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ABSTRACT

For the anadlysis and design of multielement antenna systems in
mobile fading channels, we need a model for the space-time
cross correlation among the links of the multiple-input multiple-
output (MIMO) channel. In this paper we propose a general
space-time cross correlation function for narrowband Rayleigh
fading MIMO channels, where various parameters of interest
such as angle spreads at the base station and the user, the
distance between the base station and the user, mean directions
of the signa arrivals, array configurations, and Doppler spread
are dl taken into account. The new space-time cross correlation
function includes all the relevant parameters of the MIMO
narrowband Rayleigh fading channel in a clean compact form,
suitable for both simulation and mathematical analysis. It aso
covers many known correlation models as special cases. We
demonstrate the utility of the new space-time correlation model
by clarifying the limitations of a widely-accepted correlation
model for MIMO fading channels.

1. INTRODUCTION

In recent years the application of antenna arrays for wireless
cellular systems has received much attention [1], as they improve
the coverage and quality of such systems by combating
interference and fading. It has also been shown that by exploiting
antenna arrays at both transmitters and the receivers, the Shannon
capacity of wireless channels can be increased significantly [2].
Efficient joint use of time- and space-domain data using
multielement antennas requires space-time channel models.
According to the wireless connection scheme between a base
station (BS) and a user, depicted in Fig. 1, the BS which is not
surrounded by local scatterers, receives the signal only from a
particular direction through a narrow beamwidth. On the other
hand, the local scatterers around the user may give rise to
different mode of signal propagation towards the user. In the
genera scenario of non-isotropic scattering, which corresponds
to the directional signal reception, the user receives the signal
only from particular directions (see Fig. 2). The specia case of
isotropic scattering is shown in Fig. 3, where the user receives
signals from all directions with equal probabilities. The isotropic
scattering model, aso known as the Clarke's model, corresponds
to the uniform distribution for the angle of arrival (AOA).
However, empirical measurements at different frequencies and
different environments such as indoor channels [3] and urban
channels [4] have shown that the AOA distribution of waves
impinging the user is more likely to be non-uniform. The non-
uniform distribution of the AOA can significantly affect the
performance of array based techniques, as the AOA datistics
determines the cross correlation among the array elements.
Examples regarding the impact of the AOA on the asymptotic
efficiency of a decision-directed and a decorrelating multiuser-

array detector with imperfect channel estimates, and the bit error
rate of amaximal ratio combiner (MRC) are discussed in [5].

It is shown in [5] that the von Mises angular distribution
serves as a good model for the AOA. For the wireless connection
scenarios between the BS and the user considered in [5], which
are special cases of the general scheme depicted in Fig. 1, the
von Mises distribution has resulted in an easy-to-use and closed-
form expresson for the spacetime correlation function.
Empirical justifications for the von Mises-based correlation
model are also provided in [5].

In what follows, we derive a closed-form, easy-to-use, and
mathematically tractable parametric expression for the space-time
cross correlation between the links of a multiple-input multiple-
output (MIMO) Rayleigh wirdless fading channel with
multielement antennas at both sides of the channel, where non-
isotropic scattering around the user is modeled by the von Mises
distribution. The effect of the mobility of the user (the Doppler
spread) is also considered.

There are numerous applications of the proposed correlation
model in multielement antenna systems with space-time modems,
such as the joint selection of antenna spacing and interleaving
depth [6], channel interpolation using the Wiener filter [7],
calculation of Shannon capacity [8] [9] [10] [11] [12], optimum
combining to suppress the interferers and combat the fading of
the desired user [13], and so forth. In this paper we only focus on
modeling issues.

2. THEMIMO NARROWBAND CHANNEL

Consider the multielement antenna system shown in Fig. 1,
where the BS and the user have ngs and n, antenna elements,
respectively. Obvioudly in Fig. 1 we have uniform linear arrays
with ngs =ny, =2 (a 2x2 MIMO channel), which constitutes
the basic configuration of multielement antenna systems with
arbitrary array configurations. The BS receives the signa through
the narrow beam width A, while the user receives the signa
from a large number of surrounding local scatterers, impinging
the user from different directions. The ith scatterer is represented
by S, D isthe distance between the BS and the user, and R is
the radius of the ring of scatterers. Clearly, A, R, and D are
related through tan(A) = R/D .

