnoise(SINR)at theoutputof a linearMMSE
filter canbe consideredasGaussianif N is large enough. After
somestraightforward calculations,we get that its variance∆2 is
givenby

∆2 	 σ2

N

N

∑
i � 1

a2
i� a2

i � σ2 � 2 � N

∑
j � 1 j 2� k

� N

∑
l � 1

µl T 0l � kTl � j � 2 (2)

Thefirst termof therighthandsideof (2) representsthevarianceof
thecontribution of theadditive noiseto theWienerestimate,and
its secondtermthevarianceof themultiuserinterferencegenerated
by theWienerfilter. Since∑ j 2� k Tl1 � jT 0l2 � j 	 δ � l1 * l2�9* Tl1 � kT 0l2 � k,
this lasttermcanberewrittenas:
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Wenow evaluatethebehavior of a and∆2 whenN :;� ∞ in order
to obtaininterpretableexpressions.a coincideswith theempirical
mean 1

N ∑N
l � 1 µl . Therefore,it convergesalmostsurelytoward the

mathematicalexpectationof variables � µl � l � 1 � � � ���N. Eachrandom
variablea2

l is χ2 distributedwith two degreesof freedom.There-
fore,

E � µl � 	 ' ∞

0
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In the following, denoteby Ei � x� 	=< ∞

x
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u du theso-calledexpo-

nential integral function, andF � x� 	 1 * 1
xe

1
x Ei � 1x � . It is easily

seenthatE � µl � coincideswith F � λ � wherewe recall that λ 	 δ2

σ2

representsthe (average)signalto noiseratio. Thevariance∆2 of
w � k � hasa similar behavior whenN :?� ∞, andit is possibleto
show that

lim
N @ 8 ∞

∆2 	 F � λ �A� 1 * F � λ ��� almostsurely (3)

Thesecalculationsallow theexplanationof thegoodperformance
of SOFDMover OFDM. In OFDM, theamplitudecarryingsym-
bol sk is a randomvariablewith a Rayleighdistribution while in
SOFDM after MMSE equalization,symbol sk is carriedby the
terma whichcanbeconsideredasdeterministicwhenN is chosen
largeenough.SOFDMafterMMSE equalizationthustransforms
theN parallelfadingchannelsof OFDM into N equivalentGaus-
sian channelswith signal to noiseratio ∆1

	 ∆2

a2 . We note that
similar conclusionsaredrawn in [6] for apparentlya different(but
actually formally equivalent) context of multidimensionalQAM
constellationssystems.However, theanalysisof [6] only focused
on theML detectorbehavior of thesymbolsequence� sk � k � 1 � � � ���N.
Our calculusshow that, at leastwhenN is large enough,the bit
errorprobabilityof uncodedSOFDMafterMMSE equalizationis
givenby

PSOFDM
	 Q 3 + a2

∆2 4 	 Q 3 # F � λ �� 1 * F � λ ��� 4 (4)



The resultsprovided in this paperfor QPSK symbolscan be of
courseextendedto all othertypesof constellations.

4. THEORETICAL PERFORMANCE OF COFDM AND
CODED SOFDM WITH MMSE EQUALIZA TION

In classicalstandardizedOFDM systems,the incominginput bit-
streamis first convolutionallyencodedwith acoderateof R, inter-
leaved andpunctured.The resultingbits arethenmappedonto a
QPSKconstellationfor forming symbolsthataredistributedover
all the carriers. Unfortunately, in SOFDM the convolutional en-
codercannotbeappliedprior to thecarriersymbolallocationwith-
outresultingin anextremelycomplex Viterbidecoding.Otherwise
themetricscalculationcouldnotbeprocessedon a percarrierba-
sisdueto theinter-carriernoisecorrelationsintroducedby thede-
spreadingof the received samplesand this would exponentially
increasethenumberof statesof theViterbi Algorithm trellis. This
is why for SOFDM,thesamecodingis appliedoneachof thecar-
riersindependently.

4.1. COFDM

It is assumedthat a soft-outputViterbi algorithm is usedto de-
code the transmittedbits. In order to specify on which sig-
nal the Viterbi algorithmoperates,we denote � r � m��� m��� the se-
quenceobtainedafterparallelto serialconversionof thereceived
sequenceafter symbol de-interleaving, i.e. the scalarsequence����� r1 � n� � r2 � n� � ����� � rN � n� � r1 � n � 1� � r2 � n � 1� � ����� � rN � n � 1� � ����� .
Samenotationis appliedto variablesc, s and w so that we ob-
tain: r � m� 	 c � m� s� m�B� w � m� . In COFDM systemsequaliza-
tion is performedby applying the real and imaginarypart oper-

atorsto sequence��C 2 c D mE�FG
c D mE G r � m��� m��� , the correspondingreal se-

