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ABSTRACT

Minimum meansquareerror estimatorshave beendevel-
oped for non-uniformsubbandadaptive filters (SAFs) in
systemmodelingconfigurations.Thenext steptowardsprac-
tical implementationof non-uniformSAFsinvolvesdevel-
opinganadaptive algorithmto control thenon-uniformfil-
terbank’s bandwidthsand decimationfactors. This paper
constructssuchanalgorithmusingsubbandminimummean
squareerror (MSE) boundsto suggestdecimationfactors.
A numericalsimulationshows thata non-uniformSAF can
achievelowerMSEwith lowercomplexity thanaequivalent
uniformSAF.

1. INTRODUCTION

Non-Uniformsubbandadaptivefilters(SAFs)wererecently
proposedto outperformequivalent uniform SAFs due to
theirincreasedflexibility [1]. SinceuniformSAFsarewidely
usedfor avarietyof applications,mostnotablyechocancel-
lation, an increasein SAF performancecouldbevery ben-
eficial. However, anadaptive algorithmto control thenon-
uniformfilterbankhasyet to berigorouslydeveloped.With
anadaptivealgorithmto controlthenon-uniformfilterbank,
the non-uniformSAF canbe comparedagainstan equiva-
lent uniform SAF. To comparethe performanceof SAFs,
threeissuesmust be analyzed:meansquareerror (MSE)
after convergence,convergencetime / trackingability, and
computationalcomplexity.

A non-uniformSAFin asystemmodelingconfiguration
is shown in Figure1. It shouldbe notedthat the decima-
tion blocks shown in the figure imply a multiplication by
thedecimationfactor,

���
. This is neededto ensureproper

reconstructionwhile allowing thepassbandmagnitudesfor
theanalysisandsynthesisfilters to beequalto 1. (A com-
menton notation: this paperwill utilize the scalar� asan
index variable,while � will beusedto representthe imagi-
naryunit, ����� 	�
 . An overbarsignifiesconjugation.)

In the following section,upperboundsfor thesubband
minimummeansquareerror(MMSE) will bederived.Sec-
tion 3 will utilize theseboundsto constructanadaptive al-
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Fig. 1. A SystemModelingNon-UniformSubbandAdap-
tiveFilter

gorithmwhichcontrolsthefilterbankof anon-uniformSAF.
Section4 will follow with simulationsto comparenon-uni-
form anduniformSAFs..

2. SUBBAND MMSE UPPER BOUNDS

RigorousMMSE estimatorshavebeenderivedfor non-uni-
form SAFsubbandandfullbandMSEsin boththetimeand
spectraldomains[2, 3]. Assumingtheinputsignalspectrum
is white( *,+$- +�.0/213�4
 ), thespectraldomainsubbandMMSE
estimatorfor a subbandwith a non-causaladaptive filter is
givenby57698;: 6<8;=?> 8 - �@ACB � > 8 - �@D<B ��E 8 : AGF 5 8 : 8 : A : DIH 5 8 : 8 : A : J)5LK �8 : 8 : JM: J 5 8 : 8 : JM: DONQPE 8 : D

(1)
where* � - � - R0- SQ.9/21 is the T th subband’s U th and� th polyphase
inputsignalcross-spectrum,and V � - RW.0XIY[Z\1 denotestheDTFT
of the U th polyphasecomponentof theunknownsystemwhen



decimatedby
���

. * � - � - R9- S7.0/21 canbeshown to begivenby* � - � - R0- S7.9/213��*,+ 8 : A - + 8 : D .0/]1� ���_^ 8 H,`ab = � *�c 8 - c 8 . Z HedWf b^ 8 1[X H Yhgji K7kmlonGp g A K D p> 8 q
(2)

where *,c 8 - c 8 .9/213�sr t � .0X Y[Z 1or d and u�vwU q ��v ��� - 
 .
The non-causaladaptive filter boundis utilized for its

simplicity. Although, non-causaladaptive filters are not
practicalin real-time,(1) formsalowerboundfor FIR adap-
tive filters, since FIR filters can be considereda special
caseof non-causalfilter. With FIR adaptivefilters, thesub-
bandadaptivefilter canbeshown to modelthefirst x time-
domaincoefficientsof theunknown system,y .0z?1{��| fHef V}.0X YmZ 1OX Ym~$Z�� / , u�vwz_vwx - 
 wherex denotes
thefullbandlengthof thesubbandadaptivefilter. (1) will be
a tight lower boundif x is greaterthanthefilter lengthof
theanalysisfilters (which is normallythecase).