Let us consider the downlink, as similar capacity results hold
for the uplink. Let s,(t) represent the complex envelope of the
signa transmitted from the pth BS array element and r,(t) the
complex envelope of the signa received by the Ith user’s array
element. Then the impulse response complex envelope hy(t)
can be defined for the communication link between the element
BS, and the element U,. Note that such a link comprises of
many paths that can be drawn from BS, to U, through the ring
of local scatterers enclosing the user. Based on the vector
notations  s(t) =[S (t) ... S )] and  r(t) =[r.(t) ... ry, )],



with ." as the transpose operator, the input-output equation for
the MIMO channel can be written as

r(t)=H () O s(t) +n(t), )

where H(t) isthe ny, xngs channel matrix complex envelope
such that [H(t)],, =h,(t), O denotes convolution, and n(t)
stands for the complex envelope of the additive white Gaussian
noise with zero mean vector and the identity covariance matrix,
i.e. E[n@)nT(t)]=1, where | is the red identity matrix. Note
that 7 is the transpose conjugate operator. To simplify the
notation, we assume that al the nyngs links have equa unit
power, i.e, E[|h,(t)[2]=1. Based on Fig. 1, the normalized
impul se response complex envelope hy,(t) can be written as
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where N is the number of independent scatterers S around the
user, g; represents the amplitude of the wave scattered by theith
scatterer towards the user, ¢, denotes the phase of the wave
scettered by the ith scatterer from BS; to U, &, and &; are
the distances shown in Fig. 1, A is the wavelength, j2=-1,
fo =Vv/A isthe maximum Doppler shift, ) and v stand for the
direction of the user motion and its speed, respectively, and
finaly ¢Y is the AOA of the wave traveling from the ith
scatterer to the user. The set {g;}2, consists of independent
positive random variables, independent of {¢}e . It is
reasonable to assume that {¢,}, are independent and
identically distributed (iid) random variables with uniform
distributions over [0,27) .

Notice that based on the statistical properties of the channel
described above, central limit theorem implies that hy,(t) in (2)
is a lowpass zero-mean complex Gaussian process. Hence, the
envelope |h,(t)| is a Rayleigh process. In other words, our
model represents a narrowband Rayleigh fading channel.

3. THE NEW SPACE-TIME CORRELATION

Based on the statistical properties of {gi}2, and {¢p}
discussed in the previous section, it is easy to derive the
following expression for the space-time cross correlation
between the impulse responses of two arbitrary communication
links hy,(t) and hqy(t)

N
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where O is the complex conjugate. Note that the condition
E[| h,(t) [21=1 corresponds to Nty E[g?]=1 as N - o,
For many real-world scenariosin which A isvery small [14] and
D >> R >>max(C pq,dim) , it is straightforward to show
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For large N, the small fraction of the total unit power (recall
E[| hy, (t) |2] =1) scattered by the ith scatterer towards the user is
E[g?]/N, which is equal to the infinitesimal power coming

from differentia angle dg¢Y with probability f(¢'), i.e,
E[g?]/N = f(¢")d¢V [15], where f(¢V) is the probability
density function (PDF) of the AOA seen by the user. Therefore,
Eq. (3) can be written in the following integral form

Apm(7) = Ie"p D25 i) @) + G COS ~ )]
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The cross correlation expression given in (6) holds for any
angular PDF f(¢Y). Here we employ the von Mises PDF,
defined by

exp[« cos(¢X — u)]
27t o (k)

where 1,() is the zero-order modified Bessel function,
pO[-7,7) accounts for the mean direction of AOA seen by the
user, and « =0 controls the width of AOA [5]. For k =0
(isotropic scattering) we have f(¢Y)=1/(2r), while for k =
(extremely non-isotropic scattering) the von Mises PDF becomes
aDirac delta function concentrated at ¢V = u . For the empirical
justifications of the von Mises PDF for the AOA, the reader may
refer to [5] and references therein. Several applications are aso
discussed in [16] and [17], which show how the von Mises PDF
results in simple mathematically-tractable formulas for the AOA-
related channel parameters, that significantly facilitate system
analysis and design.