quencebeingfinally de-interleaved. Thanksto thede-interleaver,
theresultingrealvalueddiscrete-timesignalis denotedby z� m� 	
α � m� b � m�H� u � m� whereα representsani.i.d sequenceof Rayleigh
distributedrandomvariablesof secondordermomentδ2, b is the
BPSK sequenceobtainedby mappingthe bits generatedby the
convolutionalencoder, andu is ani.i.d. sequenceof realGaussian
randomvariablesof varianceσ2. TheViterbi decodingalgorithm
processessequencez. In order to evaluateupperboundson the
BER,oneusuallyfirst evaluatestheprobabilityPCOFDM � d � of de-
ciding P1 insteadof P0 whereP0 is the pathof the Viterbi algo-
rithm trellis associatedto thetransmittedsequenceandP1 is apath
which differsby d bits from P0. Following [7], theprobabilityof
thatevent,is givenby
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calculus(see[7]), theprobabilityPCOFDM � d � canbewrittenas
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Theevaluationof theprobabilityof theabove erroreventsleadsto
thefollowing BERupperbound:

PCOFDM K ∞

∑
d � dmin

βd

L
PCOFDM � d � (5)

Here,dmin is the minimal distanceof the code,L is the number
of input bits in the encoderand βd is the numberof incorrectly
decodedinformationbits,for eachpossibleincorrectpathdiffering
from thecorrectoneby d bits.

4.2. CodedSOFDM with WalshHadamard Spreading

In thecontext of codedSOFDM,oneViterbi decoderis appliedon
eachsubbandk andprocessesthe realandimaginarypartsof the
de-interleavedsignalzk � m� , outputof theWienerfilter. According
to section3.2,zk � m� 	 abk � m��� uk � m� wherea is thepositiveam-
plitudeevaluatedin section3.2,bk is theBPSKsequenceobtained
by mappingthebitsat theoutputof theconvolutionalencoder, and
uk is a realGaussiani.i.d. of varianceσ2. Sincea is deterministic,
the bit error probability in the pairwisecomparisonof two paths
thatdiffer by d bits is givenby :

PCSOFDM� d � 	 P

!"
W � 0 � 1�ML ∑d

l � 1a2N
∑d

l � 1 a2∆2
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W � 0 � 1� is zeromeanGaussianvariablewith unit variance. The
overall errorprobabilityis thusboundedby:

PCSOFM K ∞

∑
d � dmin

βd

L
PCSOFDM� d � (6)

4.3. COFDM versuscodedSOFDM.

The most important point of this paper lies in the observation
that for any rate R convolutional code, the difference l � d � 	
PCOFDM � d �O* PCSOFDM� d � is positive for all d L 2 if the signal
to noiseratio λb is greaterthana threshold,which only depends
on R andseemsindependantof d. This claim is illustratedin fig-
ures3 and4 in which l � d � is plottedversusthesignalto noiseratio
for several valuesof d 	 3 � ����� � 10. Figures3 and4 correspond
to ratesof 3

�
4 and1

�
2 respectively andthecorrespondingthresh-

olds areabout7 � 5dB and5dB. We have alsocalculatedl � d � for
severalotherrates(notpresentedhere),andtheconclusionsdrawn
for R 	 3

�
4 andR 	 1

�
2 arestill valid. Although we werenot

yet ableto prove analyticallyour claim relatedto thebehavior of
l � d � , all theexperimentsallow usto conjecturethatthis statement
is valid. Formulas(5) and(6) in conjunctionwith theabove prop-
ertiesof l � d � imply that for any codeof rateR, codedSOFDM
outperformsCOFDM if the signal to noiseratio is higherthana
thresholdwhichdependonly onR, andnotof theparticularchosen
code.Ouranalysisthusconfirmstheexperimentalresultsobserved
by simulationin [3].

5. SIMULA TION RESULTS

In thissection,wesustainour theoreticalclaimsby numericalsim-
ulations.In all thefollowingexperiments,thenumberN of carriers
is equalto 64,andthecoefficients � ck � k � 1 � � � ���N areindependent.



UncodedCase: We first show that the formulasof section3.2
arein agreementwith thenumericalresults.In figure2, we com-
parethe BER given by formula 3.2 with the BER evaluatedby
a MonteCarlosimulationsfor BPSK(theperformanceis derived
accordingto section3.2)andQPSKconstellations.Thetheoretical
curve asaswell astherealcontext curve matchprettywell.

Codedcase: Figure5 plots thesimulatedperformanceof two
rate1

�
2 and3

�
4, constraintlengthK 	 7 convolutionalencoders.

It confirmsthe theoreticalbehavior inferredfrom figures3 and4:
for eachcode,a thresholdis observed which appearsidenticalto
thetheoreticalpredictionsof figures3 and4.

6. CONCLUSION

In this paper, theoreticaltools for selectingbetweena COFDM
or codedSOFDMmodulationschemein a givencontext arepro-
vided. We have derived efficient boundsto evaluatethe bit-error
probability knowing the transferfunction of the codefor coded
OFDM and SOFDM schemes. It has beenshown that coded
SOFDMoutperformsCOFDMif thesignalto noiseratiois greater
thana thresholdwhich only dependson R, andnot on the code
structure.
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