For the remainderof this section,all of the equations
will pertain to the T th subband.Therefore, to avoid cum-
bersomenotation,the T subscriptwill bedropped.

Redistributingthesummationsof (1)andmultiplying by* � - � .9/21 gives*,��- ��* � - � � ^ - `a R = ` r V�R�r d�� * d� - � 	�r *,R9- � r d��� ^ - `a R = ` ^ - `aS = R�� `��\�;� � V�R � *,R0- S�	�*,R9- � * H�`� - � * � - S ���V�S]� (3)

where�;� denotestherealpartoperation.Using(2),5 kJG: J H�� 5 A : J � k^ k �� ^ - `@b = � ^ - `@� = � *,cQ- c�. Z H�d)f b^ 1G*,cQ- c�. Z H�d)f �^ 13�Q
�	_X K$� gj� KQnWpjkml A> �� � ^ - `@b = � ^ - `@ � = b � `* c7- c . Z HedWf b^ 1M* cQ- c . Z H�d)f �^ 1&.M
 - �&�2�o.$  b H �C¡ dWf R^ 1W1�£¢ ^ - `@b = � ^ - `@ � = b � `* c7- c . Z HedWf b^ 1M* cQ- c . Z H�d)f �^ 1¤�G¥�¦ d .   b H �§¡ f R^ 1I¨ (4)

Usingsimilar summationredistributionsandtrigonometric
identities,5 A : D 5 JG: J H 5 A : J 5 JM: D^ k �� ^ - `@b = � ^ - `@ � = b � `¢2* cQ- c . Z H�d)f b^ 1G* cQ- c . Z HedWf �^ 1[X H � g A K D p i>© X H � g nGª � p g D K A p§l> �W¥C¦«.   b H �§¡ R f^ 1]�W¥�¦«.   b H �§¡ S f^ 1�¨ (5)

Substituting(4) and(5) backinto (3), factoring,anddi-
viding againby * � - � gives*,��- �7.0/213�£¢ � d ^ - `ab = � ^ - `a � = b � `*,cQ- c�. Z H�d)f b^ 1G*,cQ- c�. Z H�d)f �^ 1* � - � .0/21 ¬ .0/ q)­eq)® 1

(6)

where¬ .0/ q�­eqW® 1{�°¯¯¯¯¯ ^ H,`a R = ` V R .0/]1]�G¥�¦²± . ­ 	 ® 1[³,U� ´µX H � A i> X � g nGª � p A l> ¯¯¯¯¯ d ¨(7)
Here, it is interestingto note that (6), without ¬ (i.e.¬ .0/ q�­eqW® 1{�4
 ), canbebounded.Thespectraof * cQ- c .0/21 and* � - � .9/21 areknown sincethey aremerelya function of the

subbandanalysisfilter, t¶.0/]1 . Therefore,it canbe shown
that if a constituentfilterbankis usedto generatethe non-
uniform analysisandsynthesisfilters,asoutlinedin [1],^ - `ab = � ^ - `a � = b � `* cQ- c . Z H�d)f b^ 1G* cQ- c . Z H�d)f �^ 1* � - � .0/21 v¸· d��¹ dº (8)

where · � is the numberof constituentfilters in the T th

subbandand
¹ º

is themaximumstopbandamplitudeof the
pseudo-QMFprototypefilter.

Next, (6) will besimplifiedby boundingit from above.
Usingvariousboundingtechniqueswill yield threebounds
which eachrequiredifferentamountsof knowledgeregard-
ing theunknown system.