To simplify the notation, let us define the normalized
quantities a=27 fp1, by =27dn/A, and ¢y =27 4 /A . By
inserting (7) into (6), calculating the integral using [18], and after
some algebric manipulations, we obtain the following key result
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Notice how the proposed space-time cross correlation function
includes all the parameters of the MIMO fading channel with
multielement antennas in a closed form, suitable for both
mathematical analysis and numerical caculations. The compact
form of (8) provides computational advantages over the
simulation-based correlation models [19]. The simplest specia
case of (8) is the Clarke's correlation model J, (27 fp7) [15],
where Jo(.) isthe zero-order Bessel function. Eq. (8) can aso be
considered as a generalization of the models proposed in [5] [6]
(8] [20] [21].

4. SEPARATE VERSUSJOINT MODELING

The cross correlation function given in (8) includes the
parameters of the BS and the user's arrays, jointly. However,
either for mathematical convenience [8] [9] [10] [11] [12] or to
have a simple simulation framework based on measurements [22]
[23], it is common to model the cross correlation among the
elements of the BS and the user’s arrays, separately. The cross
correlation among the MIMO channel links then can be obtained,
approximately, by a simple multiplication

Elhy (t) hy (t + 7)] = E[ho () e (t + )] E[Mp (D gt +7)] . (9)
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Note that E[hs(t) hi(t +7)] isthe cross correlation between the
Ith and the mth elements of the user’s array, independent of the
BS element index s. Likewise, E[h,(t)h(t+7)] is the cross
correlation between the pth and the gth elements of the BS array,
independent of the user’s element index r. The validity of the
approximation in (9) has been studied in [12] using the
experimentally-based WiSE ray-tracing simulator. Specifically,
for a 2x2 channel with f; =0, they have observed close
agreement between 01,,(0) and 0115 (0) £1112(0) , over the
range of antenna spacings that they considered.

Now we use the new cross correlation model in (8) to study
the approximation in (9), anayticaly. For ngs=ny, =2, let
fo =0 (fixed user), ap=/f, =90° (paralel arrays), and
L =180°. Then, based on (8) we obtain

P20 = loffk? = (b + )32 ) 1o k), (10)
Pu2(0) = |0({K2 - bfz}]/z)/l o(K). 1y
Pu(0) = |o({K2 - L 1/2)/| O(K)- (12)

Assuming A =2°[14], |£11,22(0) = £11,21(0) £1112(0)] is plotted in
Figs. 4 and 5 versus d;,/A4 and ¢i,/A, for k =3 and « =0,
respectively. Note that the angle spread for the user in Fig. 4 is
2/k =66 ° [5], around the mean AOA of 180°, while the user
in Fig. 5 receives signal from all directions uniformly.

The noticeable fact is that as the antenna spacings increase,
the error magnitude does not change monotonically, and there are
local maximain the two-dimensional error plots. Only for certain
antenna spacings the error becomes zero. As expected, for very
large spacings, the error is negligible. Notice the significant error
of 051 a d;;/A=0.25 and ¢,/4=7.3 for the isotropic
scettering case in Fig. 5, which reduces to 0.34 at d;,/A =0.28
and ¢,,/A=81 in Fig. 4 for the non-isotropic scattering
scenario. These observations provide some guidelines for the
correct use of (9), which has widely been accepted for the
analysis and simulation of correlated MIMO channels.

5. CONCLUSION

In this paper we have introduced a general and flexible cross
correlation function between the links of a multiple-input
multiple-output narrowband Rayleigh mobile channel. The
model includes the essential physical parameters of the channel
in a single closed-form expression, convenient for both
mathematical analysis and simulation.
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Fig. 1. Geometricd configuration of a2 x 2 channe with locd scatterers around the mobile user (two-eement arrays for the base ation and the user)
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Fig. 2. Non-isotropic scattering in anarrow sreet
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Fig. 4. Absolute error of the goproximation in (9) versus antennas
spacings, assuming non-isotropic scattering around the user
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Fig. 3. Isotropic scattering in an open area (circles are scatterers)
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Fig. 5. Absolute error of the goproximation in (9) versus antennas
spacings, assuming isotropic scattering around the user