2.1. » Norm Bound

The spectrumof the U th polyphasecomponentof the un-
known system,V�R).0/]1 , is givenbyV R .9/213� 
� ^ H,`aS = � V¼± /�	 � ³��� ´µX H � gji K7kml D p A> ¨ (9)

where V½.0/21 is the spectrumof the unknown system. Ap-
plying thetriangleinequalityand(9) to (7) yields¬ .0/ q�­eqW® 1{�v¾± ^ H�`@R = ` ¯¯¯ V R .0/21¤�G¥�¦«.h  b H �§¡ f R^ 1[X H � i A> X � g nWª � p A l> ¯¯¯ ´ d�À¿ `^ ^ H,`@R = ` ^ H,`@S = � ¯¯¯ V½. Z H�d)f S^ 1]�W¥C¦?.   b H �§¡ f R^ 1 ¯¯¯ Á dvÂ¿ `^ ^ H,`@R = ` ^ H,`@S = �ÄÃ r V½.0/21or ÃoÅ Á d�Æ. � 	Ç
\1 d Ã r V½.0/21or Ã d Å ¨ (10)

This impliesthat

MMSE v ( � � . � 	w
h1O· � ¹ º Ã r V}.9/21&r Ã Å )
d

(11)

wherethesubbandMMSE � `d)f | fHef *,��- �h.0/]1 � / .
Thisboundillustratesthat,in general,lowerdecimation

factorsandfewerconstituentsdecreasethesubbandMMSE.



2.2. Min-Max Bound

Simply applying the triangle inequality to (7) without (9)
gives ¬ .9/ q)­,qW® 1Èv ¿ ^ - `a R = ` r V�R).0/21or Á d ¨ (12)

Then,

MMSE v 
� ³ fÉHef ¢ � d ¿ ^ - `a R = ` r V R .0/]1&r Á d · d� ¹ d º � /��¢ � d · d� ¹ d º�
� ³ fÉHef ^ - `a R = ` ^ - `aS = ` r V R .0/21orCr V S .0/]1&r � /L¨ (13)

Let Ê � Ë$Ì)Í{Î¶ËhÏRÑÐ 
� ³ É fHef r V�RW.9/21&r d � /,Ò� Ë$Ì)Í{Î¶ËhÏRÔÓ Åa~ = � y dR .0z?1\Õ (14)

where V R .0/]13� `d)f f|Hef y R .9z?1[X H YmZ�~ � z . This impliesthat

MMSE v ¢ � d · d� ¹ d º 
� ³ fÉH�f ^ - `a R = ` ^ - `aS = ` r V�ÖL.0/21or d � /� ¢ � d · d��¹ dº ^ - `a R = ` ^ - `aS = ` Ã y Ö Ã dd� ¢ � d . � - 
\1 d · d� ¹ d º Ã y Ö Ã dd ¨ (15)

This boundis clearly tighter than the » norm bound,
but requiresmoreknowledgeof theunknown system.This
boundshowsthat,in general,thesubbandMSEcanbemin-
imizedby choosingthedecimationfactorwhich minimizes
themaximumunknown polyphasecomponentpower.

2.3. Cauchy-Schwartz Bound

Applying theCauchy-Schwartzinequalityto (13)gives

MMSE vÇ¢ � d · d�×¹ dº ^ - `a R = ` ^ - `aS = ` 
� ³ Ã r V�RG.0/]1&r Ã d Ã r V�SQ.0/21 Ã d ¨
(16)

However,Ã r V�RG.0/]1&r Ã d �ÙØÚ fÉHef r V�RW.9/21&r d � /$ÛÜ �k�À¿ Åa~ = � y dR .0z?1 Á �k � � ³�� Ã y R Ã d � � ³ (17)
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Fig. 2. SubbandBoundswith · � � � andBandstopUn-
known System

which shows that

MMSE vÇ¢ � d · d� ¹ d º ^ - `a R = ` ^ - `aS = ` Ã y R Ã d Ã y S Ã d ¨ (18)

This boundis tighter thanthe min-maxbound,but re-
quirescompleteknowledgeof theunknown system.It sug-
geststhatthesubbandMSEcanbestbeminimizedbychoos-
ing adecimationfactorthatminimizesthejoint powerof all
theunknown polyphasecomponents.

Figure2 illustratestheboundsfor thebandstopunknown
systemshown in Figure4 andcomparesthemto theactual
theoreticalFIR MMSE asderivedin [3, 4]. It is interesting
to note that the min-maxboundidentifiesthe MSE peaks
best,while theCauchy-Schwartzboundis tightestoverall.

3. ADAPTIVE FILTERBANK ALGORITHM

Beforean adaptive algorithm canbe developedto control
the non-uniformfilterbank,practicalfilterbankconstraints
mustbeconsidered.AssumingtheSAF utilizesa separate
DSPpersubband,it is reasonableto assumethatany given
subbandcannotexceedthe complexity it would have if it
werepartof anequivalentuniform SAF. Sincecomplexity
is a functionsolelybasedon thechosendecimationfactor,
theminimumdecimationfactormustthenbegreaterthanor
equalto thedecimationfactorassociatedwith anequivalent
uniform SAF. Furthermore,if theerror is to be evenly dis-
tributedacrossall thesubbands,significantsubbandsshould
be allocateduniformly to maximizethe numberof possi-
bledecimationfactorchoicesfor all subbandsandminimize
complexity.

With the above constraintsandreasoning,an adaptive
algorithmcanbe identified. Sinceno apriori knowledgeis
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MSE Complexity
Non-Uniform Ý¤¨ÞÝ$u�ßà
�u Heá â �7ã ¨ �Uniform

â ¨�
o¢�ßà
�u Heä å � 
7¨ ã
Table 1. MSE andComplexity Comparison

assumed,begin with a uniform SAF. When the subbands
havesufficientlyconverged,subbandscanbeprobedto iden-
tify which subbandscontainpower. Subbandswith power
below the noise floor can be eliminatedand joined with
neighboringsubbandswith similarpower. Thentheremain-
ingsignificantbandwidthcanbeuniformly redistributedover
thesignificantsubbands.Thistendsto reducethebandwidth
of significantsubbandsallowing themto bedecimatedwith
higherdecimationfactors.Finally, usingthe fullbandesti-
mateof the unknown system,the Cauchy-Schwartz(or al-
ternatively themin-max)boundcanbeusedto identify the
bestdecimationfactorfrom the possibledecimationfactor
choicesfor eachsubband.

4. NUMERICAL SIMULATION

Non-uniform anduniform SAFs are simulated,eachwithæ � â
subbands. The subbandanalysisand synthesis

filters arecomposedfrom a constituentfilterbankwith 64
uniform filters [1]. A 513 tap bandstopfilter wasusedas

the unknown system.
� �ç
 ã for the uniform SAF and

representsthe minimum decimationfactorallowed for the
non-uniformSAF. Theadaptivefiltersin eachsubbandwere
evaluatedusingNLMS ( èé �4
 ).

Figure3 illustratesthe resultsof the simulations. The
top graphin Figure3 shows the final convergedspectraof
thenon-uniformanduniform SAFsagainstthespectrumof
theunknown system.Grey verticallinesillustratetheband-
widths of the non-uniformfilterbankafter adaptation.The
middlegraphshows the outputsquarederrorover time for
both graphs. A time block is equalto � `Mê input samples.
An non-uniformSAFerrorspikeresultswhenthefilterbank
adaptswith durationequal to the time necessaryto refill
the analysisandadaptive tapswith valid data. The MSE
for the non-uniformSAF clearly outperformsthe uniform
SAF afterthefilterbankadapts.Thefinal graphin Figure3
illustratesthe bandwidthallocationof the non-uniformfil-
terbankovertime. Theshadedareasarestopbandsubbands.

Table1 numericallyshows the MSE for both the non-
uniform anduniform SAFs. The complexity (measuredin
real multiplies per fullband input sample)of both filters is
alsolisted.

Theresultsshow thatanon-uniformSAFcanbeimple-
mentedwhich achieveslower MSE with lower complexity
thananequivalentuniformSAF.

5. CONCLUSIONS / FUTURE WORK

Thisresearchdevelopedboundsfor thesubbandMSEwhich
couldbeeasilyevaluatedfor non-uniformfilterbankparam-
eters.Theseboundsallow oneto constructanalgorithmto
control the non-uniformfilterbank associatedwith a non-
uniform SAF. A numericalsimulationshows that the non-
uniform SAF obtainsa betterMSE with lower complexity
thananequivalentuniform SAF. Futureanalysiswill com-
paretheconvergenceratesfor acompleteperformancecom-
parison.
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